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“Reality is merely an illusion, albeit a very persistent one.”

— Albert Einstein






Summary

Immersed in chaotic and noisy sensory streams, we perceive a structured world.
From learning stimulus-response pairings to grouping nearby visual parts, and from
grammar acquisition to learning recurring sequential patterns, cognition irresistibly
and swiftly breaks a high-dimensional sensory stream into familiar parts and grad-
ually unveils their relations. Why do structures emerge, and how do they help us
learn, generalize, and predict? What underlying computational principles give rise
to this fundamental aspect of perception and intelligent behavior?

A sensory stream — simplified to an extreme — is a one-dimensional discrete
sequence. In the process of learning such sequences, we naturally segment them
into familiar parts — a well-known phenomenon called chunking. In the first project,
I investigated the factors that influence chunking behavior in a serial reaction time
task. I showed that humans sensitively adapt to underlying chunks in sequences
while exhibiting a resource-rational trade-off between speed and accuracy.

Taking a step further, I built models that capture the chunk learning process on a
computational and algorithmic level. The model learns chunks and parses sequences
one chunk after another. From a normative standpoint, I proposed that chunking
can be a rational way for an intelligent agent to discover recurring patterns and
nested hierarchies in sequences, and, in turn, factorize sequences more effectively. I
showed that sequential chunks can be learned as readily accessible primitives, ready
for reuse, transfer, composition, and mental stimulation. This consequently allows
the model to build up a complex understanding of the world by seeing the new via
composing the known. I demonstrated and generalized this model’s ability to learn
hierarchies in both single and multi-dimensional sequence domains, and showed its
applicability as an unsupervised pattern discovery algorithm.

The second part of the investigation dives from the concrete domain to the abstract
domain. I taxonomized two abstract sequence motifs and studied their implications
for sequence memory recall. Behavioral evidence suggests that humans readily
exploit redundancies in patterns in an abstract space for more efficient memory
compression while transferring these motifs to novel sequences.



Taking a step further, I propose a non-parametric hierarchical variable learning model
that combines abstraction with chunking—abstracting those chunks that appear in
similar contexts as variables while learning chunks also on a symbolic variable level
— gradually unearthing abstractions and discovering invariant patterns on a symbolic
level. I demonstrate the algorithm’s resemblance to human learning behavior and
compare it with large language models.

Taken together, this thesis suggests that chunking and abstraction as simple compu-
tational principles give rise to structured knowledge acquisition in sequences with
underlying hierarchical structure, from simple to complex, from concrete to abstract,
enabling the recursive construction of the highly complex from the ground up. I
demonstrated the models’ resemblance to human behavior and their algorithmic
applications to discover patterns.

Zusammenfassung

Wenn wir in chaotische und laute Sinnesstrome eintauchen, nehmen wir dennoch
eine Welt mit fester Struktur wahr. Von der Zuordnung von Reiz-Reaktions-Paaren
iiber das Gruppieren nahe beieinanderliegender visueller Elemente bis hin zum Gram-
matikerwerb und dem Erlernen wiederkehrender sequenzieller Muster: Die Kogni-
tion zerlegt unaufhaltsam und blitzschnell einen hochdimensionalen sensorischen
Strom in vertraute Einheiten und deckt nach und nach deren Beziehungen auf.
Aber warum entstehen diese Strukturen? Wie helfen sie uns beim Lernen, Verallge-
meinern und Vorhersagen? Welches zugrundeliegende Berechnungsprinzip fiihrt zu
solch einer grundlegenden Komponente, die unser wertvolles Wahrnehmungs- und
Intelligenzverhalten ermoglicht?

Ein sensorischer Strom kann stark vereinfacht als eindimensionale, diskrete Sequenz
betrachtet werden. Beim Lernen solcher Sequenzen neigen wir dazu, sie in vertraute
Teile zu unterteilen — eine tief verwurzelte Tendenz, die als Chunking bekannt ist.

Im ersten Projekt untersuchte ich, welche Faktoren das Chunking-Verhalten in
einer seriellen Reaktionszeitaufgabe beeinflussen. Ich zeigte, dass Menschen sich
flexibel an die zugrunde liegenden Chunks von Sequenzen anpassen und dabei
einen ressourcenrationalen Kompromiss zwischen Geschwindigkeit und Genauigkeit
eingehen.



In einem weiteren Schritt habe ich rechnerische und algorithmische Modelle entwick-
elt, die den Chunking-Prozess erfassen. Das Modell lernt Chunks und verarbeitet
Sequenzen in diesen Einheiten. Aus normativer Perspektive schlug ich vor, dass
Chunking fiir einen intelligenten Agenten rational ist, um wiederkehrende Muster
und verschachtelte Hierarchien zu entdecken und so die Sequenzen effektiver zu
faktorisieren. Ich zeigte, dass sequentielle Chunks als leicht zugadngliche Primitive
erlernt werden kénnen, die zur Wiederverwendung, Ubertragung, Komposition und
mentalen Simulation bereitstehen. Dadurch kann das Modell ein tiefes Verstdnd-
nis der Welt aufbauen, indem es das Neue durch die Kombination des Bekannten
erschliel3t.

Ich demonstrierte die Fahigkeit des Modells, Hierarchien in ein- und mehrdi-
mensionalen Sequenzen zu erlernen, und verallgemeinerte seine Anwendung als
uniiberwachter Algorithmus zur Mustererkennung.

Der zweite Teil der Untersuchung befasste sich mit dem Ubergang von der konkreten
zur abstrakten Doméne. Ich habe zwei abstrakte Sequenzmotive taxonomisch erfasst
und ihre Auswirkungen auf das Gedichtnisretrieval untersucht. Das Verhalten
zeigt, dass Menschen Redundanzen in Mustern im abstrakten Raum nutzen, um
eine effizientere Gedachtniskompression zu erreichen, wihrend sie diese abstrakten
Motive auf neue Sequenzen iibertragen.

Schliel3lich gehe ich noch einen Schritt weiter und stelle ein nicht-parametrisches,
hierarchisches Modell zum Lernen von Variablen vor, das Chunking mit Abstraktion
kombiniert. Hierbei werden Chunks, die in dhnlichen Kontexten wie Variablen
auftreten, abstrahiert, wahrend auch auf einer symbolischen Ebene gelernt wird, um
schrittweise Abstraktionen und invariante Muster zu entdecken. Ich zeige, dass der
Algorithmus dem menschlichen Lernverhalten dhnelt und vergleiche ihn mit grof3en
Sprachmodellen.

Zusammenfassend zeigt diese Arbeit, dass Chunking und Abstraktion als grundle-
gende Rechenprinzipien zu einem strukturierten Wissenserwerb in Sequenzen mit
zugrunde liegender hierarchischer Struktur fithren. Vom Einfachen zum Komplexen,
vom Konkreten zum Abstrakten wird so die rekursive Konstruktion hochkomplexer
Strukturen von Grund auf erméglicht. Ich habe nicht nur die Ahnlichkeit der Modelle
mit dem menschlichen Verhalten aufgezeigt, sondern auch ihre algorithmischen
Anwendungen zur Mustererkennung verdeutlicht.
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Introduction

The propose of science is to find meaningful
simplicity in the midst of disorderly complexity.

— Herbert Simon

We effortlessly perceive entities from an immense volume of an ever-changing sensory
stream. Consider the process of walking through a bustling city: successive sensations
arise from a continuous influx of perception. You notice the swift changes in traffic
lights, hear the diverse sounds of car horns, feel the differences of the surfaces
you are walking on, and smell the fleeting aroma of a nearby food stand. Amidst
this overwhelming flood of sensation, cognition skillfully sifts through the sensory
stream, identifying concrete entities such as “traffic signals”, “road conditions”, and
“food stand”. This remarkable capability allows us to swiftly navigate and interact

with a complex environment.

Contrary to the ease of symbols emerging in our perception, machine learning
systems still struggle to learn structured symbols and factorization from data. Nowa-
days, large-scale artificial neural networks are trained on hundreds of thousands of
graphical computing units with various optimization goals to auto-regress data from
the internet [120]. These models recently demonstrated remarkable performance in
solving problems from recognizing speech and visual objects to playing chess [120,
22, 148, 193]. Despite the triumph on the surface level, it has been argued that
the resulting models still do not understand and represent observations as humans
do [183, 116]. Prominent models transform, predict, and generate sentences just
by learning from lots of data and associating each part of the sentence with others
[246], but this feature does not guarantee that entities of features shall reliably
emerge within the model. Consequentially, large language models struggle to solve
problems that involve symbolic manipulation, such as mathematical problems, which
are never present in the training data [246, 173]; connectionist computer vision
models still rely heavily on human-segmented scene data, hand denoted tags and
human feedback to learn to segment images into visual entities [74, 89, 245, 16].
Modern connectionist Al systems still struggle with the ability to distill object entities
from data, and understand object permanence and the interactions and relations
amongst these recurring entities — an ability that simple animals are capable of
[192, 17, 197].
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The consequence of the gap between machine and human perception causes many
problems. There are many problem domains that are trivial for humans but noto-
riously difficult for current connectionist machine-learning algorithms [202, 190].
The set of these problems includes — but is not limited to — continual learning
[201, 190], disentangling representations [136], interpretability [97, 136], few-shot
generalization [35, 97], and abstractions [191, 127]. These problems limit DNN’s
reliability in many safety-critical domains, such as the navigation of autonomous
cars and medicine [73, 96]. These problems involve precisely the compact, efficient,
and reusable representation that comes to our cognition and perception easily. On
the other hand, these characteristics are the pronounced characteristics of symbolic
systems. As soon as thought can be expressed in a symbolic form, interpretabil-
ity, generalization, reuse, and transfer can also be expressed in clearly articulated
forms.

Earlier approaches to studying artificial intelligence were predominantly symbolic.
Herbert Simon, the father of modern artificial intelligence, posited that a system will
only be capable of intelligent behavior if it operates and manipulates symbolic struc-
tures [194, 153]. Al in the last century was primarily about how precisely defined
programs can manipulate symbols, such as automatically arranging and substituting
mathematical or logical symbols to arrive at the next step of calculation or deduction
[234, 129], to solve equations [139], to parse languages using syntactical trees [233,
21], or to partition images via visual grammar [137, 247]. Symbolic models of
Al represent computing entities as symbols and define operations between them,
such as the definitions of constants and variables in mathematics, classifications of
words into word types and morphological rules in natural language processing, or
categorizations of image grammar in computer vision. This approach allows for the
flexible reuse and recombination of symbols, which can be clearly implemented in
programming languages across different domains. However, symbolic Al faces a
fundamental challenge: most real-world data cannot be easily broken down into
discrete parts that interact in straightforward ways. As a result, symbolic models
have limited applicability and heavily depend on the programmer’s choice to design
effective symbols and operational rules.

A similar issue arises in probabilistic symbolic Al, where observations are modeled
with probabilistic entities to account for noise and uncertainty. When an agent
observes multiple sensory inputs that contain noise and makes decisions based
on them, it needs to estimate a high-dimensional distribution, often represented
as P(x1,22,...,2,), i.e., a complex global function with many variables. The dis-
tribution, by its raw form, is complex and infeasible to compute. However, this
computing challenge can be dramatically alleviated if there are groups of ran-
dom variables that are statistically independent of each other. In this case, then
the high dimensional distribution can be factorized into subsets of variables such

Chapter 1 Introduction



as P(x1,x2)P(x3,24)P(...,2y). The factorized form breaks the computation into
smaller, independent parts, reducing both the time and complexity of calculations
[114, 5]. This approach has been critical in probabilistic models like Markov random
fields [122], Bayesian belief networks [161], message-passing algorithms [114],
and it also applies to algorithms such as belief propagation [243], the Viterbi algo-
rithm [219], the Kalman filter [108] and learning structural causal models [160].
In computational neuroscience, researchers propose that the brain may similarly
factorize high-dimensional sensory information into several independent modular
systems, each handling a specific part of the computation in parallel, making use of
the advantage of parallel computing neural systems inside the brain [169]. However,
probabilistic Al faces challenges similar to symbolic Al: it is notoriously difficult
to determine which groups of variables are statistically independent, and can be
considered as within a factor to estimate the full distribution [47, 198, 1].

How to come up with symbols and statistically independent groups of entities has
been a challenge in symbolic and probabilistic Al. Symbolic Al systems depend
heavily on human expertise to define the symbols and rules for manipulating them,
while probabilistic Al struggles with the statistical complexity of determining the
appropriate factorization without human input. At the same time, the missing
perception of entities in connectionist Al contributes to the perception gap between
humans and machines, causing their unreliability and lack of interpretability. These
types of Al approaches do not have a clear answer to a fundamental feature that
our cognitive system handles with ease: how do structured entities emerge in
cognition?

Patterns are fundamental to both our perception and actions. We easily recognize
concrete entities like “traffic signals”, “road conditions”, and “food stands” from
a flood of sensory input, and we effortlessly perform action sequences, such as
fetching a bottle, boiling water, and making tea. This question on where do cognitive
entities come from — intersecting artificial intelligence and cognitive science —
motivates the thesis to explore how cognitive entities emerge from perception, and
their subsequent roles in factorization, interpretability, transfer and generalization,
and how a computational model describing this process may bridge the gap between

Al systems and human cognition.

The ability to perceive symbols and entities from an overwhelming and ever-changing
sensory stream has historically been a topic of interest. William James famously de-
scribed newborns’ experience as a “great blooming, buzzing confusion,” highlighting
the immense challenge they face, immersing in noisy and fleeting sensory input to
make sense of the world [103]. Over time, the infants all learn to recognize coherent
objects and develop sequences of actions to interact between these objects.
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Philosophers have long speculated how the mind extracts meaningful patterns
from sensory input. The British empiricists, in particular, emphasized that entities,
including symbols and ideas, emerge from accumulating experiences from the
sensory streams. John Locke proposed that newborns begin with a blank state
of mind (tabula rasa) and that perceptual categories and entities form through
experience [124]. David Hume described this process as beginning with vivid
‘impressions’ from perception, which later evolve into more abstract and less intense
‘ideas’ that are readily retrieved by the thinking process. The empiricists suggest that
the mind gathers information and constructs knowledge in an additive manner: as
interactions with the world accumulate, more complex ideas develop from earlier
experiences [98, 124, 95, 141, 142]. More complex mental structures can build on
the previously learned ones [101].

This idea was later taken up by behaviorist psychologists. Through studying animals
and their behaviors, they proposed that animals establish behavioral structure by
learning associations between stimuli via repeated practice and reinforcement [159],
[207, 205, 209, 208]. When stimuli repeatedly occur close together in time or
space, the occurrence of one can evoke the memory of the other. Through practice,
sequences of actions become associated and enforced [91, 206, 195], allowing
animals to execute complex behavioral responses reliably.

Acquiring structured patterns from observation connects to our ability to transfer and
generalize knowledge. Aristotle argued that structured perception is key to reasoning
and inferring knowledge beyond our limited personal experience [8, 11, 9, 10].
Similarly, Thorndike proposed that animals tend to reuse sequences of responses in
new environments when these environments resemble situations they’ve previously
encountered [206].

Before action and association, Gestalt psychologists proposed that the mind has
an inherent tendency to organize perception into structure. In vision, for example,
we tend to perceive nearby entities together as a whole, and farther entities as
separate parts. Gestalt psychologists studied and characterized the tendency to
organize complex sensory input into groups of parts, which are integrated into
coherent wholes [226, 227]. Through this grouping process, the mind identifies
patterns and regularities and simplifies complex images, allowing perception to
identify entities that can be related to prior knowledge. Today, the Gestalt grouping
laws are still used as guiding principles of visual design to convey messages from
abstract logos[111].

While language is considered by some a uniquely human ability [45], patterns

and recurring entities are prominent in both concrete and abstract language levels.
Concrete patterns manifested in words and phrases appear at the explicit level, and

Chapter 1 Introduction



syntactical, morphological, and grammatical rules recur on an abstract level. Yet
these rules still rigidly govern the composition of words into sentences. Understand-
ing those rules is also critical to parse parsing sentences into coherent meanings.
Mastering the application and usage of these patterns on concrete and abstract levels
is critical for comprehending and using any language in flexible forms, allowing the
infinite variations of meanings that language affords to convey [36, 38, 68].

Empiricist philosophers, behavioral and gestalt psychologists, and linguists have
historically considered the importance of perceptual entities and have related this
feature with the powerful ability of humans to generalize and transfer. In the context
of this thesis, to build on the previous observations and use a modern, programmatic
approach to study this question, I set up this problem by studying sequences. This is
because sequences are the most simplified form of sensory experience. Any sensory
signal can be distilled into a series of successive perceptions and actions across
different modalities. Discrete sequences are the most abstract simplification of
perceptual data, preserving the core aspect of this problem while throwing away
the unnecessary complexities. Processing sequences — whether through perceiving,
memorizing, or retrieving temporally ordered elements — is fundamental to nearly
all human activities, from recalling events and generating actions to using language
and enjoying music.

This setup of the problem casts the question into how cognitive entities emerge from
perceiving discrete sequences. In cognitive science, this process is characterized
by chunking [81, 80, 46, 92]. As we parse a sequence such as “DFJKJKJKDFD-
FJKJKDFDF”, chunking refers to our tendency to segregate the sequence into a
composition of recurring components, such as “DF”’s and ‘JK”s — a behavior that
even small babies and animals exert [164, 204].

Chunking relates to memory organization [26, 143]. When we need to remember a
sequence, we tend to break the sequence into several chunks. These chunks are then
memorized and recalled as separate entities [138, 143, 48, 24]. Chunks also serve
as the units of our memory storage: we can hold between 4 to 7 chunks in our short-
term memory. Therefore, knowing longer chunks by heart helps us to remember
longer sequences. Imagine having to remember the sequence “052917080461”:
taken on its own, this sequence might be difficult to recall. However, knowing that it
contains both John F. Kennedy’s and Barack Obama’s date of birth will likely simplify
this task. Chunks can be subject to composition; we memorize sequences more easily
by organizing them into a nested hierarchy of smaller chunks embedded in bigger
chunks [170].

Apart from cognitive processing and memory organization, chunking also helps the
organization of action sequences. We build up complex action sequence executions by
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piecing together familiar sequence chunks [217, 105, 178, 88, 63, 119], fundamental
to the process of planning [212]. Chunking perception, memory, and action into
entities as basic units of cognitive processing are critical for language acquisition and
usage [164, 170, 109]. Apart from action execution, memory, and sequence parsing,
chunking has been observed in other sensory domains and has been theoretically
linked to mental compression and optimal pattern discovery [188, 228, 58, 87, 162,
157, 26, 110].

I decided to study chunking in simplified sequences to examine our cognitive capabil-
ity to learn structured representation from sequential perpetual data. Formally, the
thesis defines sequences as made of discrete elements coming from a set of distinct
symbolic items representing all the perceptual possibilities A, which can be related
to the unique sensory experience that an agent ventures. An example of such a
sequence could be 010021002112000.... If an agent experiences such sequence on
and on, a reflection of the world through this one-dimensional perception, recurring
chunks amongst this signal may convey underlying entities in the world. For instance,
the agent may perceive some consecutive occurrence of space-time observation as
entities, such as learning identities in the sequence: {0,1,21,211,12,2112}, those
identities will help the agent to parse the observation sequence one identity at a time.
Hence, the model may use the biggest entity that it has learned about to partition
the sequence: 010021002112000.

This thesis constructs cognitive models based on previous knowledge about people’s
sequences’ learning capabilities. Critically, two components suggested by previous
literature are included as a part of all models developed in this thesis.

The first component assumes that the cognitive systems are capable of learning
the associations between consecutively identified sequential units [130, 180, 241],
rooting back to the behaviorists’ proposal associative learning is critical for learning
complex behavior. This learning characteristic is supported by a rich set of evidence
from statistical and associative learning literature [40, 54, 84, 181, 85]. Examples
include artificial grammar learning. Participants learn grammatical strings generated
from a finite state language [40] specified by a transition matrix defined on a set of
artificial vocabulary. After exposure to the sequence, participants can judge a set of
test strings’ consistency with the language with above-chance accuracy [54]. Models
that learn the associative transition probabilities between the sequential units can
reproduce participants’ performance in this task [84, 181, 85]. This thesis develops
models with components that represent the occurrence frequencies of sequential
entities and the transition probabilities between them.

The second component assumes that people process sequence into disjunctive chunks
[157, 143], resonating with proposals by Gestalt psychologists’ that perceptual
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“parts” are perceived together as “wholes”. This learning characteristic is supported
by the chunk learning literature [188, 228, 58, 87, 162, 157, 26, 110]. Examples
include artificial grammar learning experiments, which showed that upon hearing
continuous input streams made up of an artificial language containing underlying
artificial words, children segmented the language stream into disjunctive recurring
parts. This phenomenon can be explained by models that learn recurring disjunctive
parts from sequences [164, 189]. This thesis develops models that are inherent in
this property of segmenting sequences into disjunctive chunks.

The thesis proposes cognitive models on a computational and algorithmic level.
Going beyond seeing chunking and statistical learning as heuristics or tendencies
of human behavior, it takes a normative approach and hypothesizes that learning
statistics and chunks are rational strategies adapted by a learning agent to discover
underlying structures in sequences with embedded hierarchy. Combining the pre-
vious knowledge about human statistical learning and chunk learning, this thesis
proposes that learning sequence statistics, when combined with learning chunks,
become the seed for learning discrete segregated representations from discrete se-
quential data. In addition to learning cognitive entities, this thesis highlights a close
relationship between the cognitive behavior of chunking and the topic of composi-
tionality as a pressing problem puzzling both natural and artificial intelligence.

Specifically, this question is addressed in two parts. The first part studies the emer-
gence of chunks as segregated sequential patterns, and the second part studies the
emergence of abstract entities in relation to chunks. For both parts, the questions
are approached in conjunction with conducting cognitive experiments while explor-
ing the algorithmic properties of models that exert such properties of computing
principles.

The chapters are divided to address the four submitted projects that have resulted
from this PhD work:

The emergence of chunks

Chapter 2 starts from conducting behavioral experiments to study how action
sequences can be segregated into parts: we manipulated the underlying statistical
structure of the sequences and instruction demands in a serial reaction time task.
We discovered that humans adapt their behavior to the statistics of the sequence and
learn longer chunks are adaptive to the underlying chunk length in the sequence.
Meanwhile, instruction focusing on speed versus accuracy also modulates human
chunking behavior. We developed a computational model that learns chunks and
optimizes a utility function that trades off between speed and accuracy to explain
the population behavior observed in this task.



* “Chunking as a rational solution to the speed-accuracy trade-off in a serial
reaction time task” (Wu, EltetS, Dasgupta, & Schulz) [237] was published in
Nature Scientific Reports 13, 7680 (2023), doi:10.1038/s41598-023-31500-3.

The second project (summarized in Chapter 3) delves into the algorithmic impli-
cations of chunking under a normative lens. It hypothesizes a rational justification
for the cognitive tendency to chunk, which is to uncover the underlying hierarchical
structure in sequences. It designs a generative model for sequences with a nested
hierarchical structure and develops an inverse recognition model HCM (hierarchical
chunking model), which recursively reuses the previously learned representations to
construct new complex composites. This project demonstrates chunking as a mecha-
nism to discover recurring sequential primitives as entities for sequence factorization
subject to compositionality, and also generalizes chunking from a one-dimensional
sequential domain to a visual and visual temporal domain and applies the model
as a data-driven structural discovery algorithm. This work resulted in the following
publication:

* “Learning Structure from the Ground up—Hierarchical Representation Learn-
ing by Chunking” (Wu, Elteto, Dasgupta, & Schulz) [236] was published in
Advances in Neural Information Processing Systems 35, 36706 - 36721 (2022).

The second half of the PhD work studies chunking and its role in learning abstraction
in sequences.

It starts with a sequence memory and recall experiment summarized in Chapter 4.
The project taxonomizes two types of motifs and studies the influence of motifs in
memorizing long sequences, in addition to transferring motif knowledge to novel
sequences. The sequence recall experiment suggests that people exploit sequential
patterns and redundancies not only on a concrete but also on an abstract level. Their
learning and transfer behavior can be characterized by a motif learning model that
chunks sequences on an abstract motif space.

* “Motif Learning Facilitates Sequence Memorization and Generalization” (Wu,
Thalmann, & Schulz) has been submitted as a preprint on PsyArXiv [239] and
has been accepted in Nature Communications Psychology, doi:10.31234/0sf.io/2a49z.

The experimental work inspired further modeling of human abstraction learning
and its connection with learning by association and chunking. The last project
summarized in Chapter 5 studies chunking in conjunction with abstraction under
a normative perspective. A learning agent should learn abstract categories from
observations because naturalistic sequences contain distinct objects of the same
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category types. Such properties enable the learning agent to learn recurring chunks
from sequential data, layer by layer, starting from concrete and building up to more
abstract levels. This model relates abstraction with compression and generalization
while distinguishing large language models’ learning and transfer behavior from
human learning.

* “Building, Reusing, and Generalizing Abstract Representations from Concrete
Sequences” (Wu, Thalmann, Dayan, Akata, & Schulz) has been submitted as a
preprint on ArXiv [238] and, at the time of submission, is under review at Inter-

national Conference on Learning Representations, doi:10.48550/arXiv/2410.21332.

Some works are related to the thesis topic developed during the PhD but are not
discussed in the thesis. This includes my work in the following two directions:

One is to test the applicability of chunking principles in biologically realistic simu-
lated neural circuits. I worked with Atilla Schreiber and Chenxi Wu from Giacomo
Indiveri’s group to demonstrate a group of spiking neurons with biologically plausible
principles of synaptic plasticity and homeostasis can learn structured patterns from
sequences in mixed-signal neuromorphic hardware. The project suggests that biolog-
ical neural circuits and computation structures can learn chunks in computationally
and power-efficient ways.

* “Biologically-plausible hierarchical chunking on mixed-signal neuromorphic
hardware” (Schreiber, Wu, Wu, Indiveri, & Schulz) was published in Ma-
chine Learning with New Compute Paradigms workshop at Advances in Neural
Information Processing Systems 36 [185].

The other work studies the temporal dynamics of hierarchical visual grouping. I
worked with Mehmet Yoriiten to propose a psychophysics experiment studying
people’s recognition behavior upon seeing images tiled by amorphous sub-parts. We
showed that the recognition difficulty of image parts can be described by a normal-
ized min-cut algorithm that optimizes grouping by similarity under computational
resource constraints.

* “Normalized Cuts Characterize Visual Recognition Difficulty of Amorphous
Image Sub-parts” (Wu, Yoriiten, Wichmann, & Schulz) was presented at the
Computational and Systems Neuroscience (COSYNE) conference [235].

Together, this thesis proposes how structured representation in chunks and abstract
rules arises from learning from discrete sequences. The means to do so is via

11



learning association to construct chunks and propose abstractions as cognitive
entities, bringing forth computational efficiency and transferability.
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Chunking in serial reaction time
tasks

2.1 The emergence of action primitives from
sequences

A shared skill across learning, planning, problem-solving, and creativity is the
capacity to break down complex tasks into manageable subcomponents, enabling
humans to adapt and respond flexibly within complex, high-dimensional, and ever-
changing environments [203].

One promising mechanism that underpins this ability is chunking. As a fundamental
cognitive process, chunking facilitates the perception and execution of sequences.
Lashley proposed that people organize complex actions by segmenting them into
smaller, more manageable subsequences [119]. Through chunking, frequently
occurring patterns within sequences are identified and grouped into discrete units
that can be recognized as cohesive wholes [143, 115, 88, 189]. This chunking
phenomenon extends beyond sequence learning, playing a role in domains including
grammar acquisition, visual and working memory tasks, function learning, and chess
[88, 81, 58, 63, 110, 33].

The ability to recognize and chunk recurring elements in sensory information allows
for a compressed representation of long sequences [26]. These chunks can then be
repurposed across different contexts, supporting the development of expertise as
novices progress by building and recalling pattern-based chunks in long-term memory
[152, 33, 82]. Evidence suggests that the foundational units in cognitive hierarchies
emerge through the process of learning and organizing chunks in sequences.

In the first study, we conduct cognitive experiments to study chunking in sequence
learning. Since movements are underlying the most fundamental aspects of chunk
execution, this work started by studying the emergence of units in sequences of
movement execution. We want to study how chunks emerge from repeated exposure
to simple units, so we chose a sequence learning paradigm. A common paradigm
to study sequence learning is the serial reaction time task (SRT) [154, 230, 177,
110]. In SRTs, participants are instructed to press a number of keys that map to the
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displayed instruction cues. During the experiment, sequences of instruction cues
appear consecutively on the screen; upon the occurrence of each instruction cue,
participants react by pressing the corresponding key.

In our experiments, participants were instructed to press four keys, denoted as A,
B, C, and D, on the keyboard, which mapped to four instructions that appeared on
the screen. If particular patterns, for example, ABC, keep repeating, then grouping
repeated chunks as a unit should facilitate the prediction of the upcoming keys.
Specifically, detecting a chunk’s beginning, in this case, A, implies that the within-
chunk items B and C will follow. This anticipation of the following elements of a
given chunk can allow participants to anticipate what is coming next and thereby
react faster [110, 152].

To study whether participants’ chunking behavior adapts to task demands in an
SRT task, we manipulated sequence statistics and instructions to participants during
the training blocks to examine the behavior change from the baseline to the test
block. By default, instruction sequences were generated from a non-deterministic,
first-order Markovian transition matrix between the four instruction keys. Out of all
16 transitions specified between the four keys, the transitions from A to B and C to D
were highly probable (P = 0.9), and the transitions from B to C and from D to A were
medium probable (P = 0.7). In this way, participants often observed reoccurring
sequence segments such as AB and CD and could possibly perceive them as “illusory”
chunks, even though the generative model was, as mentioned, nondeterministic
first-order Markovian. In practice, the instruction keys were randomly mapped to D,
F, J, and K for each individual to randomize the key correspondence to the keyboard
placement of the fingers.

2.2 Summary of the article

We propose a normative rational chunking model that learns chunks, taking two
components into account. One is sequential statistics, i.e., sequences with distinct
underlying chunks should result in different learned representations. By merging
previously learned chunks, the model finds the best set of chunks to be learned
when the entire sequence is considered, thereby segmenting the stream of symbols
into compact units of chunks. The model learns patterns as chunks when there are
underlying recurring patterns in the sequence. When reaction speed is preferred over
accuracy, the model learns longer chunks while tolerating more mistakes. We test
these predictions in two experiments, separately manipulating sequence statistics
and instructions given.
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The first experiment examined how underlying chunks affect sequence learning,
controlling for instructions. We gave participants first-order Markovian instruction
during the baseline and the test block, sandwiching a training block, which we
manipulated. During the training block, we trained three groups of participants
separately on sequences containing no chunks (independent), chunk AB (size 2
chunk), or chunk ABC (size 3 chunk), and the elements that do not belong to the
chunks occur randomly in the sequence. Consistent with the model’s prediction,
participants’ reaction time data (comparing the test block with the baseline block to
evaluate the influence of the training block) suggest that participants learn chunks
when underlying chunks are in the sequence.

The second experiment tested the prediction of the influence of instruction on
chunking while controlling the sequences in all baseline, training, and test blocks to
be the default Markovian sequences. In the training block, one group of participants
was instructed and rewarded to perform the task as fast as possible, and the other
group was as accurate as possible. The results of this second experiment suggest
that the group focusing on speed chunked more than the group focusing on accuracy
despite making more mistakes. The analysis result aligns with the model prediction
that participants shall adapt their chunking behavior to optimize the trade-off
between accuracy and speed.

Our results shed new light on the benefits of chunking under specific task instructions
and pave the way for future studies on structural inference in statistical learning
domains.

2.3 Discussion

Our work can be related to several lines of previous research on chunking. Firstly,
Servan-Schreiber and Anderson [189] studied how chunking facilitates memory by
examining subjects’ memorization for artificially produced grammatical sentences.
They proposed that a hierarchy of chunks forms as subjects remember sentences.
They instructed subjects to memorize sentences chunked by distinct hierarchy levels
(e.g., word level vs. phrase level) and examined subjects’ judgment of grammati-
cality afterwards. Their result suggested that the hierarchy of chunks influenced
participants’ grammaticality judgments. Additionally, subjects overtly chunked the
training sentences even when they were presented in an unstructured manner. These
findings are similar to our current model, which also predicts chunking will appear
in unstructured data but does so via a trade-off between accuracy and speed. The
competitive chunking model provides a modeling framework consistent with our
model but does not explain the processes that give rise to chunks’ construction and
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hierarchy. The mechanism of recombining previously acquired chunks in our model
can fill this blank.

Another related model is PARSER. Proposed by Perruchet and Vinter [164]. PARSER
can produce artificial language stream segmentations of continuous input streams
without any episodic cues such as pauses [181]. PARSER randomly samples the
size of the next chunk of syllables and parses the sequence by disjunctive chunks.
Each chunk the model learns is associated with a weight, which increments with
observational frequency and decrements via a forgetting mechanism. Since both
PARSER and our model evaluate chunks based on their occurrence statistics (PARSER
approximates the chunk frequency online, whereas the rational chunking model
evaluates the joint probability empirically), the simulation results produced by
PARSER on syllable parsing can —in theory— be reproduced by our model. Distinct
from PARSER and unique to our model is the mechanism of conjoining acquired
chunks to construct new chunks and relating the general chunking mechanism to a
rational form of utility maximization.

Other methods use neural networks to learn chunks in sequences. Wang et al. trained
a self-organized recurrent spiking neural network with spike-timing-dependent
plasticity and homeostatic plasticity on sequences like the ones commonly used
in SRTs and showed that it could reproduce several sequence learning effects, in
particular, transfer effects [223]. It is, however, unclear whether the network learned
explicit chunks that enabled this transfer because it is generally difficult to interpret
the learned representations of such models. Compared to this approach, our model
can serve as an interpretable computational level model because one can directly
assess which chunks the model has learned.

Another modeling approach to study how structure emerges from learning is to use
variants of the Bayesian ideal observer framework [157, 83, 155]. These models are
also rational because their inference is evaluated on the observational instances. The
difference between these models and our model mainly lies in the context window
and their structural assumptions. For example, with the hierarchical Dirichlet process
model [64], the maximal size of the context window, for recognition convenience, is
pre-determined to evaluate the prediction of the next element given the previous
context. In contrast, our model adapts its context length based on the previously
acquired subsequences of chunks. Therefore, we think that these models are very
similar to the accuracy part of our rational model and —in the limit— might even
make the same predictions for bigrammatic chunks. Apart from that, the rational
chunking model accounts for the speed-accuracy trade-off, which is harder to realize
and implement in a purely context-dependent Bayesian ideal observer framework
relevant to the serial reaction time task.
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Finally, relying on the trade-off between speed and accuracy is one way that chunking
benefits performance. Other mechanisms have also been proposed, such as mini-
mizing memory or action complexity [77]. Extending our current model to other
domains using these additional complexity measures will make scalable predictions
in memory, reinforcement learning, and planning.

2.4 Limitation and future work

This work has limitations. One is that chunk boundaries are inferred and non-explicit
from reaction time speed up. We cannot say for sure when a participant formed a
chunk that has been established in mind from analyzing reaction time alone. Future
work can integrate the methods we used with other sources of information, such
as eye movement data or measurements of brain activities, to cross-validate the
estimation of human chunk boundaries. Alternative paradigms, such as asking
participants to recall sequences freely, can also help to elucidate the demarcation of
chunk boundaries in human behavior.

Our experiments examined learning from sequences with simple underlying chunks;
future work may study learning sequences with more complex compositional struc-
tures within, which may adapt to participants’ learning progress. For example, a
model may infer participants’ learning progress on the go and introduce novel chunk
combinations, i.e., a concatenation of participants’ previously learned chunks, up
until a point when the participant has shown indicators of sufficient knowledge (pre-
sumably using the staircase method [42]) in the two basic chunks to be composed.
Such tasks may lead to an adaptive instruction sequence tailored to participants’
idiosyncratic learning progress affected by individual tendencies of chunk building,
consolidating, and concatenation. Modeling work may examine the influence of dif-
ferent chunk-building parameters on the dynamics of this adaptive learning process.
Relating to real-life experience, this process may affect the progression of acquiring
composable skills. It may explain phenomena such as the deeper participants are
into a book, the faster the reading speed becomes, and the greater the size of a
sentence being parsed [175, 12, 184]. In chess-playing, the model can simulate the
progressive memory complexity reduction of strategic chess board configurations as
a player advances from novice to expert level [82]. The implications of such findings
may inform educational curriculum design to adapt to the learning progression of
individuals.

Finally, we have examined chunk learning in a simplified experimental setup in this
project. Literature has suggested that such simple chunks can greatly benefit the
composition of more complex action sequences [187, 186, 212], pointing to the
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direction that one primary consequence of chunk learning is to construct simple
primitives which can be concatenated to complex composites [203]. In the next
project, we further dive into an algorithmic formulation of how simple chunks can
recursively merge to create complex composites and a hypothesis on why chunk
learning is rational for an agent to build up a better understanding of perceptual
sequences via reusing the previously learned representations.

2.5 Article Status

”Chunking as a rational solution to the speed-accuracy trade-off in a serial reaction
time task” (Wu, Eltetd, Dasgupta, & Schulz) [237] was published in Nature Scientific
Reports 13, 7680 (2023), doi:10.1038/s41598-023-31500-3.
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Writing - original draft: Shuchen Wu, Eric Schulz.
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Schulz.

Chapter 2 Chunking in serial reaction time tasks



Chunking to compose — a source
of infinite combination using finite
means

Why does each new year seem to pass faster than
the one before?

We essentially conduct a lifelong process of
chunking — taking small concepts and putting
them together into bigger and bigger ones —
recursively building up a giant repertoire of

concepts in mind.

— Douglas Hofstader

Primary to Hofstadter’s speculation is a fundamental feature of chunking, which
combines simpler components into more extensive and complex components that ex-
plain ever-larger recurring experiences in life. In the former project, the experiment
on serial reaction time tasks suggests that humans adapt chunking behavior to the
underlying regularities in the sequences. In this subsequent paper, I investigate the
relation between chunking with hierarchical sequence structure, compositionality,

and factorization.

Cognitive scientists have suggested the vital role of chunking as a way to circumvent
our inherent mental limitations. About half a century ago, Miller reported that
our short-term memory is limited to holding 4 to 7 chunks [143]. Once a chunk
has been learned, it is memorized, identified, and parsed as a whole [58, 119,
217]. This discovery has led to ample subsequent work suggesting chunks as the
primary information processing unit and serving a role in decomposing complex
sequences into familiar parts. To illustrate, consider remembering a sequence
like “schwarzwalderkirschtorte” — a challenging task on its own — a sequence
with 26 items. However, knowing that it is a concatenation of the German words
“Schwarzwalder” (Black Forest) and “Kirschtorte” (cherry cake) simplifies the task,
as the sequence is decomposed into several familiar parts. Recognizing familiar
subsequences aids in remembering more complex sequences.
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The process of breaking perception into several entities goes beyond sequences to
the visual domain: Gestalt psychologists have observed and developed the notion
of ‘Prdgnanz’: upon processing a complex and chaotic visual scene, people tend
to organize and group visual perceptual units together into coherent wholes [226,
227]. A primary tendency to group perceptual units as a whole is by proximity:
entities close to each other tend to be perceived together to form a group [226, 227].
Interestingly, the grouping by proximity in vision resembles the grouping by chunks
in sequences, suggesting the chunking principle as a candidate to break complex
observation into parts in both visual and sequential domains.

If chunking can be a candidate of a cognitive principle that underlies many domains,
what could be a normative reason to justify the rationality of learning chunks? From
a computational standpoint, upon processing streams of perceptual sequences, a
learning agent faces an inherent challenge in learning structure from the sequence
for better predictability, memorization, and recall upon task demand. From this
point of view, chunking implies several attractive algorithmic features.

The first is that chunks can serve as computational processing entities to explain the
emergence of symbols. This points to a potential answer to the unresolved problem
in symbolic AI. Symbolic Al systems study the consequence of intelligent behavior via
operating with symbols but do not address where symbols come from (sometimes,
they resort to some innate explanation that circumvents this problem). Because
symbolic Al relied on this fundamental assumption, their approach suffered difficulty
in scaling up to higher dimensions, as going into any more complex data domains
will reveal the problem of finding primitive symbols to parse the data reasonably. The
formation of chunks through learning offers a potential answer to how symbols and
distinct entities emerge from experience. By enabling us to segment observations
into discrete components, chunks serve as foundational units that transform input
sequences into recognizable parts.

The second is that chunks can become independent entities to factorize a proba-
bilistic estimation of the observational sequence. An observational sequence with
n entities can be described as distributed in a high dimensional probability distri-
bution P(x1,z2,...,z,). Chunks become a unit of sequence parsing, and thereby, a
sequence spanning in many observational units can be partitioned by grouping obser-
vational units as chunks, each chunk occurring independently from the occurrence
of other chunks, and therefore factorizing the observational sequence distribution
by chunks of consecutively occurring stimuli: P(zy,x2)P(x3,24)P(...,zy,). This
suggests that the mechanism of learning chunks may help computer scientists find
ways of circumventing the computational complexity of factorizing high-dimensional
distribution of observational sequences and can also serve as a way of learning a
generative model of the sequences.
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What follows as the third attractive algorithmic property is compositionality: the
previously learned chunks can be composed into more complex chunk combinations.
Previous work using symbolic systems to study human behavior has suggested that
the composition of primitive operations explains both human behaviors of learning
a hierarchical organization of the primitives [117], which helps people to make fast
structure learning and generalization [187]. Additionally, the components that are
composed may contribute to the processes of generalization and transfer between
separately learned sequences [152]. Chunk learning and chunk composition may
also lead to chunk transfer.

3.1 Related Work

Several approaches to model chunk learning from sequences exist in the literature.
One is a process type of cognitive model including PARSER [164], CCN [189],
and others [178]. These models use heuristics to illustrate how chunks can arise
from data, usually from jointly frequently occurring items that contain associative
relationships. While PARSER compared simulated chunking with baby sequence
segmentation when learning an artificial stream of language, CCN related the process
of chunking with compositionality by organizing chunks in a hierarchical way. These
process-level models are limited in their heuristics and lack a normative account of
why chunking can be a rational behavior for the learning agents.

In contrast to the process models, normative statistical models describe ideal ob-
servers’ behavior to explain why chunking is rational, usually using variants of the
Bayesian ideal observer framework [83]. For example, given a linguistic corpus,
these models infer a segmentation with the highest probability from a set of chunks
following the minimal description length principle. These models are rational as
the inference is evaluated on observational instances. However, the inference pro-
cess of these models suffers from combinatorial explosion with increasing sequence
length. Presumably, the normative chunking models do not relate chunking with
compositionality because of the computing complexity.

Other chunk learning models are connectionist in nature. Approaches include using
an artificial neural network to learn sequence segmentation or simulating spiking
neural networks that are similar to our biological neural construct and translating
the chunk learning problem into a loss function for network parameter optimization
[71, 41, 223]. Usually, these models generate behavioral consequences of chunk
learning, but they are opaque to interpret due to their connectionist setup.

3.1 Related Work
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This project implements computational cognitive models that connect chunk learning
in cognitive science with the algorithmic advantages it provides. It also proposes a
normative explanation, hypothesizing that chunking is a rational strategy. Building
on previous experiments, which show that humans learn underlying chunks in
sequences, this project suggests that humans behave like rational agents, uncovering
patterns in their observations. Thus, chunking may serve as a rational method for
identifying underlying relationships and regularities within observed sequences.

3.2 Summary of the work

To study the normative explanation of the chunking mechanism’s rationality while
exploring the algorithmic advantage that such a mechanism brings forth, the project
started by investigating the relation between hierarchical structure and chunking. To
preciously control the structure of the sequence, we design a generative model that
randomly comes up with an underlying nested hierarchical structure. The generative
model starts with an inventory of initialized unique chunks of atomic units. In a
number of iterations, existing chunks in the inventory randomly concatenate together
to form chunk composites. Each chunk in the inventory is assigned an independent
occurrence probability. The sequence is generated by consecutively sampling chunks
from the generative model. This approach to developing a generative model captures
the essence of compositionality at the sequence level: simpler concatenated chunks
form foundational units that recur and combine to create increasingly complex
structures within the hierarchy.

Observing such non-iid sequences with recurring chunks sampled from the hierar-
chical generative model, this project proposes that chunking can become a means
to uncover the underlying structures in sequences. It proposes a simple chunk
learning model that contains three components that can be plausibly implemented
by cognition.

The first component is parsing, i.e., the model parses and identifies chunks together
as a unit from the sequences [153, 81, 163, 25]. The second component is learning
the associative statistics of consecutively parsed chunks, a notion that inherits the
legacy of behaviorists’ proposal (that animals learn to associate between events)
while also being affirmed by the statistical learning literature (human learners are
sensitive to the transition statics and the occurrence probability between consecu-
tively observed entities in sequences [84, 181, 85, 180]). Meanwhile, a forgetting
component multiplies the count of parsed chunks by a discounting factor, a common
practice that models forgetting [57, 151, 229, 172, 176, 7, 150].
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Connecting the three components, this paper proposes the hierarchical chunking
model, which builds up a nested hierarchical structure from sequences. HCM starts
out learning about the minimally sufficient atomic sequential units as initial chunks
to parse the sequence and combines chunks which has a correlated consecutive
occurrence as indicated by the information provided by the associative statistics into
more complex chunks to add to the dictionary. The simple merging process allows
the model to learn more complex representations by reusing the previously learned
chunks. In this way, a long and complex sequence can be learned as one entity
in the dictionary by reusing and concatenating the existing chunks in the memory
dictionary. The model learns a dynamical graph that is a trace of the evolving
representation in the dictionary.

HCM brings the feature of compositionality in the sequence learning domain. As the
previously learned chunks are used as basic components to parse the sequence and
as candidates to compose into new chunks. The compositionality process contains
a normative aspect guided by the recorded sequence parsing statistics, reducing
the space of compositionality to those chunks that contain a correlated consecu-
tive occurrence relationship and thereby also circumventing the vast search space
as encountered by alternative formulations. Apart from that, the chunks become
entities to factorize the high dimensional sequence distribution. One can evalu-
ate the probability of a sequence S (z1,22,...,z,) occurring P(S) P(z1,z2,...,2y)
by the probability of chunks that constitute the sequence parsed by the model:
P(x1,z2)P(x3,24)P(...,x,) (each group is the elements inside a chunk). Alterna-
tively, the resulting representation can also be used as a generative model to produce
imaginary sequences composed of sampling the learned chunks adhering to their
occurrence probability by the model.

HCM is formulated as a normative chunk discovery algorithm, i.e., chunking is
rational for the model to uncover the underlying nested hierarchical structure in
the sequence. This project includes learning guarantees of a rational HCM on
an idealized generative model and demonstrated its convergence. Apart from
formulating chunking as a normative representation discovery process, the project
also shows several learning advantages this algorithm affords.

The first one is data efficiency. On sequences with embedded hierarchies produced by
the generative model, I compared HCM with RNNs learning from the same amount
of sequential data. Given the same length of sequences, HCM could adaptively
build its nested hierarchical representation by detecting correlation violations until
no correlation can be detected. In contrast, neural networks are much slower at
adapting their representation. Given the same amount of training data, HCM learned
a better representation of the sequence than an RNN. We also observed that the

3.2 Summary of the work
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advantage in HCM’s data efficiency becomes more pronounced as the hierarchy
depth of the generative model increases.

As HCM learns interpretable chunks, we also looked at the implication of transfer
when the model adapts its previously learned representation to novel sequences
generated by alternative hierarchical structures. The model’s interpretability in-
forms positive/negative transfer to learn representations in a novel environment
where sequences come from a generative model with overlapping/complementary
chunks. Since the previously learned chunks can be reused, the transparency of all
existing chunks acquired by the model shows whether the new chunks need to be
learned additionally. With full knowledge of the transfer sequences in relation to the
learned representation from the model, positive or negative transfer can be reliably
predicted.

Many natural sequences may contain a hierarchical component similar to the genera-
tive model; as a testing ground, HCM was applied to learn structures from sequences
from the book The Hunger Games. From text sequences, HCM learns nested hierarchi-
cally embedded chunks reflecting the hierarchical organization structure of language.
This includes the step-wise emergence of word parts such as common prefixes and
suffixes in a word, commonly used verbs, and nouns, and later more complex phrases
also emerge, including phrases such as “it is not just”, “in the school”, “our district,”
and “cause of the”, similar to how we parse sentences through successive units of

words and phrases when reading instead of letter-by-letter [158].

This project also delves into the algorithmic consequence of chunking as a represen-
tation discovery mechanism in discovering interpretable compositional relationships
from and beyond one-dimensional sequences, and into higher-dimensional visual
and visual temporal sequences. I extended HCM to learn visual temporal chunks
via proximal grouping and demonstrated that the model could learn frequently
occurring visual-temporal parts to aid in breaking down a complex sequence of im-
ages into chunks of visual temporal wholes via combining their corresponding parts.
Consequently, the complexity of the visual-temporal sequence reduces as learning
progresses, and the model learns recurring visual-temporal movements. The model’s
behavior suggests that chunk learning can also capture the correlation in both spa-
tial and temporal dimensions, hence may explain cognitive phenomenon beyond
one-dimensional sequences to higher dimensions such as visual or proprioceptive
sequences [50].

The ability to discover recurring temporal-spatial patterns and their sub-recurring
patterns as chunks organized in a nested hierarchical graph makes HCM a method
for extracting patterns in an unsupervised manner. One candidate data type hypoth-
esized to contain a hierarchical structure is neural activities [6]. We demonstrated
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that HCM can be used to learn recurring activations of functional brain regions on
a resting-state fMRI data set. The interpretability of chunks allows matching the
occurrence of chunks and stimulus onset to be compared with the known network
connectivities in the brain. Via this method, we found nested network structures such
as functional regions responsible for affect processing [200, 222], visual attention
control [218], or theory of mind processes [14]. On a population level, we also
observed a correlation between the average chunk size per participant and age -
implying the aging brain possesses a more modularized activity signature.

Together, we propose a model that processes a stream of perceptual sequence into
chunks. HCM learns chunks as the basic unit of cognitive processing, allowing for
the composition of chunks, factorization of sequences, and transferability to novel
sequences. We demonstrate the application of this model to discover recurring
patterns in an unsupervised manner, from one-dimensional sequences to multiple-
dimensional visual-temporal sequences. This work suggests that chunking is a
universal computational principle used to acquire parsable entities from sequences,
resonating with previous discoveries in fields from sequence learning and memory
to gestalt psychology and the arrival of visual entities.

3.3 Discussion

The algorithmic design of HCM favors simplicity as a proof of concept to demonstrate
the power of chunking. This simplification comes with limitations. One is the
greediness in parsing; the model finds the biggest chunk in the learned dictionary
in its volume to parse the sequence despite their low occurrence frequency as a
heuristic. This choice may hinder the model from discovering the most plausible
underlying chunks in the sequence, but rather in favor of expanding the inventory
of its dictionary. Depending on the application, the future may extend the parsing
process also to consider a model that infers the observation of chunk online [157],
thereby making the algorithm adhere to the updated probability of chunk parsing
probability.

Many pattern detection algorithms, including deep learning approaches, are not
robust to independent noise in data. This poses big application problems and
does not relate to the noisy biological substrate of the neural system, and hence
is also difficult to implement in hardware systems that are also prone to noise or
computation corruption [86, 120, 93].A feature of HCM is that chunk discovery is
little affected by independent noise in sequences or when the occurrence instance of
some underlying chunk is only partially observable by occasional signal corruption.
This is because independent noise does not affect the statistical correlation among

3.3 Discussion
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consecutively parsed chunks and, hence, does not influence the process of chunk
proposal. What noise affects is the parsing process, i.e., smaller chunks consistent
with the noise-corrupted sequences will be chosen as candidates for sequence parsing.
As noise robustness is not the focus of this project, future work may exploit this
feature advantage of the algorithm by simply making the parsing process more noise
robust via introducing a similarity comparison mechanism matching the previously
learned chunks and the sequence observed or adapting to some probabilistic variant,
such as computing the chunk that leads to the maximal a posteri given a noisy
observation sequence.

Another limitation of this work is the computational efficiency in chunk searching.
During each parsing step, the number of search steps to identify the biggest chunk
that matches the sequence scales with the inventory size. Future work can improve
the efficiency of this parsing step by either organizing chunks in a prefix tree-like
structure to shorten the search step to scale with the depth of the prefix tree.
Alternatively, chunk parsing can be implemented in parallel computing systems that
contain independent components checking the consistency of individual chunks in
the inventory simultaneously, with the biggest chunk matching in size winning the
competition. Even better will be the combination of both types.

One innovation of this work is to relate chunking to compositionality in sequence
learning, suggesting that chunking can be a means to compose the more complex
from the simple in any problem domain that can be formulated as symbolic se-
quences. This formulation informs and differentiates from other approaches to
model compositionality.

The most prominent models that explain human compositional behavior are program
induction models. They have been mostly applied to behavior domains with partial
observability, such as explaining the composition of handwritten digits or coming up
with programming steps that generate the output of a transformation from one base
word form to its morphological variant [117, 62, 61].

Program induction models capture humans’ capability to compose more complex
cognitive representations from simpler ones by formulating mental computation as a
combination of programs. Problem-solving involves searching for the combination of
programs with the highest probability of explaining the observed data and updating
its posterior distribution over the programs with more observation instances.

However, two problems hinder the program induction approach from being inte-
grated to explain more human behavior or data domains with higher dimensionality.
The first problem is that these models are domain-specific and assume knowing a
set of computational primitives. However, these mental primitives are not known in
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most domains. Hence, such models have been limited to simple domains that are
feasible for experts to hypothesize computational primitives, including hand-digit
writing [117], geometric hand-drawing [62], or simple programming [179]. The
other problem is the vast program search space. Finding the right program combina-
tion that takes an input and produces an output is an exhaustive process and subject
to combinatorial explosion. Improvements to program induction methods include
using neural networks to guide the search process [62], but only partially alleviates
this issue.

By formulating learning in the sequential domain, our model of learning to compose
entities to parse sequences captures the essence of compositionality while resolving
both limitations of program induction approaches. Since the model starts learning
with an empty inventory, primitives can be learned without the necessity to impose
a library, and the model does not differentiate between the basic primitives or the
frequently used composite chunks. Studying chunking in sequence learning also
circumvents the huge computational complexity of finding combinations of primitive
functions that explain an output observation, as combinations are acquired via
observing sequences.

While not every human behavioral aspect can be framed as inducing programs,
most human behavior can be described by sequences of action and perception.
Chunking, as a proposal for the emergence and reuse of subsequences as cognitive
units, offers an explanation for a part of behavior in all domains that contain a
sequential component. In future work, this approach can be integrated with the
program induction methods by applying chunk learning to the sequences of program
execution traces or other data domains where composing programs plays a role.

Future work may also relate this model with cognitive experiments to test the
implication of chunking during learning. If chunking as a tendency helps learning
and reuse to acquire complex structures, then the curriculum should affect the
learned representation critically. In particular, training needs to include enough
repetition sequences to allow sufficient time for the learning agent to pick up
the invariant patterns and rules. Indeed, studies have suggested that training
regimes that fix invariant rules (blocked training) facilitate humans in learning
about the underlying rules compared to regimes where the rule keeps changing
(interleaved training) [69] - a feature that also distinguishes humans from artificial
neural networks. Future studies can investigate the contribution of chunking to the
curriculum effect observed in these experiments.

Apart from the curriculum effect, the correlation detection feature of HCM can be

applied to propose variables and generate hypothetical causal graphical models
from sequential observations, subject to further model selections or interventions.

3.3 Discussion
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Furthermore, applying chunking principles in the visual domain could explain the
diverse Gestalt grouping laws. For instance, the tendency to group by similarity
or common fate may be due to the correlated occurrence of similar objects in the
visual field. Future studies may apply chunking principles to natural video data
to test the hypothesis that some gestalt rules reflect the correlation of recurring
patterns in natural image sequences. This could lead to the understanding that
particular grouping principles result from an agent’s identification of familiar visual
relationships to reduce the perceptual complexity of observations, which is a rational
strategy to break complex perception into parts.

3.4 Article Status

“Learning Structure from the Ground up—Hierarchical Representation Learning by
Chunking” (Wu, Elteto, Dasgupta, & Schulz) [236] was published in Advances in
Neural Information Processing Systems 35, 36706 - 36721 (2022).
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Part III

From concrete to
abstract






Beyond concrete sequences —
Formulating and testing two types
of motif learning in sequence
learning and transfer

In the past chapters, we have investigated chunking experimentally and theoretically.
From sequence learning experiments, we observed that humans adapt their chunk
learning strategy to the underlying recurring chunks in sequences, suggesting that
a normative pattern discovery principle can explain the chunk learning process.
We delved into this question further in the second project, looking at sequences
that contain a nested hierarchical structure. We proposed a model that adheres to
the cognitive ability of humans to uncover chunks as entities of recurring patterns
from sequences with a nested hierarchical structure. The model learns interpretable
chunks that are also transferrable to novel sequences.

Chunking has limitations in capturing the structural learning abilities of humans. It
is a fascinating aspect of learning and cognition that we not only learn recurring
patterns in their concrete form, but we are equally good at dismissing irrelevant
details to learn abstract recurring patterns. Psychologists and neuroscientists related
abstracting sensory experiences into concepts as preconditions of forming episodic
memory during development. Concepts can be bound with context and chained into
a memory of episodes, facilitating a recollection of concept sequences surrounding
a personal event [78, 214]. Abstract concepts and categories become the seed of
the thinking process, not only helpful for our memory but also helpful with logical
induction and deductions of conclusions that lie outside of our personal experience
[8]. This chapter studies patterns in their abstract forms and their relation to transfer
and generalization.

Many daily examples suggest our instinctive attraction to motifs from sequences.

Music, for instance, contains abundant melodic motifs invariant amongst varying
note specifications. Beethoven’s Fifth immediately comes to mind when the iconic
sequences of notes strike: GGGE, FFFD. Within the symphony, the note sequence
progresses to GGGB or GGGC, with variations in forms and voices, one at each
step. The two examples point to two abstract sequence motif types that people are
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sensitive to, as the literature suggests. The first type relates to the initial definition of
Gestalt (‘form’ in German) back in 1890: Von Ehrenfelds observed that a melody is
recognized when played with different keys [59]. Later, this form of motif sensitivity
was also suggested by the language learning literature. [132] exposed seven-month-
old infants to short sequences with simple grammar patterns such as ABA, QWQ,
and EFE. This exposure made the infants sensitive to non-explicit sequence patterns,
leading them to direct their gaze toward novel sequences sharing the same structure,
such as KTK, rather than different structures, such as DDF. However, studies on these
motifs usually look at the effect of motifs in very short sequences and do not describe
how the abstract motifs may build up from the learning process.

The second motif type, expecting that the progression of the music will vary on
a position following the iconic three strikes GGG, relates closely to the linguist’s
hypothesis on the acquisition of language, specifically grammar structure acquisition
[23, 135]. This type of motif is speculative to exist as a precondition of grammar
structure acquisition. It also relates to Chomsky’s hypothesis that statistical learning
between words cannot explain the infinity of language utterances — a symbolic
acquisition of language structure is necessary for people to judge the grammaticality
of unseen sentences [36, 134, 241]. Learning abstract patterns at the symbolic level,
such as the category of a noun, allows learning the abstract pattern of grammar,
such as noun phrases typically consisting of a determiner followed by a noun. De-
velopmental linguists suggest that children, after exposure to their native language,
learn about the abstract category of nouns and verbs and are capable of applying
their knowledge about nouns to novel phrases that have been seen to belong to the
noun category. Sometimes, they overgeneralize the syntactical structure of nouns
that demand an exceptional case [135]. This capability also demands the acquisition
of language structure at the symbolic and abstract levels. However, such types of
learning abstract structures in sequences have not been examined in an experimental
setting.

In this work, we expand on the previous literature with new additions. As the first
kind of motif has only been tested in short sequences, we want to examine how
people learn about these motifs in long sequences that are cognitively challenging.
We look at the progress of how people acquire sequence motifs and how the two
types of motifs affect the learning and memorization of novel sequences outside of
participants’ training experience.

To do that, we first defined the two types of motifs in a sequence learning setting,
especially the second type, as it has primarily been discussed in the language learning
setting. We then formalize these motifs in a sequence learning setting to help study
such motifs in a domain-general way. Following our definition, we conduct a
sequence memory and recall experiment to test the effect of motif learning and
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motif transfer when people have been exposed to the two motif types and their
ability to transfer to novel sequences that share the same motif type. The cognitively
demanding task of remembering long sequences necessitates gradually building
knowledge of the motif during the learning period.

Although literature have suggested that human cognitive capability is sensitive to
abstract motifs in sequences, there have been no explanations for an underlying
reason why people should learn motifs from sequences. Human motif learning
has been discussed on an observational level, lacking a normative account. The
modeling work we propose provides such a normative account: we suggest that
learning abstract motifs can be closely related to learning chunks, and the process
can be described by chunking on an abstract motif level. In this way, learning motifs
can be explained by participants finding invariant structures in sequences for efficient
compression. We build a model that integrates abstraction learning and chunking
into the same program to discover sequence motifs manifested as abstract chunks in
sequences.

4.1 Toward a Taxonomy of Abstract Motifs

We define two types of motifs: projectional motifs and variable motifs.

A projectional motif is a pattern in a projected space shared among distinct sequences.
A transformation function maps the superficial content to this projected space. For
example, GGGE and FFFD’s music phrases share the projectional motif XXXY.

A variable motif is a pattern with invariant and variant parts. In a sequence with
a variable motif, a variable symbol represents a quantity that can change. These
sequences share a structure with a varying entity at the “X” position and constant
entities elsewhere. For instance, the music phrases GGGEZ, GGGB, and GGGC share
a variable motif GGGX, with X taking the value of Z, or B, or C.

4.2 Summary of the article

This article explores how abstraction aids in memorizing sequences and transferring
abstract knowledge from one sequence to another in recall experiments.

We tested this hypothesis in two serial recall experiments: participants were in-
structed to memorize 12 consecutively displayed colors and then recall the sequence

4.1 Toward a Taxonomy of Abstract Motifs
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by pressing corresponding keys, with recall accuracy recorded as the primary mea-
sure for analysis.

Experiment 1 examined how projectional motifs aid memorization and transfer.
Sequences consisted of two variables, X and Y, each appearing 6 times per sequence
presentation. Participants were divided into two motif groups (Motif 1; Motif 2)
and a control group (Independent). A motif was consistent across training trials in
the motif groups, while in the Independent group, X and Y were permuted in each
trial. X and Y were mapped to distinct colors. Participants underwent 40 training
trials followed by three transfer blocks, each consisting of 8 trials, testing motifs of
each type. In the transfer blocks, sequence colors from training did not reappear.
Experiment 2 tested the learning and transfer of variable motifs. Participants were
divided into a variable motif group (motif) and a fixed group (control). The variable
motif group memorized sequences like B X D F, with X varying (A, C, E), while
the fixed group memorized sequences like B A D F, with no variation. Participants
underwent 40 training trials followed by 24 transfer trials. In the test block, both
groups memorized new sequences with variable X in the same positions as training
but with changed fixed parts. Analysis of the human recall accuracy data suggested
that participants effectively learned and transferred both motif types. Training with
variables and projectional motifs improved recall accuracy, especially on transfer
sequences.

We propose a model that differs one step from the hierarchical chunking model,
integrating learning transition statistics, learning chunks, and pattern discovery on a
motif level. To simulate sequence motif learning of the first type, we simulated the
model by learning chunks in the abstract projectional motif space. For the motif of
the second type, we integrated a component that proposes an abstract variable entity
based on preadjacency and postadjaency transition statistics between the parsed
chunks, thereby discovering recurring chunks in sequences that contain variables.
Together, such a model simulates a progressive build-up of sequence motifs via
discovering recurring patterns in the motif space and progressively concatenating
the previously learned abstract chunks into bigger chunks, reusing the knowledge of
sequence motifs to novel sequences. Simulation of the model in the two experiments
learning identical sequential instructions to the participants suggested that the motif
learning models progressively learn motif chunks, which help the model to transfer
and generalize. The model sequence generation accuracy correlates with participants’
sequence recall accuracy during the progression of the experiment. A detailed model
comparison separately, including each component that consists of the motif learning
model, suggested that motif learning and transfer cannot be explained by chunk
learning or associative learning alone. Expanding chunking from concrete sequences
to abstract representations was crucial for capturing the learning and transfer effects
in this set of experiments.
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Our findings suggest that human participants use both motifs to facilitate sequence
memorization and generalization to novel, unseen sequences. This learning and
transferring process in this experiment can be captured by chunk learning in the
two types of abstract motif space. Discovering recurring patterns in sequences helps
people memorize and transfer sequences with abstract motifs. Our work paves the
way for a better understanding of how abstract motifs emerge progressively from
sequences and their implications in generalization.

4.3 Discussion

It is a fascinating aspect of learning and cognition that we not only learn recurring
patterns in their concrete form, but we are equally good at dismissing irrelevant
details to learn abstract patterns. Our work hypothesized two sequence motif
types that humans could learn and generalize, tested these hypotheses in sequence
memorization and recall experiments, and proposed a model that progressively
builds up a complete sequence motif via chunking in abstract space. Our work
advances our understanding of how people construct abstract representations from
observational sequences for efficient compression and generalization.

This work paves the way for future work to expand into the characteristics of
learning abstractions in sequences. Our experiment tested abstract motif learning
in a restricted number of sequence types: projection motif that spans the entire
sequence and variable motifs that contain one variable at a specific ordinal position
of the sequence; future work may expand upon the variability of this experimental
paradigm and design experiments to study and test more flexible motif learning. For
example, one can have, in the experimental sequence, multiple variable entities, X
and Y, each having distinct entailment, located at different positions of the sequence,
and look at how the learning of a sequence that contains Xs and Ys, helps to transfer
to novel sequences, where the location of Xs and Ys may also swap.

Additionally, future work may test hierarchies that span multiple abstraction layers,
such as projectional motifs embedded in variable motifs, i.e., variables that represent
several possible projectional motifs or vice versa, and how learning adapts to various
motifs. Modeling-wise, this may correspond to the discovery of a abstract structure
that helps a learning agent compress sequences based on the previously learned
motifs. Future work can test the interaction between learning this motif structure
and participants’ performance in transfer and the individual variabilities in their
sensitivities to either motif type in sequences.

4.3 Discussion
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We studied motif learning in the sequence learning domain; future work may relate
this work further to the general domain of learning abstractions. Many of these
works on the role of abstraction and generalization formulate their problem in a
non-sequential domain. For example, previous work on abstraction has studied our
tendency to understand abstract concepts via metaphor, such as understanding the
concept of an ’argument’ in terms of 'war’ and thereby transferring the feature of
war to the concept of ’argument’ [118]. Another example is in problem-solving,
where people tend to find a solution to a new problem based on their knowledge of a
familiar problem that resembles the new problem in abstract ways [55]. Additionally,
acquiring reasoning rules from experience has been proposed to build the foundation
for logical deduction and reasoning [34]. Many of these works argue that finding
commonalities among conceptual space manifested as abstract rules is fundamental
to human intelligence. The property of abstraction has also helped to advance
multiple fields. In math, abstraction empowers mapping deducted theorems from
one axiomatic system to another [146]. In computer science, abstracting computing
steps into functions and classes allows the reduction of the computational complexity
of programs [3].

Future work may connect the sequential aspect of this model with the progressive
acquisition of concept relational graphs or show how abstractions described by this
abstraction literature can arrive from perceiving data sequentially. In particular,
it can be interesting to adapt the model to describe a process of how abstraction
structure can be built up progressively from learning: for example, the model
can describe the process of realizing a solution to a simple problem via learning
sequences that underlie the program traces of the search steps. In the meantime,
arriving at sequences of simple abstract execution steps may help participants learn
to piece together knowledge in the abstract space to reach higher-order abstraction
manipulation. Models of such flavor can also be used to simulate and measure
the learning difficulty of abstract problems, or the learning and developmental
stages necessary as a precondition to understanding abstract concepts or transferring
metaphorical understandings. Generally, the model may illuminate how simple
mechanisms of chunking in an abstract space may help cognition find a common
pattern beyond seemingly distinct observations and build up layers of cognitive
sophistication to construct and extrapolate concepts outside our finite sequential
experience.
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4.4 Article Status

“Motif Learning Facilitates Sequence Memorization and Generalization” (Wu, Thal-
mann, & Schulz) has been submitted as a preprint on PsyArXiv [239] and has been
accepted in Nature Communications Psychology doi:10.31234/0sf.io/2a49z.
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The construction from the simply
abstract to the complexly abstract,
layer by layer

Within great truth lies great simplicity.

— Lao Tzsu
Tao Te Ching

In the sequence recall experiments, we verified firsthand that two types of motifs help
people memorize and transfer their knowledge to novel sequences. Our experiments
suggested that people learn patterns not only on the sequence surface level but also
on an abstract level. In the following work, I delve further into how chunking on an
abstract level may help uncover layers of abstraction in data and how the mechanism
of such a model relates to abstraction in general.

The ability to form task-specific abstract representations has been suggested to be
fundamental for our intelligence [112, 15, 165, 45]. People are equipped with the
ability to abstract. As we learn a new language, we also learn the salient patterns
underlying grammatical forms without explicitly being told about the rules. For
example, after learning German for a while, you will expect a verb at the end of a
subordinate clause. This verb can mean “kick”, “support,” “drink,”... etc. But you
develop a sensitivity to the functionality of the last word. Children acquire grammar
structure when learning a language; they learn the rules, such as determiners precede
nouns, and generalize the rules [46]. Infants as early as 23 months old can learn the
category of nouns [211, 19, 140], expect the syntactic category of the next word in
a sentence, and use their knowledge about nouns in argumentative roles that they
have not experienced in the past. Denoting unknown entities in symbolic abstract
form was fundamental to the development of mathematics. It is easier to arrive at a
solution of an algebraic equation such as “x + 5 = 10” by assuming x’ as a symbolic,
unknown entity to find out about “x = 5”. A proper abstract description may help
an agent discover the underlying relation that governs the otherwise highly complex
and variable observations. Consider Newton’s law in physics or Maxwell’s equation
describing electromagnetic waves: abstracting unknown entities in symbolic forms
has been civilization’s workforce to discover the invariant laws in nature.
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5.1 Related work on modeling abstractions

Knowing the theoretical and pragmatic implications of studying abstraction, re-
searchers have attempted to model abstraction learning using different approaches.

One approach to model abstraction builds explicit discrete conceptual relational
systems manifested in graphical structures. This sort of model has been applied to
explain human behavior, including understanding abstract concepts via linguistic
metaphor [118]: such as grounding the concept of an ‘argument’ in terms of the
definition of ‘war’ and thereby transferring the characteristics of war to the under-
standing of ‘argument’. Models with this flavor have also been applied to explain
people’s transfer behavior in problem-solving, how solving a new problem becomes
much easier when knowing the solution to a familiar problem that resembles the
new problem on an abstract level [55]. These models usually represent knowledge
or conceptual understanding in discrete forms, manifested in conceptual relational
networks in which nodes are ideas or concepts, and edges denote the relation be-
tween the ideas. Modern adaptations of such approaches include the Probabilistic
Analogical Mapping (PAM) model, which uses word embeddings created by neural
network systems like BART (which maps concepts to vector embedding) to construct
such a conceptual relational network [102]. The task of finding abstraction amongst
the source and target analogical concepts or using the solution of a previous problem
to solve a new problem can be translated into finding and applying graphical com-
monalities between the two discrete graphical structures [125, 182]. A limitation
of this approach is that these models assume a conceptual relational structure or
acquire them from connectionist systems and do not explain how learners build up
the discrete conceptual relational graph from experience. In a similar vein, Kemp
and Tenenbaum [203] use a Hierarchical Bayesian model defined over a set of graph
primitives and grammars to combine the primitive to illustrate how complex graphi-
cal structures can be acquired by combining simpler ones. However, the model relies
on assuming a library of primitive abstraction relations and does not explain how the
abstraction primitives may arise from data. Hence, these explicit discrete abstraction
models have been primarily applied to restricted problems or data domains.

Another approach to model abstraction circumvents the problem of finding an
explicit representation via training connectionist neural networks through a variety
of datasets that demand abstraction learning and transfer. Such approaches include
meta-learning [66, 196, 90]: training a neural network on a distribution of tasks
that are in different domains but share some underlying properties [20, 99]. In these
cases, neural networks can do one-shot or few-shot learning in novel tasks that share
the underlying property with similar tasks in training data. These connectionist
models contain implicit abstract representations in the learned weights [221, 242],
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which are opaque to interpret what explicit rules or commonalities may have arisen
from learning. Hence, understanding and interpreting these models is an area under
active research [242, 53, 56, 52]. Without knowing the explicit abstractions acquired
by neural networks, it is even harder to compare with the type of abstraction and
transfer ability that humans are using. Therefore, datasets or tasks that demand
models to exert human-like abstractions and reasoning abilities are still challenging
for the best connectionist models today [35, 147, 133].

5.2 The open question

When studying the growth of abstraction from perceptual data in the cognitive
system, it is crucial to develop computational principles that yield interpretable
structured representations. These principles should be capable of learning structure
from experience while maintaining interpretability. To achieve this, we can draw
insights from the literature on developmental psychology.

5.3 How abstract concepts may grow inside the
mind

Literature suggests that abstract conceptual symbols originate in perceptual expe-
rience and arise from superficial sensory experiences. Indeed, evidence suggests
a close relation between neural activities representing concepts and neural activ-
ities representing experiences. There are no specific neural substrates dedicated
only to representing abstract concepts. Instead, during sensory-motor perceptual
experiences, association areas in the brain capture bottom-up activation patterns
in sensory-motor regions. Later, perceptual symbols activate the association areas,
which in turn reactivate sensory-motor areas [15, 79, 43].

The developmental literature suggests several key features of abstraction. The first
feature abstraction is commonality. Classical conceptions suggest that abstraction
arises from generalizing common features of experience. For example, the abstract
concept of 'swans are white’ arises after observing many instances of white swans
[244].

The second feature is discretization: a continuous information stream is divided
into concrete, recurring, and symbolic units. There is an end, a beginning, and a
range of values that an abstract concept assumes, such as the abstract concept of
a noun includes cat, dog, box, and other words that belong to the noun category

5.2 The open question
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[156]. The abstract categories that point to the words are articulated when parsing
a string, such as The cat jumped out of the box to check the grammatical validity.

The third feature of abstraction is information reduction, i.e., throwing away in-
formation. An abstract concept is less specific than the concrete concept that it
entails. The word cat is more specific than the category noun. Throwing away infor-
mation has been suggested to be critical for people to learn higher-order statistical
relationships that govern observation [128].

The fourth feature relates abstraction tightly to generalization and transfer. As in
perceptual systems, there will never be an exact reoccurrence of the same data point.
Abstracting from past experiences helps to develop concepts that can be reused to
facilitate performance on a never-encountered task.

Finally, abstract ideas can also be assembled. More complex abstract structures can
be constructed via operating on existing abstractions, also referred to as coordination
(of schemas) [156, 166].

While previous modeling work captures some of the abstraction features in develop-
mental psychology, no model that captures all of them exists. This raises the question
of what a minimal model can be that captures all of the abstraction features as de-
scribed by psychologists. And what basic computational principle allows a learning
agent to abstract while exhibiting the aforementioned features? Additionally, how
can more complex, abstract structures be constructed by combining components
from more superficial abstract structures in a way that is consistent and similar to
the aforementioned developmental trajectories?

I explore this question by controlling the generative model of sequences that favor
abstraction and studying how the underlying structure can be uncovered by a
learning agent. I propose to combine chunking and abstraction learning, being
previously discussed in isolation, as the core mechanisms of this model. I argue that
chunking — in conjunction with learning abstractions — can give rise to the ability
to learn both concrete and abstract patterns while giving the power to assemble the
complex from simpler parts.

5.4 Summary of the Article
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5.4.1 Sequences with nested abstract hierarchical
structures

This project starts by studying one-dimensional discrete sequences as an extremely
simplified version of perception. The perceptual sequence may reflect the underlying
environment’s inherent nested structures and regularities. To start with studying the
necessity of abstraction, we develop a generative model to produce sequences that
mimic the emergence of nested hierarchy in natural systems, taking references from
the properties of self-diversifying systems [100, 4].

Specifically, this theory hypothesized that a set of simple principles constitutes the
diverse observation in the natural world. Such systems ‘make infinite use of finite
media’ whose ‘synthesis creates something not present in any of the associated
constituents’. Within a self-diversifying system, a set of existing stable objects
form stable combinations with one another to form more complex objects. This
automatically leads to a variation and oversupply of created objects while producing
stable combinations that share similar properties. Examples of such systems include
the diverse chemicals constituted by atomic units, the diverse organisms constituted
by a combination of genes, and the infinite possibilities constituted by finite means
present in the human language.

To capture this feature in the sequence subject to study, we simulated generative mod-
els that operate in one-dimensional sequences to simulate perceptual observations.
The key assumptions of this model are:

* All objects are made out of a finite combination of atomic elements.

* The observation sequence is sampled from the created stable objects in the
existing inventory of the world, where each object in the inventory occurs with
a certain probability.

 Existing objects may concatenate and combine into composites, forming new
’things’ with similar properties that interact analogously.

* Some created objects share similar properties and belong to one category.
This property will make them interact with other things in the world similarly,
producing composites that only differ among objects within the same category.

The generative model begins with an inventory of basic atomic units. This inventory

expands through the formation of novel stable combinations by concatenating
existing objects or categories. Initially, atomic elements randomly combine to

5.4 Summary of the Article
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form objects, thereby expanding the inventory. Some of these objects become new
categories, representing groups of objects that share similar interaction properties.
These categories then serve as additional components, combining with other objects
or categories to form new stable combinations to expand the inventory further. The
agent observes random samples of objects from the inventory within the artificial
world created by the generative model.

5.4.2 Two ingredients of abstraction

A learning agent perceives sequences that reflect the underlying nested structure
created by the generative model and uses two types of abstraction, along with
learning chunks, to uncover what are the unvarying patterns that occur in its
perceptual stream.

We introduce two implementations of abstraction notions in HVM that make the
algorithm more effective while expanding its capability to uncover a hierarchy of
variables.

Abstraction as organizing chunks via common subparts The first type of ab-
straction is finding common parts between the learned chunks. Upon parsing the
observational sequence, the model needs to search among its existing learned chunks
to retrieve one consistent with the sequence. The number of search steps to allocate
the biggest matching item in the parsing tree grows with the size of the dictionary.

Abstraction, as finding common parts between learned chunks, helps the model
organize its memory more effectively for information retrieval. The memory of
the learned chunks is implemented in a Trie structure: each ancestor node is the
common prefix of its children, connecting the longer chunks with the shorter and
more frequent chunks in a hierarchical memory recall graph. During parsing, the
search starts from the root of the parsing tree, following each leaf node consistent
with the sequence, and terminates at the deepest leaf node. Identifying the final
node consistent with the upcoming part of the sequence is guaranteed to be the
deepest chunk in the tree. Connecting chunks from their common prefixes reduces
the search step to the depth of the tree.

Abstraction as inventing symbols that represent variables As perceptual se-
quences contain categories that similarly interact with other objects, uncovering
these abstract concepts as categories helps the learning agent acquire higher-order
patterns and relations that explain more observations.
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The second characteristic of abstraction is to replace the occurrence of distinct
chunks using a symbol. The symbol is meant to denote categories of chunks sharing
similar interaction properties. The symbol is identified when any chunk that this
symbol represents is identified, which helps the agent to identify an underlying
pattern in varying observations. This abstraction feature enables more abstract
concepts to emerge from concrete patterns in a graded fashion, layer by layer, and
the more abstract patterns detected based on the description of the previously
acquired symbolic observation description, analogous to human abstraction concept
formation during development.

We propose a hierarchical variable learning model (HVM) as an extension of the hier-
archical chunking model that combines chunking with the two types of abstractions
proposed above. HVM abstracts commonalities among its learned chunks to orga-
nize memory in a Trie structure to enhance retrieval efficiency. Furthermore, HVM
proposes symbols to represent abstract categories of chunks with similar interaction
properties. The model learns chunks on the description of previously learned sym-
bolic patterns. This dual approach discovers abstractions by proposing variables to
capture sequence variability and uses chunking operations on an expanding symbol
inventory, mirroring concept discovery during cognitive development.

We first show that abstraction via extracting commonalities among chunks reduces
parsing search steps. Additionally, proposing symbols to capture categories helps
the model learn unvarying patterns that explain a larger part of the sequence. The
models that exploit hierarchical structures compress the sequence more effectively
than traditional compression methods.

Next, we showed the relation between compression efficiency, abstraction, and
generalization. We showed that as the layer of abstraction increases, more abstract,
symbolic chunks are learned by the hierarchical variable model, which comes with
more distortion in pure symbolic representations and higher sequence parsing
likelihood in novel transfer sequences. A more symbolic description of patterns in
sequences helps the model to parse novel sequences with less surprise.

Relating the model to human sequence learning, we used the same sequence recall
experiment to instruct the model to remember sequences and compared the model’s
negative log-likelihood to participant sequence recall times. We discovered that
the model’s negative log likelihood correlates with human sequence recall more
strongly than alternative models that do not learn and transfer chunks or variables.
We further compared several large language models’ (LLMs) negative log-likelihood
in the memory experiment. In comparison to the cognitive models, we found that
LLMs do not abstract.

5.4 Summary of the Article

47



48

5.5 Discussion

In this work, we propose a model that learns chunks from the specific to the abstract
levels. Chunking endows the learning agent with the ability to generate structural
primitives as recurring patterns in sequences. Abstraction enables the agent to
symbolize and organize akin patterns into categories. The interplay of the two
forces enables learning unvarying patterns, from simple to complex, from concrete to
abstract, growing with practice. The compositional nature of sequences encourages
recursive reuse, building up the intricate wholes from intermediate parts.

Our work goes beyond previous work in two aspects: the first is that assumptions on
primitive abstraction functions are lifted and can be learned from data; the second
is that an explicit abstraction can be acquired instead of relying on connectionist
systems learning implicit abstractions. This work lays a foundation for a series
of further investigations to elucidate the emergence of abstract structures from
learning.

Future work can relate this model to more cognitive phenomena or dive into the
implementation level to understand the emergence of abstract structures in artifi-
cial/biological neural networks. One direction is to relate the parsing graph with
memory retrieval. Using commonalities shared among memory items to organize
memory implies that giving longer retrieval cues shall help allocate the retrieval and
identification of a long memory faster and more accurately than shorter retrieval
cues. Other experiments may relate the model’s parsing steps with behavioral recog-
nition time. A tree-structured parsing graph implies a logarithmic search time that
grows with the number of stored memory items. Future work may test whether
the memory retrieval time grows with the memory size or the logarithm of the
memory size. Another direction is to relate chunking in the abstract space with the
merge operation that allows a step-wise combination of corpus units to generate
grammatically intact utterances [168, 39, 37], due to their close resemblance. Addi-
tionally, the model predicts the existence of a particular type of memory error: items
that appear in similar variable categories are likely to be confused during recall
compared to memory items from different categories. Existing evidence suggests
this to be the case [31, 72]. Further application of the model may include the
explicit grounding of novel abstract concepts based on existing chunks to emulate
our cognitive tendency to conceptualize the nonphysical in terms of the physical or
the less clearly delineated in terms of the more clearly delineated.

Abstraction also necessarily happens in large Al models used these days. Throwing
away information and obtaining vital information is necessary to perform reasonably
in any classification task and beyond. Previous work showed that the level of
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abstraction increases with the neural network’s processing layer [113], and so
does the level of information comprehension. However, how abstraction arises and
its influence on transfer is still unknown, especially for modern AI systems. For
substantially abstract tasks such as arithmetic or algorithmic binary operations, it has
been observed that although some neural network models learn and predict very well
on the training set after training, good performance on the test set does not emerge
until training for an excessive amount [171, 145]. Similarly, intriguing phenomena
have been observed, such as a leap of reasoning ability emerging after excessive
data [225]. Other works on meta-learning suggested that training neural networks
to perform multiple tasks helps the network to transfer skills and solve problems in
novel situations. Our work demonstrates a tight relationship between abstraction
and transfer. Our result differentiating models that learn chunks and abstractions
on transfer sequences suggest that the acquisition of abstraction does not improve
performance on training sets that representations on a superficial level can solve, but
only on tasks that demand the usage of sufficiently abstract representation. LLMs’
inability to exploit variable structure from the training sequence to the transfer
sequences suggests the absence of a particular abstract representation that overlaps
both the training and the test set. It relates to this question of how such an abstract
structure may emerge at one point during the excessive training process. Our work
urges future studies to study the emergence of abstraction at different learning stages
by probing the model’s behavior on tasks that demand different levels of abstraction
and inform hypotheses such as are the lower, specific levels of abstraction necessary
for the network to realize and come up with higher levels of abstraction in tolerance
with higher variability in data.

This algorithm can also be adapted for flexible applications. Future work can further
improve computational efficiency adapting to the application in need. For example,
one can implement a hash table on each branch of the chunk parsing graph to further
reduce the computational steps of chunk parsing. Alternatively, the stored memory
chunks can be organized via a semantic relational network or other structures to
group similar memory items closer to each other in retrieval or storage space. In
parallel computing systems, the time needed to retrieve and identify the correct
stored chunk for parsing can be further reduced by harnessing neurally plausible
such as a winner-take-all architecture to efficiently trigger the activation of neural
populations representing the storage of chunks.

Finally, the abstraction and chunking considered in the context of this work are in
the domain of perception. Future work may integrate this modeling framework with
action. Compositionality, transfer, and reuse models have also been proposed in
classical hierarchical reinforcement learning and resemble human behavior [240].
Abstraction in state space can alleviate the combinatorial explosion that plagues
planning: by transforming the state space of a ground Markov Decision Process

5.5 Discussion
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to that of an abstract one, task complexity can be reduced, paying a small loss of
optimality. Approximate state abstraction condenses prohibitively large task repre-
sentations into essential information and allows solutions to be tractably computable
[2]. Future work could explore connections between this model and theories of
hierarchical processing that integrate action and perception [174, 104, 67]. For
instance, action could be incorporated as a mechanism to selectively focus on and

verify information, aligning it with perceptual expectations.

5.6 Article Status

“Building, Reusing, and Generalizing Abstract Representations from Concrete Se-
quences” (Wu, Thalmann, Dayan, Akata, & Schulz) is a submitted manuscript [238]
and, at the time of submission, is under review at International Conference on
Learning Representations, doi:10.48550/arXiv/2410.21332.
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Discussion

In this thesis, we have proposed computational models that learn concrete and
abstract chunks from the ground up, uncovering and factorizing sequences with a
nested hierarchical structure. The work also included human behavioral experiments,
linking these computational models to human behavior. The models were applied
to learn both abstract and concrete patterns in the general domain of sequence
learning. Together, this thesis outlines a proposal for how structured representations
may emerge from data, inspired by the cognitive mechanism of chunking. It also
explored how previously learned chunks can facilitate the composition and reuse
of knowledge, enabling the learning of more complex chunks at both concrete and
abstract levels.

Like all research, the work presented in this thesis has limitations. One key limitation
of the proposed models is their reliance on a greedy parsing strategy. For simplicity,
the models always select the longest chunk from the learned dictionary that aligns
with the incoming sequence as the basis for parsing. While this heuristic encourages
the learning of more complex chunks, it can also lead to rigidity. In some cases,
selecting a longer chunk may not be the optimal choice if it has a lower likelihood of
occurrence. This approach risks introducing dogmatism, where previously learned
chunks overly influence how new chunks are discovered, limiting the model’s flexi-
bility in learning alternative sequence fragments that could lead to a more diverse
set of chunk entities.

Future work could, therefore, enhance both the rationality and flexibility of the
parsing process. One potential improvement would be integrating sampling methods
into the parsing algorithm, which could introduce more variability and adaptability
in chunk discovery. Alternatively, the parsing strategy could be adapted to account
for partial observability in sequences where chunks might be incompletely visible.
This could be achieved by sampling the chunk that most closely aligns with the
observed sequence based on both prior knowledge and their occurrence likelihood.
Incorporating Bayesian inference into the parsing process would allow the model
to infer the most likely chunks given the sequences observed so far, improving the
model’s capacity to learn more flexible and diverse dictionaries.
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Another limitation of this work lies in the potential mismatch between our generative
model and the perceptual reality we aim to describe. In this thesis, we related chunk
learning to a rational process of discovering underlying patterns in sequences, leading
us to propose a generative model that produces sequences with a nested hierarchical
structure. The chunk-learning models we developed served as recognition models
that approximate the inverse of this postulated generative process. However, the
assumption of a hierarchical structure may not hold in all domains of sequential data.
Some sequences might have an entirely different structure or lack any hierarchy,
such as patterns that do not exhibit spatial or temporal continuity.

In such cases, the chunk-learning models proposed here may generate an excessive
number of chunks, diverging from an optimally succinct representation of the
underlying sequence. For example, consider a sequence where each number is
always a multiple of the previous one — neither the HVM nor HCM models would
capture this particular rule. Thus, in domains where the underlying structure
deviates significantly from the hierarchical assumption, the models may fail to learn
useful data representations. In this case, the data would need to be decomposed or
transformed into an alternative space that contains a recurring structure to enjoy
the advantage of this type of model. This potential deviation highlights the need
for future research to explore sequence structures and quantify such mismatches.
Since the true generative processes behind sensory data are unknown, studies should
aim to align generative models with the specific types of sequences being analyzed.
Different real-world sequences may have distinct structural properties. Future work
could bridge the gap between the generative model and actual sequence structures by
identifying statistical properties, such as power-law coefficients [167, 65], or using
alternative measures of compositionality [149, 131] to characterize the deviation
between the generative model and the structure of data at hand. In sequences
generated by processes that do not guarantee spatial or temporal continuity, it
could be interesting to test if the tendency to chunk may mislead humans to learn
inefficient or faulty patterns, a seemingly irrational behavior caused by a system
evolutionarily adapted to a particular data type.

Despite the limitations in some domains, this hierarchical assumption may underlie
many sequential data types, including language or visual-temporal sequences. Ap-
plying chunking models to such data can provide valuable insights for practitioners
looking to extract structured representations. One particularly exciting direction is
behavioral data. From nematodes to fruit flies, from mice to humans, neural etholo-
gists have observed that animals exert complex behavioral repertoires by recursively
combining behavioral movement primitives, and has long been postulated that be-
havior is fundamentally organized by a hierarchical structure [13, 210, 18, 199, 232,
144]. However, this hypothesis has been difficult to test on movement recordings
due to a lack of methods to extract behavioral hierarchy in an unsupervised manner
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[18, 106, 44]. Future work could apply and extend the models proposed in this
thesis to automatically extract animals’ “behavioral syllables,” allowing an automatic
decomposition of complex behavior into modularized hierarchical structures. De-
composing behavior into hierarchies will allow future scientists to study and test
hypotheses that have been primarily approached in a qualitative way, bringing an
understanding of movement organization into a quantitative domain. Example
questions include how behavioral dictionaries are constructed, the organization of
movement motifs, how animals chain these motifs to form complex sequences, and
how the psychological or energetic state influences the composition of movement
motifs. Relating the movement motifs to animal’s neural activities may also provide
insights into the neural basis of sequence chunking.

Beyond the limitations of the greedy algorithm and assumptions about the generative
model, this thesis addresses chunk learning at the computational and algorithmic
levels of Marr’s [137]. It explores chunking from a computational principle point
of view and proposes that the goal of chunking is to find what are the underlying
invariant entities in observational sequences. The thesis then proposes an algorithm
with minimal but cognitively plausible components to learn chunks. Future work
shall build on top of this framework and study chunking on Marr’s implementation
level — how chunk learning can be implemented by a neural system within a
biological substrate. This could involve exploring the biological mechanisms that
give rise to sequence chunking and hierarchical compositionality in behavior, and
identifying neural interactions that might give rise to equivalent computation of
associative and chunk learning as included by the cognitive models in this thesis.

In the past, I have explored this implementation-level question by asking how chunk-
ing can be implemented in neuromorphic circuits. In mixed-signal neuromorphic
hardware that emulates the firing activities of simple biological neural circuits, we
have demonstrated a group of spiking neurons with synaptic plasticity and home-
ostasis can efficiently parse chunks and learn nested patterns from sequences. This
work suggests that the parallel computation of the neural system is naturally efficient
for learning and retrieving a successive activation of neural sequences in a compu-
tationally efficient way [185]. Additionally, chunk learning can be an algorithm
that is especially efficient for a parallel computational system to learn structure via
interacting with the environment, a property that the brain exhibits.

Another way to investigate this implementation-level question is to study the neural
correlates of chunk learning directly. Literature suggests neural substrates of chunk
learning in the human brain, such as neural oscillation frequencies, reflecting the
nested structure in linguistic sequences on an organization level of syllables, words,
and phrases [109]. These findings resonate with our discovery of rich nested
structures in fMRI data [236]. Future work may adapt this model to identify
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groups of coordinating functional brain regions or neural population activities while
participants are listening to or reading linguistic sequences and use this method to
look at how the neural circuits can be held accountable for the emergence of pattern
identifications across a variety of linguistic organizational levels.

Alternatively, future work may also explore the neural basis of recurring action
sequence patterns directly in biological neural activities. Previous research has
observed transient, sequential neural firing activities across species and multiple
brain areas, which have been linked to cognitive processes including animal spatial
navigation [216], learning [70], sleep [121, 231], planning [49], and the encoding
and switching of abstract rules [220]. These firing sequences often exhibit a hierar-
chical structure [27, 94, 126]. In humans, similar sequences of neural activity have
been implicated in cognitive operations like memory retrieval [216], consolidation
[76, 32, 60], planning [216], and creative thought [28, 107, 29].

The models presented in this thesis could be adapted to identify and separate recur-
ring patterns of transient neural firing among neural population recordings. These
neural sequences could then be interpreted as entities that correspond to specific
behavioral patterns. Advancing in this direction could lead to a deeper understand-
ing of how biological neural systems learn, adapt to, and process recurring patterns
in sensory sequences. Additionally, hypotheses such as whether the hierarchical
organization of behavior is driven by a hierarchical organization of neural activi-
ties, which may originate from the structure of naturalistic data, could be tested.
This knowledge could, for example, inform the development of improved learning
curricula.

Finally, the algorithm proposed here operates primarily on one-dimensional discrete
sequences. HCM is extended to learn chunks in higher-dimensional data but limited
to 625 dimensions; future work can extend the algorithm further to learn structured
representations in higher-dimensional sequential data, such as visual-temporal,
proprioceptive, or frequency/sound domain.

Taking sequential data in the visual-temporal domain, for example, symbolic com-
puter vision models have seen the visual perception process as an inverse recognition
process to discover unvarying entities in the visual data. Exemplified by works by
Zhu et al., computer vision researchers have tried to come up with a set of image
primitives and image grammar in order to parse objects, scenes, and events as
entities that are interpretable and robust under occlusion and signal perturbation
[249, 248, 247].

Although limited in its scalability, this previous approach informs future work to
integrate chunk learning with connectionist systems to arrive at structured parsing
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of image/video data. Instead of learning directly from the full image space, which
usually contains high dimensionality and variability, future work can take the em-
bedding layer of pre-trained neural network models on vision data such as visual
transformers and their variants [224, 30, 123, 213, 51, 215], and directly look for re-
curring entities in the embedding layers, as training on a downstream task shall force
the connectionist system to learn compressed representations. Other dimensionality
reduction methods, such as vector quantized variational autoencoders, may also fa-
cilitate the reduction of embedding space to a manageable lower dimensional space.
Applying chunking models to a low-dimensional embedding space or subsequent pro-
cessing by some similarity-matching algorithms could extract interpretable symbolic
entities from implicit intermediate network layers and reveal recurring entities in
neural activity patterns, potentially corresponding to recurring entities in the input
data. These entities could be perturbed to influence the behavior of downstream
neural networks. Furthermore, manipulating this structured representation, such
as combining these chunks, may create an explicit compositional structure within
the embedding space, which could help to disentangle factors that independently
influence observation data, allowing the downstream decoder network to generate
data that adheres to the compositional structure. This approach might also offer
insights into the texture bias in computer vision models compared to the shape bias
in human vision, possibly due to the different chunk content learned by these two
systems [75].

More significantly, applying variants of HCM and HVM to the embedding spaces
of connectionist models that process high-dimensional data could bridge the gap
between discrete entities identified by perception and the high-dimensional contin-
uous representations typical of connectionist systems. This may enable models to
form object-based representations and learn relations defined at a symbolic level,
thereby improving the reliability of connectionist models while enabling the learning
and transfer of previously learned entities, potentially reconciling the gap between
symbolic and connectionist approaches to artificial intelligence and arriving at a
modern solution to an ancient problem.
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Conclusion

Navigating a bustling city may seem effortless, but beneath this fluid interaction lies
a remarkable cognitive feat: the ability to continuously process a torrent of sensory
data, distinguishing relevant entities—such as traffic signals, road conditions, and
food stands—from the chaotic stream of perception. This seamless parsing of the
world into discrete units is fundamental to human cognition, yet both connectionist
and symbolic Al models have struggled to explain how entities emerge from percep-
tion in such a natural, efficient manner. For centuries, philosophers, psychologists,
and cognitive scientists have debated this core process, and this thesis focuses on
chunking as a plausible cognitive mechanism that bridges this gap.

The thesis begins by experimentally probing human chunking behavior in a serial
reaction time task. The results of two experiments suggest that people adapt
their chunking strategies dynamically, attuned to both the statistical properties of
sequences and the demands of the task at hand. The observed behaviors align with
a rational model of chunk learning that strategically balances the trade-off between
speed and accuracy—a principled computational account of efficient segmentation
and organization.

Building on these insights, the second project explores chunking from a computa-
tional and normative standpoint. A generative model is proposed that unearths
hierarchical patterns within sequences, recursively uncovering nested structures
that serve as the fundamental building blocks of perception. These chunks become
entities, not merely for understanding one-dimensional sequences, but as reusable
and composable components in more complex, multidimensional environments. The
proposed model is extended to learn part-whole structures from visual-temporal data,
uncovering meaningful patterns in brain function and demonstrating the versatility
of chunking as a learning mechanism.

In the third project, chunking moves beyond concrete sequence elements to capture
more abstract motifs. Participants in two additional experiments progressively learn
and transfer these motifs across cognitively demanding serial recall tasks, suggesting
a deep, transferable chunking process. The corresponding model captures similar
transfer behaviors, distinguishing between superficial chunk associations and deeper,
abstract motifs. This reveals chunking’s potential as a mechanism for abstract pattern
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recognition, with implications for how humans generalize from past experiences to
novel situations.

The final project pushes the boundaries of chunking further into the realm of
abstraction, proposing a hierarchical variable model (HVM) that layers abstraction
over concrete chunking. This model not only compresses and organizes information
through chunking but also generalizes these chunks into abstract variables, yielding
a structured, flexible memory organization. The model’s striking alignment with
human behavior demonstrates its potential to outperform large language models
by learning contextually relevant, nested categories, emphasizing both memory
efficiency and generalization.

Altogether, this thesis argues that chunking—a simple computational mechanism for
associating nearby chunks in temporal and spatial proximity—serves as a fundamen-
tal process for singling out stable entities from the noisy perceptual stream. Through
computational modeling and empirical evidence, the thesis shows how chunking,
starting from scratch, can scaffold an agent’s understanding of the world, forming
the basis for a structured world model learned through experience.

This work advances our understanding of chunking beyond traditional sequence
learning. It illuminates how chunking compresses and organizes perceptual data,
supports the learning of part-whole hierarchies, and facilitates compositionality and
transfer across abstract domains. The thesis underscores chunking’s centrality in
human cognition, intersecting areas such as associative learning, Gestalt theory,
and grammar acquisition. It calls for future investigations into chunking’s role as
a discovery mechanism across cognitive domains, inviting further exploration of
its neural basis, behavioral relevance, and potential as a method for uncovering
hierarchical regularities in complex data.
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Chunking as a rational solution
to the speed-accuracy trade-off
In a serial reaction time task

Shuchen Wu™, Noémi Elteté?, Ishita Dasgupta® & Eric Schulz*

When exposed to perceptual and motor sequences, people are able to gradually identify patterns
within and form a compact internal description of the sequence. One proposal of how sequences can
be compressed is people’s ability to form chunks. We study people’s chunking behavior in a serial
reaction time task. We relate chunk representation with sequence statistics and task demands, and
propose a rational model of chunking that rearranges and concatenates its representation to jointly
optimize for accuracy and speed. Our model predicts that participants should chunk more if chunks
are indeed part of the generative model underlying a task and should, on average, learn longer
chunks when optimizing for speed than optimizing for accuracy. We test these predictions in two
experiments. In the first experiment, participants learn sequences with underlying chunks. In the
second experiment, participants were instructed to act either as fast or as accurately as possible. The
results of both experiments confirmed our model’s predictions. Taken together, these results shed
new light on the benefits of chunking and pave the way for future studies on step-wise representation
learning in structured domains.

William James famously said that we are born into a “blooming, buzzing confusion”, and that we escape that con-
fusion by gradually making sense of the series of events we perceive. How we perceive a sequence of perceptual
stimuli, process them, and extract underlying structure, is a fundamental question of psychological investigations.
One proposal of how the blooming, buzzing confusion of seemingly disparate sequential events can become one
cognitive unit is chunking'~. Upon exposure to sequential stimuli, humans and animals can identify repeated
patterns and segment sequences into chunks of patterns®. To this end, separate sequential elements merge into
one cognitive entity. This cognitive entity is then recalled and identified as a whole®: a phenomenon known as
chunking”s.

Chunking is a phenomenon spanning across sequence learning, grammar learning, visual and working mem-
ory tasks, and function learning, among others®~'2. The ability to discover statistical regularities in sequences, and
to identify them as discrete, disparate units of chunks enables us to form a compact and compressed memory
representation'?, readily transferable to novel domains', and enables us to progress from novices to experts'>'®.
As primitive building blocks of cognitive construction units, a complex and lengthy sequence reduces to several
chunks. This property facilitates the organization of actions’, and can subsequently help with compositionality in
learning'’, communication of structure’®, hierarchical planning'® and others. In short, chunking is a critical and
universal learning phenomenon. Here we propose another benefit of chunking in sequential tasks: the ability to
more easily predict future outcomes and thereby act faster. Thus, our work connects the literature of chunking
with that of the speed-accuracy trade-off.

The speed-accuracy trade-off is observed both in humans and animals across various task domains?. When
speed is emphasized, participants in both lab and naturalistic settings tend to make more mistakes while react-
ing faster than when accuracy is emphasized®'?2. While earlier work focused on analyzing reaction times and
accuracy?", little work has been done to relate the speed-accuracy trade-off to chunking and examine it affects
the process and outcome of learning representations.

The serial reaction time task (SRT), a classical paradigm to study motor sequence learning , is ideal for
studying the speed-accuracy trade-off and chunking. In SRTs, sequences of instruction cues appear consecutively
on the screen, after which participants react by pressing the corresponding key that maps to the cue. If particular
patterns, for example, ABC, keep repeating, then grouping repeated chunks as a unit facilitates the prediction of
upcoming sequences. The detection of a chunk’s beginning, in this case, A, implies that the within-chunk items
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B and then C will follow. This anticipation of the following elements of a given chunk can allow participants to
anticipate what is coming next and thereby react faster'>'*. Chunking sequence elements, however, can also come
at a cost when the sequence is probabilistic. By assuming deterministic transitions between the within-chunk
items AB, participants might lose fine-grained statistical information about single-item instructions and thereby
occasionally miss between-chunk transitions such as AC. This, in turn, can decrease their accuracy.

We propose a model that trades off between speed and accuracy when performing SRTs. Our model calculates
the utility of acquired chunk representations as a weighted sum of how well they capture the statistical structure
in the SRT (accuracy) and whether they permit faster responses (speed). Our model then iteratively decides
whether or not to chunk consecutive items. This model makes two distinct predictions. First, in environments
where deterministic chunks exist, adding them to the representation is beneficial because they speed up reaction
times without losing accuracy. Thus, people should chunk more in environments with more or longer chunks.
In our first experiment, we tested this prediction by training participants on sequences containing underlying
chunks. We designed a couple of analysis methods to test and verified this prediction. The results of this experi-
ment suggest that participants adapt their chunking behavior to the underlying chunks in the sequence when
they are given universal instructions to act as fast and accurately as possible. A subsequent prediction following
the first experiment from the model is that when participants are given distinct instructions to perform on the
task, these instructions will induce distinct chunking behavior even when the sequence have the same underly-
ing statistics for the two groups. Specifically, this will be a rational strategy for the model to learn chunks in
cases where the underlying environment is non-deterministic and does not contain any chunks. As the utility
of speed increases (at the cost of accuracy), participants might also chunk consecutive elements more often and
learn longer chunks. Since chunking frequently co-occurring events improves reaction time at the cost of overall
accuracy, chunking can be a rational strategy to act faster. We tested and verified this prediction in a second
experiment by training participants on sequences generated from a first-order Markovian transition matrix
with “illusory” chunks while instructing one group to focus on speed and the other group to focus on accuracy.
The results of this second experiment suggest that the group focusing on speed chunked more than the group
focusing on accuracy. The fast group learns more chunks and makes more mistakes. While the accurate group
learns the underlying generative model of the sequence better, but smaller chunks than the fast group. Our results
shed new light on the benefits of chunking under specific task instructions and pave the way for future studies
on structural inference in statistical learning domains.

Serial reaction time task. We study chunking in a serial reaction time task (SRT, see Fig. 1b). Participants
are instructed to press keys corresponding to a sequence of cues that appear on the screen. The instruction
cross turns green after a correct keypress and red after an incorrect keypress. The subsequent trial starts after a
500ms response-to-stimulus interval. The task starts with two baseline blocks followed by six training blocks and
ends with two test blocks. Each block consists of 100 trials. For both experiments, the same generative mecha-
nism produces the baseline and the test blocks. To study whether participants’ chunking behavior adapts to task
demands in an SRT task, we manipulate various properties of the training blocks to examine how they affect
behavior in the test block, using the baseline block as a comparison. The observed differences between the test
and baseline blocks reflect the changes in representations elicited by the training blocks.

There are various approaches to generating sequences in an SRT paradigm. One type of instruction involves
repeated sequence’®?’, while others avoid direct repetitions or runs such as 1234%, where 1,2,3,4 refer to 4 targets
on the computer screen. One probabilistic way of generating the sequence is the alternating serial reaction time
task?»*’, where instruction patterns can be 1r4r3r2r, with r being a randomly chosen target. Other probabilistic
ways of generating the presented sequences include choosing successive images according to a probabilistic
first-order Markov transition process, specified by a conditional probability matrix®'. Schvaneveldt and Gomez
used two sequences, such as 1243 and 1342 and drew the target sequence via weighted coin flip results®*. Several
reasons have been put forward in the literature for using probabilistic transitions to generate SRT sequences.
One is that probabilistic transitions allow continuous and flexible assessment of learning progression. Another
one is that the probabilistic nature of the sequences allows for a larger variety of sequence chunks to be gener-
ated and learned®**.

In both of our experiments, the sequences in the baseline and test blocks are generated from a non-deter-
ministic, first-order Markovian transition matrix between the four instruction keys. In particular, out of all 16
transitions specified between the four keys, the transitions from A to B and C to D are highly probable (P =
0.9), and the transitions from B to C and from D to A are medium probable (P = 0.7) (see Fig. 1c). In this way,
participants often observe reoccurring sequence segments such as AB and CD and could possibly perceive them
as “illusory” chunks, even though the generative model is nondeterministic first-order Markovian.

We manipulate the training block sequences across the two experiments. In Experiment 1, three groups
of participants were trained on sequences containing no chunks (independent), chunk AB (size 2 chunk), or
chunk ABC (size 3 chunk). In Experiment 2, the same “illusory” transition matrix generates the training block
sequences but the instructions differ across the two experimental groups. One group is instructed to respond as
accurately as possible, while the other is instructed to respond as fast as possible. In order to control for motor
effects due to hand and finger dominance, the instructions “A”, “B”, “C”, “D” are randomly mapped to the keys
“D” “F”, “T’, “K” for individual participants. In the next section, we discuss the predictions of our rational model
of chunking for the two different experiments and their conditions.
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Figure 1. (a) Task structure for both experiments. Six training blocks are sandwiched between two baseline
and two test blocks. The baseline and test blocks contain sequences generated from the “illusory” transition
matrix in (c). (b) Participants are instructed to press the corresponding key on the keyboard according to
trial-by-trial displayed instructions. They are given feedback on their performance, including accuracy and
reaction times before the subsequent trial. (c) A non-deterministic, “illusory” transition matrix of the four
possible key-presses is used to generate sequences for the baseline and test blocks for both experiments. The
generative transition matrix with the two high (from A to B, C to D) and two medium transition probabilities
(from B to C, D to A) produces “illusory” chunks that can be perceived as frequently occurring. To control the
effect of habitual presses from consecutive fingers, a random mapping from ‘A, “B”, “C”, “D” to “D”, “F, “T
“K’} is generated independently for each participant. (d) The instructions for training blocks differed between
the two experiments and corresponding groups. In Experiment 1, participants were divided into three groups
who learned independent, size 2, and size 3 chunks from a predefined set of chunks with equal probability. In
Experiment 2, the sequences in the training blocks were also generated from the “illusory” transition matrix.
One group was instructed to act as accurately as possible and the other groups was instructed to act as fast as
possible.

Related work

Three major types of chunking models have been proposed in the cognitive science literature. The first type
are symbolic models, including PARSER and CCN (competitive chunker)*>*. Symbolic models learn chunks
from already-encountered items and constructs a hierarchy of chunks as participants remember sentences.
Sevan-Schreiber and Anderson showed that these models can replicate the behavior of participants’ judgment
of grammaticality from sequences with distinct hierarchy levels (e.g., word level vs. phrase level)*. Additionally,
they replicate the participants’ tendency to overtly chunk the training sentences even when they are presented
in an unstructured way. Another model of this kind is PARSER®. Proposed by Perruchet and Vinter, PARSER
randomly samples the size of the next chunk of syllables and parses the sequence by disjunctive chunks. Each
chunk learned by the model is associated with a weight, which increments with observational frequency and
decrements via a forgetting mechanism. PARSER can produce artificial language stream segmentations of
continuous input streams without episodic cues such as pauses.

The second type are connectionist models of chunk learning. This includes TRACX?*” and SRN (simple
recurrent network). TRACX uses a three-layer feedforward backpropagation autoassociator and adapts the
autoassociator’s weights to the difference between its prediction and actual sequential units when this difference
exceeds a pre-defined threshold. Wang et al. trained a self-organized recurrent spiking neural network with
spike-timing-dependent plasticity and homeostatic plasticity on sequences. The model was shown to reproduce
several sequence learning effects®.

The two model types mentioned above are process models. In contrast to process models stand normative
statistical models, which model the ideal observers’ behavior. This approach includes variants of the Bayesian
ideal observer framework*. Given a linguistic corpus, these models find a segmentation with the highest
probability that contains relatively few word types, exploiting the minimal description length principle. These
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models are also rational because their inference is evaluated on observational instances. They provide accounts
for high-level computation required for chunk learning. As normative and process models rely on different
principles, they are usually not compared against each other.

While these models focused on the benefit of chunking in memory compressibility and grammaticality
sensibility, little work relates task instruction with the chunks acquired during learning. Since sequence statistics
was the main guidance for chunk learning in these models, instruction modulation has rarely been taken into
account.

One typical instruction that changes participants learning behavior is to focus on either speed or accuracy?®.
When task instructions emphasize speed, participants in both lab and naturalistic settings tend to make more
mistakes while reacting faster than when instructions emphasize accuracy®*%. While earlier work focused on
reaction time and accuracy of decision-making tasks?"??, little work relates chunking to the speed-accuracy
trade-off. It is unclear how instruction will affect chunking and what type of models can take this particular
aspect of the task into account.

Here we propose a rational chunking model that takes sequence statistics and task instruction as two parts
of a utility function for learning. The model tries to find rational ways of chunking the sequence under task
demands, trading off speed with accuracy. Each aspect of the utility function implies a specific prediction:
the same task instruction but different sequence statistics should lead to distinct chunking behavior; the same
sequence statistics but different instructions should also lead to differently learned chunks. We propose two
experiments to test the two aspects of our model’s predictions. For the first experiment, we look at the case when
three groups of participants learn from sequences with varying underlying chunks, how chunking changes with
varying underlying sequential statistics with different embedded chunks, and show that our model captures
participants’ learned chunks. For the second experiment, we look at how participants’ behavior differs when
the task instructions focus separately on speed versus accuracy with the same underlying sequence. In doing so,
we also propose several novel ways of analyzing RT data based on the speed-up of reaction time, thereby giving
insights into how chunks build up across practice trials.

A rational model of chunking

In the SRT, single instructions z out of an instruction set Z are presented sequentially. We told participants to
press the corresponding key as soon as a new instruction appears. The subsequent instruction shows up in a fixed
interval after a participant’s completion of the previous trial. The model learns a set of chunks C = {c;, ..., ¢,} and
uses the set to parse the sequence. It evaluates the probability P(c) of parsing each chunk ¢ and the conditional
probability P(cj|c;) that cj follows c; for every pair of chunks.

The set of chunks C s initialized as the set of available single instructions Z at the beginning of all simulations.
The model updates this set by potentially concatenating existing pairs of chunks in C. Adding a chunk expands
the parsing horizon as the rest of the within-chunk items are predicted to deterministically follow the initiation
item of the chunk. Therefore, the subsequent within-chunk items are anticipated in the following trials. The
model’s accuracy might diminish if the subsequent instructions are inconsistent with the predicted within-chunk
items. We relate subsequent item predictions to reaction times in the next section, and then explain the process
by which a rational model updates chunks based on the trade-off between reaction times and accuracy.

Accounting for reaction times. We use a linear ballistic accumulator (LBA) model to simulate reaction
times (RT). LBAs are a common class of multi-choice models*"*2. In the LBA, each choice corresponds to an
evidence accumulator, translated to each four possible key-presses in our task. At every trial of the SRT task,
each evidence accumulator starts with an initial evidence k = log(P(z;)), which reflects the model’s prediction
on the upcoming instructions. The trials are divided into within-chunk trials and between-chunk trials. For a
within-chunk trial, the prediction for the within-chunk item is the initial evidence for the accumulator log(1),
the rest being log(€). Note that the model still integrates information from the SRT instructions but with a high
offset which biases it to choose the response which is consistent with the chunk, even if it is inconsistent with
the instructed item. This term encourages the model to create longer chunks to reduce the average reaction time.

For a between-chunk trial, the initial evidence for each accumulator z; is determined by the transition prob-
ability P(c;|cj) of the chunk c; that initiates with the accumulator z;, given the previously parsed chunk ¢;. All
response accumulators start from the initial evidence, and drift towards the decision threshold with positive drift
rates va, v, V¢, vp sampled from a normal distribution with mean viysruction and standard deviation o. To simulate
the Rt of a particular trial, the current instruction carries the highest drift rate viysrucrion = 0.5 and the evidence
accumulators corresponding to the other instructions have an equal but lower drift rate v—justruction = 1_1""5%
The drift rates for all accumulators sum up to 1. For example, if the current instruction is A, then v4 = 0.5,
VB =1Vvc =1Vp = 0?5. Evidence accumulation terminates when a positive response threshold b is first crossed by
any accumulator. The accumulator that crosses the decision threshold first becomes the overt response, and the
time it takes to reach the decision threshold is the simulated RT on that trial. In all of the model simulations,
we use the same Viystruction = 0.5, decision threshold b = 1, € = 0.01, and standard deviation & = 0.03 across
all accumulators.

Balancing speed and accuracy. We assume that chunking enables participants to predict upcoming
instructions further into the future and thereby to react faster by initializing their evidence at a higher starting
point. However, chunking also bears a risk of making mistakes when the upcoming instructions are not the sub-
sequent items within a chunk. We formulate this speed-accuracy trade-off using the loss function
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& = wRt + (1 — w)Err, (1)

where Rt is the average reaction time in the SRT, given a learned chunk representation and sequence, and Err is
the average error rate. w is a parameter that specifies the trade-off between accuracy and reaction time. When
w = 0, only the reaction time term Rt occupies the loss, and when w = 1, the error term Err dominates.

Based on the LBA reaction time simulation, the average reaction time of parsing chunk ¢; after previously
Ttpetween (6j,€1) (| ¢jl = D)rtyithin
Icil
first item is denoted as rtperween (¢j» €i), since P(cj|c;) influences the evidence accumulation for this between-chunk
key press and only the boundary of the chunk contains transition uncertainty and contributes to the slow down
of reaction times. As the initial chunk item determines the chunk identification, the subsequent reaction time
to press within-chunk keys in c¢; is denoted as rt,;;,. This term does not depend on ¢; as the procession to the
within-chunk items contains no uncertainty. Taken together, the average reaction time can be formulated as

follow, averaging the probability of parsing each acquired chunk ¢; given the previously parsed chunk ;

rt ¢j» ¢i) + (¢l = Drtyitni
Rt — ZPC(Ci) ZPC(CjICi)|: between() )+ (| ]l Yt within X @)

C,'EC CjEC |CJ|

having parsed the chunk ; is .l¢jl is the length of the chunk. The reaction time on the

Similarly, if we formulate Ry pa (z)) as the response choice of the LBA model when the instruction is z;, then we

can denote an error occurrence as 1 [zj # response(zj)}, which is an indicator function that becomes 1 when the
instruction z; is inconsistent with the LBA response. The average error rate can be evaluated by averaging the
error rate with the probability of single-element transitions from the generative model Py, enabling the formula-
tion of the expected error rate as

Err = Z Pi(z;) Z Pi(z|zi)1 [z # Ripa(z))]

zi€{A,B,C,D} z€{A,B,C,D}

€)

This utility function, therefore, induces a trade-off between being accurate (predicting elements correctly) and
being fast (finding a chunk representation to predict further ahead and speed up one’s reaction time). Together,
these parts of the loss are used to evaluate the utility of a chunk representation under specific task demands.

The rational update of chunking. The model updates the chunk representation rationally by concat-
enating chunks within the chunk set C that induce a lower loss. C is initialized with single sequential items
{A, B, C, D}. For one set of chunks C, the model evaluates the marginal probabilities of each chunk Pc(c;),c; € C
and the transition probability Pc(cj|c;) of parsing chunk ¢; after having parsed chunk c;. Pc(c;) and Pc(cj|c;) are
stored in the marginal and transition probability matrices as shown in Fig. 2b. The marginal and transition prob-
ability is evaluated empirically over an entire sequence parse using chunks in C.

We can calculate the joint occurrence probability of concatenating chunk ¢; with ¢jas P(c;, ¢j) = Pc(cjlci)Pc(c).
The chunk pair c;, ¢; with the highest joint probability is suggested as a new chunk to replace ¢; to form a new
to the set of chunks Cy,. As the initiation of ¢; is predictive of the subsequent chunk items. For example, an
addition to {A, B, C, D} could be a new chunk AB. The new chunk AB then replaces A and the new proposed set
of chunks C,,.,, becomes {AB, B, C, D}.

We then compute whether Cy,, is accepted to replace the original set of chunks C. The acceptance depends
on whether the new set of chunks Cy,,,, and the induced reaction time in addition to the marginal and transition
probabilities upon parsing the sequence lead to a lower loss. In case it is s0, Cpey replaces C, which becomes
the basis of proposing the next chunk. This chunk proposal process continues until a fixed iteration number, as
shown in Fig. 2a.

Model predictions for experiment 1. We first examined the model’s chunk learning behavior on the
three groups of Experiment 1. In this simulation, the underlying generative model either contained no chunks
(independent), the chunk AB (size 2 chunks), or the chunk ABC (size 3 chunks). We then fixed the trade-off
parameter w to optimize accuracy more than speed by setting it to w = 0.2. Figure 2c shows the probability
of chunk AB, BC, and ABC being learned as subchunks by the rational model of chunking over 120 simula-
tions in total. The model uses the entire sequence to learn its chunk representation in each simulation. With
the same trade-off between speed and accuracy, the rational chunking model trained on sequences with size 2
and 3 chunks has a higher probability of learning AB as a subchunk than a model trained on the independent
sequence. Chunk BC has a higher probability of being learned by the model trained on sequences containing
size 3 chunks than models trained on sequences with independent instructions or sequences with size 2 chunks.
Only the model trained on sequences containing size 3 chunks learned about the chunk ABC. Taken together,
these simulations predict that participants in the different conditions will be more likely to learn the correspond-
ing chunks than participants for whom a chunk is not part of the training sequence.

Model predictions for experiment 2. We examined the model’s chunk learning behavior for Experi-
ment 2. According to our model, changing the trade-off between accuracy and speed translates to changing the
cost function’s w away from 0 and towards 1. We therefore simulated the behavior of our model with changing
w (Fig. 2d). As w goes from 0 to 1, i.e. the cost function shifts from minimizing the model’s error rate to mini-
mizing its reaction time, the average length of chunks learned by the model increases. Thus, our model predicts
that participants in the fast group, which demands speedier responses, should learn longer chunks as compared
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Figure 2. (a) Chunking mechanism of rational model. The model keeps track of marginal and transitional
probabilities among every pair of pre-existing chunks, and combines chunk pairs that yield the greatest joint
probability as the next candidate to be chunked together. At the start, the four different keys are initialized

to be the primitive chunks. A loss function that trades off reaction times and accuracy is evaluated on the
pre-existing set of chunks. If a chunk update reduces the loss function, then the two pre-existing chunks are
combined together. A parameter w determines how much more the model weighs an decrease of reaction times
compared to an increase in accuracy. (b) Example model simulations of learning sequences of Experiment 1.
A, B, C, D, are randomly mapped to D, E ], K for individual participants. Because the transition AB occurred
frequently, the model proposes this transition as a possible chunk. (c) Model simulation for Experiment 1. Bars
represent the probability of a particular chunk parsed in a simulation over the whole experiment. The bars for
the independent group on chunk AB, the independent and the size 2 group on chunk BC, and the independent
and size 2 group on chunk ABC contain the probability of 0 and are therefore not visible in the graph. Note that
these bars can be arbitrarily increased by changing w while the qualitative results remain the same. (d) Model
simulation for Experiment 2. Top: Average chunk length of different simulations when increasing w from 0
(optimizing only accuracy) to 1 (optimizing only speed). As w increases the average chunk length increases,
indicating that the model learns longer chunks when asked to care more about acting fast. Bottom: Transition
probabilities learned by model with w = 0 and w = 1, corresponding to the rational maximization of accuracy
and speed. If the model tries to act as accurately as possible, then it recovers the true transition probabilities

of the “illusory” transition matrix. If the model tries to act as fast as possible, then sets the medium and high
transition probabilities to be 1, i.e. deterministic. All results are averaged across 120 independent simulations.
Error bars represent the standard error of the mean.

to participants in the accurate group. Evaluating the single-element transition probability with w = 0 and 1
(Fig. 2d) shows that if only accuracy is the optimization goal of the cost function, then the model preserves the
original transition matrix. However, if the model optimizes for speed, then it learns a polarized transition prob-
ability where all the high and medium single element transitions attract more probability mass, i.e. are closer
to 1. Correspondingly, the remaining probabilities are closer to 0. Thus, as the high and medium transitions are
more integrated into the chunks, this gives the model a speed-up in its reaction times, because it can start its
evidence accumulation at a higher initial point. This comes at the cost of accuracy, because the initialization may
be incorrect.

Experiment 1: learning about true chunks

In Experiment 1, we test the model’s prediction that chunking behavior adapts to the statistics of the sequence.
When chunks are used to generate the sequence, participants should learn more than those trained on sequences
without chunks.

Experiment 1 was conducted using a between-groups designs in which 122 participants were randomly
assigned to one of three groups at the beginning of the experiment. These groups were the independent, size
2, and and size 3 conditions. The experiment was comprised of 10 blocks in total. The middle six blocks were
the training blocks where participants practised the independent, size 2 or size 3 sequences. The first two and
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the last two blocks were the baseline and test blocks. In those blocks, all three groups of participants received
the same sequence generated from the “illusory” transition matrix. Training blocks differed amongst the three
groups, as shown in Fig. 1, while the baseline and the test blocks remained the same. For the training blocks, the
independent group practiced sequences that contained no chunks, the size 2 group practiced sequences with
chunk AB, and the size 3 group practiced sequences with chunk ABC, as shown in Fig. 1d. The sequence for the
independent group was randomly and independently sampled from single-item elements A, B, C, and D with
equal probability. This means that this sequence contained no chunks. The sequence for the size 2 group was
generated by sampling AB, C, and D with an equal probability of 1/3. In other words, this sequence contained the
chunk AB. The sequence for the size 3 was generated by sampling ABC and D with an equal probability of 1/2.
Thus, this sequence contained the chunk ABC. All three groups received the same instruction to act “as fast and
accurately as possible” throughout the experiment. On each trial, participants received feedback on the reaction
time and correctness of the previous trial, followed by a 500ms response-to-stimulus interval. Participants were
informed that their performance bonus on top of a base-pay was based on a mixture of their reaction times and
accuracy. The baseline and test blocks were sequences generated by the illusory transition matrix in Fig. 1c. The
main prediction was that if people have learned chunks present in the training blocks, then they will use them
even in the test blocks. We measured this by examining differences in accuracy and reaction times from the
baseline block. We also used Experiment 1 to validate several of our empirical measures of chunking which we
will use in Experiment 2.

We decided to examine model prediction on multifaceted prospects of participants’ chunk learning behavior
by proposing and applying various chunk learning measures at distinct stages of the task. Since many aspects of
the measure are novel, we conduct these measures in the hope that their results complement each other.

The first two measures, chunky boost, and chunkiness, evaluate indicators of learning size 2 and size 3 chunks
by comparing the performance of the baseline and test blocks. The regression on chunky RT evaluated on the test
block examines the transition probability’s influence on reaction time. The last three measures rely on chunks as
identified by the mixture of the Gaussian method. They are directly-measured from the chunking profile of the
participants. The chunk growth rate evaluates chunk size increase during training. The chunk increase measure
shows the quantitative differences between counted chunks between the baseline and the test blocks. The last
measure on chunk reuse probability looks for the character of reusing previously learned chunks to construct
new chunks, as demonstrated by participants’ chunk learning.

Manipulation check. We first checked if participants’ behavior during the training blocks reflected the
underlying chunks in the generative model. In particular, we tested whether the size 2 group showed evidence
for learning chunk AB, and the size 3 group learning chunk ABC. We used a Gaussian mixture model to cat-
egorize reaction times of each response from the same participant into fast “within” or slow “between” chunk
transitions, based on the assumption of a within-chunk speed-up. This method gave us a glimpse into how the
action sequence was partitioned by participants, reflecting their internal representation of chunks (more details
in Methods). We then counted the number of times chunks AB and ABC showed up in the training block,
denoted as Nap and Npc. If the size 2 group and the size 3 group had learned chunk AB and ABC, separately,
then N should be higher for these two groups than the independent group, and N ¢ should be higher for size
3 group than the other two. Figure 3a shows the average Napand Napc returned by this analysis across the three
conditions during the training blocks.

For Nyp, fitting a linear regression model using condition as the independent variable and the number of
chunks Nyp as the dependent variable showed a significant effect of condition (F(2) = 45.02, p < 0. 001) Nap
was higher for both the size 2 group (8 = 59.43, £(139) = 8.20, p < 0.001) and the size 3 group (8 = 59.39,
t(139) = 8.32, p < 0.001) than for the independent group. This means that training on sequences that contained
either AB or ABC chunks induced participants to learn AB as a chunk.

To investigate differences in the acquisition of the ABC chunk between groups, we repeated the same regres-
sion with N pc as the dependent variable. We found a significant effect of groups (F(2) = 71.45, p < 0.001), indi-
cating that participants’ responses reflected ABC chunks more often in both the size 2 ( B = 9.40,1(139) = 1.89,
p = 0.06) and size 3 (/§ = 54.17,t(139) = 11.07, p < 0.001) than in the independent group. Interestingly, we
observed higher N4pc with the size 2 group than in independent group. This can be because building on top of
a previously learned chunk (AB — ABC) is more accessible for the size 2 group than the independent group (as
the independent group needs to learn chunk AB first, then ABC). Furthermore, Ngpc was significantly higher
for the size 3 than the size 2 group (8 = 44.76,¢(139) = 9.25, p < 0.001), suggesting that training on sequences
that contained ABC chunks resulted in the strongest tendency of participants to learn ABC as a chunk.

Given these results, we conclude that our experimental manipulation of the three groups induced the intended
behavior during the training blocks.

Chunky boost. When trained on sequences with underlying chunks ABC and BC, the rational chunking
model learns chunk ABC and BC separately. To check this prediction of our model, we look at participants learn-
ing of size 2 chunks, i.e. AB and BC, separately. In particular, we look at participants’ reaction time of pressing
within chunk items, B in AB and C in BC, and how these items speed up differently across the three groups from
the baseline to the test blocks. In SRT tasks, the reaction time difference before and after training is usually used
as a sensitive measure of skill?. If participants’ behavior is consistent with our model’s prediction, then the size
2 and size 3 groups should have a stronger sign of learning chunk AB than the independent group. The size 3
group should have a stronger sign of learning chunk BC than the size 2 group.

We look at how the training schedule changes the value of within-chunk (value marked by the red bound-
ary) reaction time for AB and BC (since a sign of chunking is that the reaction time of within-chunk items is
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Figure 3. Results of Experiment 1. (a) Manipulation check. The number of chunks AB and ABC learned by
participants during the training blocks by group. Chunks were retrieved using a categorization of between- and
within-chunk transitions by a mixture of Gaussians analysis of participants’ reaction times. (b) Chunky Boost
of size 2 chunks AB and BC by group. A chunky boost is measured by the relative change of Cohen’s d between
baseline and test blocks for the highly and medium probable transitions. (¢) Chunkiness of size-3 chunks ABC.
Chunkiness is measured by the relative change of Wasserstein distance between the baseline and test blocks

of between-chunk reaction times of all possible size 3 chunks. (d) Regression coeflicients of interaction effects
between condition and size 2, size 3, and true transition probabilities on reaction times during the final test
blocks. (e) Chunk increase from the baseline to the test blocks by group for chunk AB and chunk ABC. Chunk
increase is measured by the number of returned chunks from the mixture of Gaussians analysis. (f) Chunk reuse
probability by group. Chunk reuse probability was calculated based on whether or not part of an earlier chunk
were used in a later chunk that occurred within the next 30 trials. For all plots, error bars indicate the standard
error of the mean.

typically faster than between-chunk items®!>*); a figurative explanation of this method can be found in Fig. 6
in the appendix. We look at the within-chunk reaction time of AB and BC for all groups at the baseline and the
test blocks and compute the difference by the signed effect size, Cohen’s d, of the baseline blocks, compared to
the test block d4p. Cohen’s d is a standardized measure of how far the means of two probability distributions are
apart. In this case, these two distributions are the reaction time in the baseline blocks and the reaction time in
the test blocks. We used a signed version of Cohen’s d to convey the relative change of the reaction time distribu-
tions. dap is positive when, on average, the reaction time of B in AB at the test block is faster than the reaction
time in the training block - a sign of learning. However, solely looking at AB and BC is not enough, as a general
learning factor will speed up participants’ reaction time naturally. Therefore we compared the signed effect size
AB and BC with the reaction time speed up of the control chunks. For the controlled between-chunk items, we
evaluated the signed Cohen’s d on AA, AB, and AC for chunk AB; and on BA, BB, and BD for chunk BC. Finally,
we arrived at the chunky boost measure Ad by subtracting the relative speed-up of AB and BC from their cor-
responding control chunks. We named this a chunky boost measure. Figure 3b shows the Chunky Boost of AB
and BC across the three groups.

For chunk AB, fitting a linear model onto participants signed Cohen’s d change showed a significant effect
of group (F(2) = 10.613, p < 0.001); participants in the size 2 group had a higher relative change of Cohen’s d
than the independent group (8 = 0.41,¢ = 4.41, p < 0.001). Thus, training on the chunks with size 2 made the
size 2 group respond to B faster after having seen item A. Additionally, participants in the size 3 group also had a

higher relative change of reaction times responding to chunk AB than the independent group (8 = 0.31,¢ = 3.35,

p = 0.001), showing that their reaction to B also sped up relative to control. These results are consistent with the
model prediction that chunk AB should be acquired by the size 2 and size 3 group, separately.

For chunk BC, fitting a linear model onto the chunky boost measure Ad on BC with group as the independent
variable also showed a significant effect (F(2) = 10.802, p < 0.001). Interestingly, the size 2 group had a negative

chunky boost to BC (8 = —0.23,t = —2.44, p = 0.02), showing a relative reaction time slow-down compared
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to control. This effect was expected because identifying B as the end of a chunk will result in the transition to C
as a “between-chunk” transition. In other previous SRT experiments, a slow-down in between-chunk reaction
times was also observed**. This slow-down can contribute to the negative chunky boost of the size 2 group. Rela-
tive to the independent group, the size 3 group had a significantly higher chunky boost Ad (8 = 0.20,¢ = 2.14,
p = 0.03). This shows that learning chunks changes the reaction time profile of this group. Their response to C
upon previous instruction B was speeding up their reaction times much more from the training blocks to the
test blocks compared to control. This is consistent with the model prediction that the size 3 group should be
more likely to learn chunk ABC.

In summary, participants’ reaction times changed in a predictable fashion, with the independent group not
getting faster for either AB or BC, the size 2 group becoming faster for AB and slower for BC, and the size 3
group becoming faster for both AB and BC. These observations confirmed previous work studying chunking
in SRT tasks, which has argued that RTs in structured sequences decrease more quickly than in non-structured
sequences'? and are consistent with the predictions from the rational chunking model.

Chunkiness. The rational chunking model predicts that the size 2 group should learn more chunks AB, and
the size 3 group should learn more chunks ABC, compared to the independent group. To access this prediction,
we formulated a measure of chunkiness as an indicator of learning size 3 chunks. If participants have learned a
size 3 chunk, such as ABC, then the distributions of within-chunk reaction times (i.e. the reaction time of B and
C) should become more similar to each other®. We use the Wasserstein distance to evaluate the homogeneity of
reaction time distribution of B and C, rtg and rtc, following the presentation of A. The Wasserstein distance is
also known as the “earth mover’s” distance. It can be seen as the minimum amount of “work” required to trans-
form one distribution into another. “Work” is the amount of distributional weight that must be moved multiplied
by the distance (see also Supporting Information). This is simply just measuring how similar the two reaction
time distributions are.

We evaluated the Wasserstein distance between the distribution of rtg and rt¢c on the baseline blocks, when
all groups of participants are trained on the illusory transition sequences, to arrive at Wasserstein(rtg, rtc) paseline-
This assesses the initial separation of the two distributions, how participants learn from the illusory transition
sequences, when all groups of participants have not been exposed to any training that involves chunks. Then we
evaluate the same Wasserstein distance in the test blocks, also during the illusory transition sequence, to arrive
at Wasserstein(rtp, rtc)est> to assess how much training influences rtp and rt¢ in the test blocks. If participants
have learned ABC as a chunk during the training blocks, then rtg and rt¢ should become more homogeneous in
the test blocks, resulting in a smaller Wasserstein distance, as compared to the baseline blocks. We subtracted
Wasserstein(rtp, rtc) est from Wasserstein(rtg, rtc) paseline to calculate this change of reaction time homogeneity:
AW pynk. This relative change of Wasserstein should be positive if reaction times became more homogeneous
in the test blocks. Since training may result in an overall increase of reaction time homogeneity for all items, we
compared this change of Wasserstein with size 3 sub-sequences that were not ABC, as a control. A Wy, as the
difference between Wy,s; and Wi,y is evaluated on the control sequences.

Finally, we subtract A W01 from A Wp,,k, to arrive at the resulting measure of “chunkiness”. Chunkiness
can be seen as the relative change of the Wasserstein distance of chunk ABC AW pc compared to control
AW onror- The resulting evaluation of chunkiness on the three groups is shown in Fig. 3c. Chunkiness differed
significantly between the three conditions (F(2) = 3.20, p = .04).

In particular, the size 2 group had a negative relative Wasserstein shift (8 = —26.92, t(137) = —2.37,
p = 0.02). This means that the size 2 group’s reaction time distribution became less homogeneous after train-
ing, indicating that the reaction time to press B deviated more from C. This was expected as for the size 2 group,
pressing B and C after A should be one within and one between-chunk reaction time. On the other hand, the
change of Wasserstein distance between the size 3 and the independent group condition was not significant,
even though we would have expected this group to become more homogeneous in their reaction times. One
reason for this surprising result could be that, while the reaction time distribution upon the instructions “B”
and “C” became closer to each other relative to control, the shift may have not uniformly impacted the calcula-
tion of Wasserstein distance. It could also be that positions at the end of a chunk can be learned faster than the
intermediate elements, as found in*>.

In summary, we verified the prediction that the size 2 group had less homogeneous transition times within
the chunk ABC than the other groups. However, we did not observe an increased chunkiness for the size 3 group,
possibly due to non-uniform speed-ups of RTs.

Reaction time regression. The learning of chunks during the training blocks will influence how par-
ticipants perceive the transition from one instruction to another. As the rational chunking model predicts that
participants in the size 3 group will learn chunk ABC, size 2 group will learn chunk AB, and no such chunks in
the independent group. This chunk learning will influence how participants perceive the items in the test blocks
in a way that size 2 group and size 3 group may react to the sequence in a more deterministic manner. Therefore
we studied the influence of transition probabilities on participants’ reaction times during the test blocks (Fig. 3d)
on the correct trials. We use three transition probability matrices as regressors. One is the true transition (TR),
which is the ground truth transition probability used to generate a sequence in the test block. The second one
is C2 transition matrix that contains a deterministic transition from A to B. And the third one is C3 transition
matrix, with a deterministic transition from A to B, and B to C. The rest of the entries of C2 and C3 are the same
as TR.
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We fitted a linear mixed-effects regression using log-reaction times as the dependent variable, assuming a
random intercept for each participant. The independent variables were the TR, C2, and C3 transition probabili-
ties, group, as well as interaction effects between group and each of the transition probabilities.

The best regression contained the predicted transition probabilities as well as three interaction effects with
groups (x2(8) = 129.6, p < 0.001). The first interaction was between TR and the size 2 group (8 = 0.13,
t(25040) = 5.24, p < 0.001), showing that the effect of TR learned by the size 2 group was significantly up-
weighted. The interaction between TR and the size 3 group was also significantly up-weighted (8 = 0.10,
£(25040) = 3.84, p < 0.001). TR transition probabilities as an independent variable slowed down the reaction
times for the size 2 and size 3 groups more than for the independent group.

The interaction was significantly down-weighted between the C2 chunky transition probabilities and the
size 2 group (B = —0.08, £(25040) = —7.51, p < .001) and the size 3 group (f = —0.03, #(25040) = —2.68,
p = 0.007). This indicates that C2 transition probabilities sped up the reaction times for the size 2 and the size
3 group more than for the independent group, and the effect is stronger for the size 2 group.

Finally, the interaction was down-weighted between the C3 transition probabilities and the size 3 group
(/§ = —0.12, £(25040) = —6.27, p < .001), as well as an interaction between the C3 transitions and the size 2
group (B = —0.11,£(25040) = —5.34, p < 0.001). These significant interaction effects indicate that C3 transition
probabilities sped up the reaction times for the size 2 and the size 3 group more than that for the independent
group. In summary, we found predictable relations between participants’ reaction times and the chunk-implied
transition probabilities across groups. In particular, C2 transitions were more significantly related to speed-ups
for the size 2 group than the size 3 group, while C3 transitions significantly related to speed-ups for the size 3
group more than size 2 group. This relation is consistent with the prediction generated by the rational chunking
model.

Chunk increase. The rational model of chunking, as shown in Fig. 2¢, predicts that participants’ learned
chunks should reflect the underlying chunks used to generate the sequence. That is, the chunk 3 group should
learn more chunk ABC than the chunk 2 group and the independent group. Additionally, both chunk 3 and
chunk 2 group should learn more chunk AB than the independent group. This acquisition of chunks during the
6 training blocks is going to influence how participants behave in the baseline and test blocks. We here test this
prediction concretely by examining how often chunk AB and chunk ABC are used by the three groups in the test
blocks, using baseline blocks as a control.

We look at the exact chunks used by participants by classifying within and between chunk reaction time using
the mixture of Gaussian method (see section method). As an illustration, Fig. 5 shows the participants’ data. The
reaction time, instruction displayed, and this participant’s actual key press is shown on the first, second, and third
row. Instruction for A, B, C, D, is separately color-coded by green, blue, magenta, and orange boxes. When this
participant has pressed a key incorrectly, that trial is marked by a red box. Using the distribution of reaction time
data accumulated for this participant over all trials, we classify individual trials into within or between chunk key
press, whichever results in a higher likelihood in the mixture. Once each trial is classified as within or between
chunk trials, we can mark the chunks learned by this participant by connecting all within-chunk trials and the
first between chunk trial that starts before those within-chunk trials as belonging to the same chunk (thereby, we
can mark the size of chunks by connecting black round dots shown on the fourth row of the above). In this way,
we can identify the content of the chunks learned by this participant as reflected by their reaction time speed-up,
in addition to the chunk size learned by each participant, as illustrated in Fig. 5 in supplementary information.

We measured the number of times each participant chunked AB and ABC in baseline and test blocks and
evaluated the increase AN = Nyest — Npgseline- Figure 3e shows AN4p and ANypc, measured separately for the
three groups.

Fitting a linear model setting AN of AB as the dependent variable and group as an independent variable
showed a significant effect of group (F(2) = 8.64, p < 0.001). Compared to the independent group, the size 2
group (8 = 7.16,(139) = 3.68, p < 0.001) and the size 3 group (8 = 6.80,#(139) = 3.55, p < 0.001) chunked
AB significantly more often in the test blocks than in the baseline blocks.

The same analysis for AN of chunk ABC also showed a significant effect of group (F(2) = 10.63, p < 0.001).
The size 3 group chunked significantly more ABC as chunks than the independent group (8 = 5.36,
t(139) = 4.53, p < 0.001). Participants in the size 2 group also chunked more ABC than the participants in
the independent group (B = 1.94,1(139) = 1.62, p = 0.10). Compared with the size 2 group, the size 3 group
chunked ABC also significantly more often (B = 3.42,1(139) = 2.92, p = 0.004). Overall, participants’ behavior
is qualitatively consistent with model prediction. Training on sequences with chunks increased participants’
tendency to use those chunks in the test blocks.

Chunk reuse. Since the rational chunking model reuses previously learned chunks to construct new ones,
we wanted to study whether participants’ chunking behavior reflected this feature of our model. As explained in
the method section, the mixture of the Gaussian rt classification method returns the estimated learning progress
of chunks for each participant throughout the experiment. We examined participants’ chunk reuse probability
based on how individual participants learned the chunks during the training blocks (Fig. 3f).

The chunk reuse probability was evaluated on chunks of size three or bigger (excluding chunks with single-
item repetitions). Every time such a chunk occurs in the sequence, we check whether it reuses any of the 30
previous chunks. Figure 8 in SI shows an example of chunk CDABCD reusing BCD as one of its previous chunks.
By tagging each chunk learned by the participant as reusing one of the previous chunks or not, we arrived at
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a chunk reuse probability for each participant. Figure 3f shows the average chunk reuse probability across the
three groups.

We found that the chunk reuse probability differed significantly between the groups. Fitting a linear model
taking the reuse probability as the dependent variable and group as the independent variable showed a significant

A

effect of condition (F(2) = 13.99, p < 0.001). Both the size 2 (8 = 0.17,1(139) = 3.63, p < 0.001) and the size 3
group (B = 0.24,¢(139) = 5.17, p < 0.001) reused chunks significantly more often than the independent group.
There was no significant difference between the size 2 and the size 3 group (B =0.07,£(139) = 1.51, p=0.13).
The tendency to reuse previously learned chunks is consistent with how our model creates chunks, i.e., creating
a new chunk by combining previously learned chunks. Interestingly, sequence statistics modulated participants’
tendency to reuse chunks. When the sequence contained embedded chunks that render reuse beneficial to
performance, participants tended to reuse previously acquired chunks more often than when the sequence only
contained independent item instantiations. The observation that participants reused previously acquired chunks
echoes previous findings in the literature on transferring motor skills, which showed that people transfer chunks
from a practiced sequence to a test sequence when shared chunks between the two'*. The reuse and transfer
process in the current task was an ongoing learning behavior while participants practiced the training sequence.

Experiment 2: learning chunks of different sizes to balance the speed-accuracy
trade-off
In Experiment 2, we test the model prediction that chunk learning adapts to task demands. Participants should
chunk more under time pressure, even given a sequence without chunks within.

We randomly assigned participants to one of two groups: the fast group and the accurate group, creating
a two-groups between-subjects design. Both groups were trained on sequences generated from the “illusory”
matrix that contained no true chunks but high and medium single item transitions (Fig. 1c). The experiment
structure was identical to the structure of Experiment 1: 10 blocks with 100 trials each. The training blocks were
sandwiched between baseline and test blocks, see Fig. 1a. In those blocks, accuracy and reaction times were
displayed right at the end of each trial. In the middle 6 blocks, from block 3 to block 8 (i.e. the training blocks),
participants in the fast group were instructed to act “as fast as possible even if it might lead to mistakes”, and
participants in the accurate group were instructed to act “as accurate as possible even it might slow you down”.
The fast group was told that their reward depended on how fast they pressed the instructed key and were given
trial-by-trial feedback on their reaction times. The accurate group was told that their reward depended on their
accuracy and were given trial-by-trial feedback on the correctness of their responses. Both groups received the
same instruction to act “as fast and accurately” as possible during the baseline and the test blocks (block 1-2
and 9-10, see Fig. 1a.

Manipulation check. We first assessed whether the instructions to be fast or accurate influenced partici-
pants’ reaction times and accuracy during the training blocks. Shown in Fig. 4a are the average reaction time and
accuracy for the two groups. Fitting a linear mixed-effects regression onto participants’ reaction times assuming
a random intercept over individual participants showed a significant effect of group (x2(1) = 9.84, p = .002),
showing that participants in the fast group responded faster during the training blocks than participants in the
accurate group (B = 81.71, £(113.93) = 3.19, p = .0001). We also fitted a mixed-effects logistic regression of
group to test whether participants responded correctly on each trial, adding a random intercept for each par-
ticipant. This analysis also showed a significant effect of group (x%(1) = 9.67, p = .002), with participants in
the accurate group responding on average more accurately during the training blocks than participants in the
fast group (B = 0.54, z = 3.18, p = .001). Thus, we conclude that our experimental manipulation induced the
intended behavior for the two groups during the training blocks.

Chunky boost. The rational chunking model predicts that the fast group, compared to the accurate group,
should learn more chunks. This influence of different instructions will affect the behavioral change of both
groups’ performance in the test blocks relative to the baseline blocks. We again look at an indicator of learning
size-2 chunks by evaluating chunky boost on the within-chunk reaction times of the size 2 chunks. This time,
the chunky boost was evaluated on the most frequently occurring size-2 chunks in the sequence produced by the
“illusory” transition matrix: AB, BC, CD, and DA. AB and CD are the size-2 chunks with high transition prob-
ability (p = 0.9). BC and DA are size 2 chunks with medium transition probability (p = 0.7). The correspond-
ing control chunks were size two subsequences that did not begin with the first chunk items. As an example, the
control chunks for AB were BB, CB, and DB.

We conjectured that the fast group would learn more size two chunks with high and medium probability. We
look at how the training schedule changes the value of within-chunk (value marked by red boundary) reaction
time for size 2 chunks in the test blocks compared to the baseline blocks. We calculate the signed effect size,
Cohen’s d, on the within-chunk reaction time from the baseline to the test block. The same procedure was applied
for the control chunks. Then the Cohen’s d of the control chunks was subtracted from the size 2 chunks to arrive
at the chunky boost measure. The chunky boost measured by a change of Cohen’s d Ad is shown in Fig. 4b. Fit-
ting a linear mixed-effects regression onto participants’ change of Cohen’s d, assuming a random intercept over
participants showed a significant effect of the group (x2(1) = 7.25, p = .007). Participants in the fast condition
showed a greater relative boost in reaction times to chunky transitions as compared to participants in the accurate
group (B =0.24,1(73) = 2.71, p = .008). We, therefore, concluded that participants in the fast group chunked
more size two chunks than participants in the accurate group, as was predicted by our model.

Scientific Reports |

(2023) 13:7680 | https://doi.org/10.1038/s41598-023-31500-3 nature portfolio



www.nature.com/scientificreports/

a) Average RTs Average Correct Response ) Chunky boost
1.00
500 04 —|—
400 =075
- T
k- 800 5 050 °
o <02
200 -
0.25
100 0.1
0 0.00
Accurate Fast Accurate Fast 0.0 Accurate Fast
c) ,,Chunkiness d) chunkyRTs
= 0.050
515
o
2 0.025
@ 10
[9] =R
& 0.000
= 5
< -0.025
0
-0.050
Accurate Fast True Chunky
Effect
e) Chunk Increase Chunk Reuse Probability
20
Z o 0.50
<
10
0 Accurate Fast Accurate Fast

Figure 4. Results of Experiment 2. (a) Manipulation check. Average reaction times and average response
accuracy during training blocks by group. (b) Chunky Boost of size 2 chunks as measured by change of

Cohen’s d by group evaluated on baseline and test blocks. The size 2 chunks include AB, BC, CD, and DA. (c)
Chunkiness measured by a relative change of Wasserstein distance of size 3 chunks including ABC, BCD, CDA,
DAB between the baseline and the test blocks. (d) Coefficient of interaction effect between chunky and true
transition probabilities on reaction times during the test blocks. (e) Chunk increase from the baseline to the
test blocks by condition for size-2 (AB, CD, BC, DA) and for size-3 chunks (ABC, BCD, CDA, DAB). (f) Chunk
reuse probability by group. For all plots, error bars indicate the standard error of the mean.

Chunkiness. The rational chunking model that exerts a speed-accuracy trade-off predicts that the fast group
should learn longer chunks than the accurate group. Similar to the analysis in experiment 1, we examined this
prediction from the model by evaluating the chunkiness measure as an indicator of participants learning size-3
chunks (ABC, BCD, CDA, DAB) that can occur in the training sequence generated by the “illusory” transition
matrix. If participants have learned any of those size-3 chunks, then the distributions of within-chunk reaction
times rt; and rt3 should become more similar to each other following the presentation of the first item. We use
the Wasserstein distance to evaluate the homogeneity of this reaction time distribution, illustrated in Fig. 7.

To assess the initial separation of the two distributions for both groups before training, we evaluated the
Wasserstein distance between the distribution of rt, and rt3 on the baseline blocks, Wasserstein(rty, 113) paseline
when both groups of participants are trained on the illusory transition sequences. To assess how much training
influences rt; and rt3 in the test blocks, we evaluate the same Wasserstein distance on both groups in the test
blocks, to arrive at Wasserstein(rty, rt3) st An indicator of learning the frequent size-3 chunk (ABC, BCD, CDA,
or DAB) during the training blocks, is that Wasserstein(rt, rt3) st sShould become smaller in the test blocks than
in the baseline blocks, resulting in more homogeneous rt; and rt3. We subtracted Wasserstein(rty, rt3) st from
Wasserstein(rtz, 1t3) paseline to calculate AW p,,,k, the change of reaction time homogeneity.

To control for the effect of training resulting in an overall increase of reaction time homogeneity, we compared
this change of Wasserstein with size 3 sub-sequences that are not the frequent size-3 chunks (ABC, BCD, CDA,
DAB), as a control, to arrive at A W01 as the difference between Wy, and Wygin.

Finally, we subtracted A W_yptr01 from A W p,nk, to arrive at the resulting measure of “chunkiness”. This is the
relative change of the Wasserstein distance of size 3 chunks A W,,,x compared to control A W ,,r1. According
to the model prediction, if participants in the fast group learned more size three chunks than those in the accu-
rate group, one would expect the fast group to have a higher measure of chunkiness than those in the accurate
group. Figure 4c shows the resulting chunkiness measure. The change AW on size 3 chunks differed significantly
between the two groups (x2(1) = 4.71, p = .02), with the fast group showing a higher chunkiness compared to

the accurate group (8 = 12.33,¢(88) = 2.15, p = .03). Thus, participants in the fast condition showed a higher
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relative chunkiness in their reaction times to size three chunks in the sequence than participants in the accurate
group, as indicated by the chunkiness measure.

Reaction time regression. Our model simulations showed that when the speed-accuracy trade-off
parameter w — 0 and accuracy becomes the only optimizing term, the model learns about the original transi-
tion matrix. However, asw — 1and speed is the only optimization term, the model learns a polarized transition
probability where all the high and medium single element transitions become 1.

We aimed to test whether or not the w parameter of our model captured how the “fast” versus “accurate”
instructions affected participants’ chunking behavior. In this way, the instruction will influence how participants
perceive the items in the test block, the polarized transition should resemble more of the fast group, and the
original transition matrix shall resemble more of the reaction time in the accurate group. An illustration of this
procedure is shown in Fig. 6 in SL

To this end, we fitted a linear mixed-effects regression to participants’ log reaction times in the correct trials of
the test blocks (so that the skew of RT distribution as deviating from a normal distribution is removed), assuming
arandom intercept for each participant. The independent variables are the group, the true transition probabilities
learned with w = 0 (Fig. 2d left), and chunky transition probabilities that correspond to the learning result of the
model with w = 1 (Fig. 2d right). The best regression model contained the main effects of the chunky and true
transition probabilities as well as two interaction effects with the given condition ( x%(3) = 34.86, p < 0.001).
The first interaction was between the true probabilities and group (see Fig. 4d; = —0.03, t(16740) = —2.74,
p = 0.006), as the true transition probabilities were more consistent with participants’ responses in the accurate
group than with those in the fast group. The second interaction was between the chunky transition probabilities
and group (B = 0.05, t(16740) = 4.13, p < .001), indicating that the simulated effect of a higher tendency to
chunk was more predictive of the behavior of the fast group than that of the accurate group. Thus, the chunking
bias induced by the speed-accuracy trade-off parameter of our model matched the bias observed in the reaction
time pattern of the participants under speed demands.

Chunk increase. The rational model of chunking that trades off speed with accuracy learns longer chunks
as the emphasis on speed weights more than accuracy. It predicts that the fast group should learn longer chunks
more often than the accurate group. This acquisition of longer chunks during the 6 training blocks should influ-
ence participants’ chunking behavior in the test blocks relative to the baseline blocks. A concrete examination
of this prediction is to take the frequency of concrete size 2 and size 3 chunks in the test block to see if they are
used more often compared to the baseline blocks.

Similar to experiment 1, the exact chunks learned by participants are tagged using the mixture of Gaussian
method. We studied the number of times size 2 chunks appear in participants’ chunking profiles (AB, BC, CD,
DA) and size 3 chunks (chunk ABC, BCD, CDA, DAB). We compared the increase in those chunks from the
baseline and the test blocks and compared AN across the two groups. Shown in Fig. 4e is the increase in the
number of size 2 and size 3 chunks.

Fitting a linear model on AN with group as the independent variable revealed a significant effect of group
(F(1) = 8.13, p = 0.005). Compared to the accurate group, the fast group acquired more chunks from the base-
line to the test block (,3 = 6.41, t(358) = 2.85, p = 0.005). Consistent with the model prediction that the fast
group should chunk longer chunks, participants in the fast group indeed has a higher increase in the number of
size 2 and size 3 chunks compared to the accurate group.

Chunk reuse. We also look at whether participants tend to reuse previously learned chunks to construct
new chunks during the training blocks, similar to what we tried in experiment 1, to see whether the participant’s
behavior reflects the feature of this model. The progress of chunk learning as identified by the mixture of Gauss-
ian method is used to examine participants’ chunk reuse probability (illustrated in Fig. 8 in SI). The chunk reuse
probability was evaluated on chunks of size three or bigger (excluding chunks with single-item repetitions).
Every time such a chunk occurs in the sequence, we check whether it reuses any of the 30 previous chunks.
By tagging each chunk learned by the participant as reusing one of the previous chunks or not, we arrived at
a chunk reuse probability for each participant across the fast and accurate group. Figure 4f shows the average
chunk reuse probability across the three groups. Participants’ high reuse probability echoes the model feature of
reusing previously learned chunks to construct new ones. Interestingly, instruction also influences the tendency
of chunk reuse. Fitting a linear model to participants’ chunk reuse probability showed that chunk reuse differed
significantly between the two groups (F(1) = 4.75, p = .03). Participants in the fast group reuse chunks more
frequently than those in the accurate group (ﬁ = 0.07, t(114) = 2.18, p = .03). This may show that reuse is
especially prominent when participants are trying to be fast, since recycling the previously learned chunks can
make more progress towards reaction time speed-up.

Discussion
How people perceive and extract structure from a sequence of perceptual stimuli has been a longstanding
question of psychological investigations. Chunking has been proposed as a mechanism to identify repeated
patterns and segment sequences into those patterns. This way of segregating patterns into discrete chunks can
improve storage, retrieval, and planning across multiple psychological domains.

In the current work, we have proposed that chunking benefits the timely and accurate execution of sequential
actions. We used a rational model of chunking that adapts its representation to optimize a trade-off between
speed and accuracy to simulate chunk learning in a serial reaction time task. Our simulations predicted that
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participants should chunk more if chunks are indeed part of the generative model and should, on average,
learn longer chunks when optimizing for speed than accuracy. We tested these predictions in two experiments.
In Experiment 1, participants learned from sequences with different embedded chunks. In Experiment 2,
participants were instructed to act as fast or accurately as possible. Multiple measures of chunking confirmed
our model’s predictions in both experiments. In summary, our results shed new light on the benefits of chunking
and pave the way for future studies on step-wise representation learning in structured domains.

The model’s prediction relating chunking to reaction time speed up relied partially on the Linear Ballistic
Accumulator framework to translate within-chunk action prediction to an elevated starting point of the evidence
accumulation, making the within-chunk action more likely to cross the decision threshold. Yet it remains
challenging to explicitly fit a hierarchical LBA model over all participants, trials, and between-subject differences
using our current data. This divergence is potentially due to a large number of observations. Therefore, one part of
our analyses used model-predicted transition probabilities with accuracy and speed extremes to fit participants’
reaction times. Nonetheless, future studies should look into the influence of chunking on the starting point of
the LBA model in a fully Bayesian and hierarchically-structured model.

Currently, our model’s predictions were primarily qualitative, and we did not compare across a more extensive
set of alternative models. Even though we tested model-specific predictions such as the reuse of previously created
chunks to parse the sequence and the speed-up and increased homogeneity of reaction times for within-chunk
reaction times, future studies should further compare explicit predictions of different chunking models. We
believe that our current work is a concrete first step towards building fine-grained models of human chunking
in SRTs. We plan to compare our model to several alternatives in future tasks requiring participants to learn
increasingly more hierarchically-structured chunks.

Furthermore, it would be very hard to exclude the contribution of associative learning to the effect observed
in Experiment 1, as the rational chunk learning model also learns chunks by association. However, an associative
learning model does not explain our observation in Experiment 2, which can only be accounted for by a rational
chunking model that trades off speed with accuracy.

Finally, not all of our measures of increased chunking provided evidence for our model’s predictions. In
particular, in Experiment 1, the measure of chunkiness did not increase for the size 3 group even though we
would have a priori expected such an increase. We believe that this increase did not appear because participants’
speed-up of within-chunk reaction times was not uniform across both transitions of the size three chunks.
Moreover, we did find a decrease of homogeneity for the size 2 group, which was as expected because learning
about the size 2 chunk should make the reaction time discrepancy between B and C larger. Importantly, we did
find systematic differences across all other measures in both experiments and, therefore, believe that the current
data support our model’s predictions.

Conclusion

We investigated chunking behavior across two experiments and several measures. We found that chunking
behavior depends on sequence statistics and task demands. When there are chunks in the training sequence,
participants learn the underlying embedded chunks. Additionally, task demands modulate chunking behavior.
Participants tend to chunk more when they are optimizing for speed rather than accuracy. Such chunking
behavior occurs even in sequences lacking any deterministic transition probabilities. Our results suggest
characteristics of chunking and how they interact with task demands. Our rational model of chunking captures
and predicts these findings. The success of model predictions depends primarily on the gradual change in
previously acquired representations to rationally adapt to sequence structure and task demands. We hope that
our findings and model are a good step towards understanding human chunk learning across multiple domains.

Methods
Ethics statement. Informed consent was obtained from all participants before participation, and the
experiments were performed in accordance with the relevant guidelines and regulations approved by the ethic
committee of the University of Tuebingen (Ethik-Kommission an der Medizinischen Fakultit der Eberhard-
Karls-Universitit und am Universititsklinikum Tiibingen), under the study title: Experimente zum Sequenz-
und Belohnungslernen, with application number 701/2020BO.

Participants’ data were analyzed anonymously. Upon agreement to participate in the study, they consented on
a data protection sheet approved by the data protection officer of the MPG (Datenschutzbeauftragte der MPG,
Max-Planck-Gesellschaft zur Forderung der Wissenschaften).

Recruitment of participants. For Experiment 1, we recruited 142 participants from Amazon Mechanical
Turk, out of which sixty-nine were female. Their median age was between 30 and 40, and the overall age ranged
from 18 to above 50. This experiment took around 25 minutes to complete. After completing the task, partici-
pants received a base pay of $2 and a performance-dependent bonus of up to $6.

For Experiment 2, we recruited a total of 116 participants for our study, again from Amazon Mechanical
Turk. Forty-eight participants were female; participants’ median age was between 30 and 40, and the overall age
ranged from 18 to above 50. After completing the task, participants received a base pay of $2 and a performance-
dependent bonus of up to $4.

Payment. For Experiment 1, a performance-dependent bonus was calculated as the weighted sum of par-
ticipants’ accuracy and reaction times. When the average accuracy was below 70%, the bonus was set to 0. The
bonus for being fast was calculated as bonusfast = bonusmax — (rt — 600) x 0.025, where rt indicates the aver-
age reaction time and bonusmax indicates the maximal bonus. Participants were rewarded with a reaction time
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bonus when their average reaction time was below 600ms. Additionally, an accuracy bonus was calculated as the
mean performance accuracy times the maximal bonus, bonusacc = acc x bonusmax. At the end of the experi-
ment, the total bonus was calculated as a weighted average between the bonus for participants’ accuracy and the
bonus for their reaction times, bonus = 0.5 x bonusacc + 0.5 x bonusfast. If the final bonus was below 0, it was
set to 0. If it was above the maximal bonus, it was set to the maximal bonus. On average, participants received
$5.64 for their participation.

For Experiment 2, USD 2 were awarded as a base pay for every participant who completed the experiment.
Additionally, participants received a performance-dependent bonus, ranging from 0 to the maximum of USD 4.
This bonus was calculated separately for the fast and accurate groups. For the fast group, the bonus was 0 when
their average accuracy was below 60%. If the average accuracy was above 60%, then the bonus was calculated
as bonusfast = (1000 — r£) /800 x bonusmax This reward function penalized average reaction times that were
slower than 1000ms. For the accurate group, the bonus was calculated as the percentage of their accuracy
multiplied by the maximal bonus for the accuracy group, bonusacc = acc x bonusmax. Finally, the final bonus
was again forcet to be between 0 and bonusmax (USD 4). The mean reward earned by participants for this
experiment was $4.16.

Filtering criteria. We decided to discard participants using a fixed RT threshold based on independent pilot
data we had collected earlier. Since the study was conducted on MTurk, and we do not have access to the condi-
tions on how the experiment was conducted, we applied stricter filtering criteria. For Experiment 1, we excluded
participants with an average reaction time longer than 1000ms or an average accuracy lower than 90%. 95.1%
of participants had an accuracy above 90%. 91% of participants had an average reaction time below 1000 ms.
Out of 142 participants who participated in Experiment 1, 20 participants were excluded and 122 remained after
applying this exclusion criterion.

For Experiment 2, the same exclusion criteria were applied on the baseline and test blocks when both groups
were asked to be as fast and accurate as possible. 96.7% of participants had an accuracy above 90%, and 96.7%
had an average reaction time below 1000 ms. The exclusion criteria differed between the two groups on the
training blocks. Participants in the fast group were excluded when the average reaction time was above 750ms
(n = 13). Those in the accurate group were excluded when their accuracy was below 90% (n = 10). Additionally,
we excluded participants who repeatedly failed attention checks before and after the experiment (n = 3). Out
of 116 participants, 26 were excluded in total. All of the following analyses were performed on the data of the
remaining 90 participants.

For the reaction-time based analysis including the chunky boost, chunkiness, and the mixture of Gaussians
classification, we further excluded trials in which participants took more than 1000ms to respond. This amounted
to 8.4% of all trials in Experiment 1, and 3.3% of all trials in Experiment 2.

Mixture of Gaussians model. We used a mixture of Gaussians model to retrieve chunky transitions for
each participant’s responses from their reaction times. Chunks are classified based on participants’ responses,
irrespective of their correctness. In the case of an error where a participant has pressed A B D C although the
instruction was A B D B, and the reaction time classification for each of these trials are between, within, within,
within (and the subsequent trial is between again), then A B D C is classified as a chunk. In the case of errors,
we consider their erroneous response rather than the instruction because the response reflect their underlying
prediction.

The reaction time distribution for individual participants was used to classify individual trials as between
or within-chunk reaction times. These reaction time distributions were fitted by a mixture of Gaussians model.
The likelihood of belonging to the smallest mixture component was used to classify a reaction time as a within-
chunk reaction time. This classification was then used for the identification of chunks for all experimental trials
of every participant.

The classification of RTs by using multi-modal distributions was motivated by the idea that distinct processes
might generate the within-chunk and between-chunk reaction times. During an SRT trial, if the participant
has no expectation for the next upcoming instruction, she will first have to identify the instructed key on the
screen before beginning to press a key. This will make her between-chunk reaction times larger. In contrast, if
a participant has learned chunks, she anticipates the next instruction before it is even shown. If the upcoming
instruction is within her expected chunk, the action to look for instructions displayed on the screen can be
omitted, and she can directly engage in pressing their expected subsequent key. This will make her within-chunk
reaction times smaller. Additionally, the mixture of Gaussians model also takes into account participants’ post-
error slow-downs. These correspond to the trials when a participant has made or almost made a mistake and
corrects this tendency to press an expected key upon the observation of a conflicting instruction. The behavior
of modifying the wrong key-press is slowing down the reaction time even more.

Because these three processes contribute to distinct components of participants’ reaction times, a mixture
of 3 Gaussian distributions was used to fit their reaction time distributions. We assumed that the within-chunk
reaction time distributions had the lowest mean, the between-chunk reaction time distributions had a higher
mean, and the post-error slow-down reaction time distribution had the highest mean. We fitted the mixture of
Gaussian model to individual participants’ reaction times, filtering out RTs above 1000ms. A likelihood estimate
belonging to each distribution amongst the mixture was assigned to the reaction times of each trial. A validation
of this method has been included to the Supplementary Information.
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Data and code availability
The data collected and code used for analyzing this study can be found in this github repository: https://github.
com/swu32/experimental_chunking.
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o Calculation of Chunky Boost

Figure 1 illustrates how Chunky Boost is calculated from reaction time data. As an example, when the relevant chunk is AB,
we took the rt of pressing B (within-chunk press). The Cohen’s d was measured on the speed-up between the baseline and the
test block of such within chunk key presses:

dAB _ fthuseline - ftlesr (1)
o
1 o was the standard deviation of rt.
The control reaction times came from size 2 subsequences that did not start with A, and the reaction times were measured
on the second item of the subsequence, as illustrated in Figure 1. Cohen’s d was again evaluated as:

dAB, _ r_tbaxeline - fltest (2)
control o

The chunky boost was calculated by subtracting the control from the Cohen’s d measured on relevant chunks:
Ad = dAB - dABmmm[ (3)

12 For Experiment 2, the relevant chunks were AB, BC, CD, and DA, the control subsequences were all size 2 subsequences
s excluding the relevant chunks.

Chunky Boost: Ad =d,p—d,p

control

Baseline _ Test

Baseline Fast Test

Size 2 Chunk: E dyp E
Control: AlD] DB (Al D]

Figure 1. An illustration of the measurement of chunky boost.

« Calculation of Chunkiness

When the relevant size 3 chunk was ABC, the Wasserstein distance was evaluated on rtg and rt¢ separately as Wasserstein(rtg, rtc).
The chunkiness measure then was

AWppe = Wasserstein(rtg, rtc) pasetine — Wasserstein(rtg, rtc)ses 4)
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Figure 2. An illustration of the measurement of chunkiness.

The control chunks were subsequences that were not ABC, and their chunkiness measure became:
AW_onirot = Wasserstein(rty, rt3) paseiine — Wasserstein(rty, rt3)sest (5)

rty and rt3 denote the second and the third reaction time of the size 3 subsequences used as control. The measure of
chunkiness is the control subtracted from the relevant chunks.

Chunkiness = AWagc — AW onerol ©)

For Experiment 2, the relevant chunks were ABC, BCD, CDA, DAB, and the controls were all size 3 subsequences that were
not any of the chunks. Chunkiness was evaluated in the same way.

Mixture of Gaussians Model

The mixture of Gaussians method categorizes the reaction time profile of each participant into within- or between-chunk
reaction time as illustrated in Figure 3a. For each participant, the reaction time distribution was fit via a mixture of three
Gaussians. When the likelihood of belonging to the mixture component with the lowest mean exceeds that of the other two
components, the reaction time is classified as within-chunk.

When fitting the mixture of Gaussians model to individual participants’ data, we separately varied the number of mixtures
from 1 to 3 and used the Akaike Information Criteria (AIC) and Bayesian Information Criteria (BIC) to evaluate the three
models. Shown in Figure 3b is the distribution of the best fitting number of mixtures over all participants across the two
experiments. For most participants and both evaluation criteria, the reaction time distribution was best described using 3
mixture components.

Validation via Simulated RT Distributions

To perform a validation study on this method, we simulated within- and between-chunk reaction time distributions by generating
two exponentially modified Gaussian distribution (ex-Gaussian) with distinct mean and standard deviations. The exponentially
modified Gaussian distribution normally provides a good fit for the reaction time distributions, as the simulated RT is straightly
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Figure 3. Mixture of Gaussians model for reaction time classification. a) Individual participant’s reaction time of reacting
upon key-press instructions across time. The distribution (right) is modelled as a mixture of two or three Gaussians. b)
Histogram of the number of mixtures that led to best model selection criteria across all participants. Top: Best number of
mixtures based on BIC (Bayesian Information Criteria). Bottom: Best number of mixtures based on AIC (Akaike Information
Criteria).

positive, and the exponential decay component takes account of the observed right-skewness of RT distributions'-?. The
ex-Gaussian distribution has the following probability density function:

2_
flau,o,4) = %e%(z“”"z_zx)erfc <%> @)

erfc is the complementary error function defined as:

erfe(x) = % /xmeftzdt (3)

U is the mean of the independent Gaussian variable, o is the standard deviation, and 7 is the mean of the exponential component.
The first three moments of the resulting ex-Gaussian distribution are u + 7, 62 + 72 and 273.

We fixed the dispersion parameter (1) to be 1. We varied the difference in the mean y between the within and between-chunk
distributions, in addition to the spread parameter 6. After randomly interspersing samples coming from the two distributions
across 1000 trials (the same length as in the experiments), we used the mixture of three Gaussians to classify the simulated
rt data. Plotted in Figure 4 is the classification accuracy with increasing mean differences between the two simulated rt
distributions varying spread parameters o (0, for within-chunk and o}, for between-chunk distribution). Note that for most of
the parameters, the worst classification accuracy is above 75%.

Chunk Growth Rate Experiment 1

After obtaining the chunking profile of every participant as reflected in their reaction time speed-ups (as demonstrated in Figure
5), we evaluated the growth rate of chunks in the three groups of participants by looking at how fast chunk size increases
(Figure 7). Figure 9 shows the rate of chunk increase between the three groups. Fitting a linear mixed-effects regression
onto participants’ chunk size, assuming random intercepts for each participant, showed a significant effect of trial number
(x*(1) =51.22, p < 0.001). Generally, the rate of increase was positive, suggesting that the chunk size acquired by participants
grew as a function of time. The chunk increase rate also differed significantly between the three conditions. The size 2
group ([§ =1.43 x 1074,¢(84700) = 2.38, p = 0.02) and the size 3 group had a significantly higher rate of chunk size increase
compared to the independent group (f)’ =1.36 x 1074,¢(84700) = 2.93, p = 0.003). To summarize, the chunk size acquired
by participants increased over time and differed across the three groups. This observation is consistent with the design of the
rational chunking model which assumes that participants reuse the previously learned chunks to construct longer chunks during
the task.
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Figure 4. Classification accuracy (y-axis) of the mixture of Gaussians model on simulated reaction time data with increasing
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Figure 5. Chunk learning profile of one participant. The first, second, and third row show reaction times, instruction displayed,
and this participant’s key press (A, B, C, D, are separately color-coded by green, blue, magenta and orange boxes). We look at
the exact chunks used by participants by classifying within and between chunk reaction time using the mixture of Gaussian
method (see section method). When the participant pressed an incorrect key, that trial is marked by a red box in the fourth row.
Using the distribution of reaction time data accumulated for this participants over all trials, we classify individual trials into
within or between-chunk key presses, based on the likelihood assigned by the mixture model. Chunks learned by this
participant are marked by connecting each between-chunk trial with the subsequent within-chunk trials, displayed by connected
black dots in the last row.
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Subject’s Chunk:

Chunk Growth Rate Experiment 2

We also evaluated the rate of increase of every participant in experiment 2, as illustrated in Figure 9. Fitting a linear mixed-
effects regression onto participants’ chunk size assuming random intercepts of participants also showed a significant effect on
trial number (x2(1) = 778.82, p < 0.001). Additionally, there was an interaction effect between the groups and trial numbers.
The fast group had a higher chunk learning rate than the accurate group (B =2.68 x 1074,¢(62870) = 4.887, p < 0.001). This
result suggests that the fast group had a higher tendency to build chunks than the accurate group, which is consistent with
model prediction.
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Abstract

From learning to play the piano to speaking a new language, reusing and recombin-
ing previously acquired representations enables us to master complex skills and
easily adapt to new environments. Inspired by the Gestalt principle of grouping by
proximity and theories of chunking in cognitive science, we propose a hierarchical
chunking model (HCM). HCM learns representations from non-i.i.d. sequential
data from the ground up by first discovering the minimal atomic sequential units as
chunks. As learning progresses, a hierarchy of chunk representations is acquired
by chunking previously learned representations into more complex representations
guided by sequential dependence. We provide learning guarantees on an idealized
version of HCM, and demonstrate that HCM learns meaningful and interpretable
representations in a human-like fashion. Our model can be extended to learn visual,
temporal, and visual-temporal chunks. The interpretability of the learned chunks
can be used to assess transfer or interference when the environment changes. Fi-
nally, in an fMRI dataset, we demonstrate that HCM learns interpretable chunks of
functional coactivation regions and hierarchical modular and sub-modular struc-
tures supported by the neuroscientific literature. Taken together, our results show
how cognitive science in general and theories of chunking in particular can inform
novel and more interpretable approaches to representation learning.

1 Introduction

Sequential data in our everyday life is often hierarchically structured. From streaming this sequential
sensory perceptual data, we can identify repeated patterns — and bootstrap these to recognize higher
order patterns. In cognitive science, identifying repeated, invariant patterns from sequences in units
is known as chunking. To get an intuition for chunking, try to read through the following sequence
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of letters: “DFJKJKJKDFDFJKJKDFDF”. Upon reaching the end, if you were asked to repeat
the letters from memory, you might recall fragments of the sequence such as “DF” or “JK”. By
parsing the sequence of letters only once, you have already detected frequently occurring patterns
and memorized them together as units, i.e. chunks. Chunking has been observed in a range of sensory
and behavioral modalities including language learning [1, 2], action organization [3, 4] and visual
perception of structures [5—7]. Chunking as a mechanism is a basis for humans to identify patterns
as objects, assigning labels to them to facilitate memory compression [8, 9], sequence prediction
[10, 11], communication [12, 13], and generalization[14]. Learning hierarchical representations of
the world is a feature central to human intelligence.

Despite recent success, deep learning models, on the other hand, do not represent explicit hierarchies.
Neural networks contain sub-symbolic, nested, non-linear structures whose prediction processes
are hard to comprehend. This lack of interpretability raises concerns over their fairness, privacy,
robustness and trust-worthiness [15—18] and manifests itself as a key shortcoming of these models
[19, 20]. To address these shortcomings, researchers have urged to seek inspiration from cognitive
science to construct models that resemble the hierarchical and interpretable representations as
observed in human learners [21, 22]. We take a two-fold approach to this problem. First, instead
of learning from iid data, we ask: what if the time series data that comprises streams of perception
comes from a hierarchical structure? Under this assumption, what could be an algorithm that learns
the embedded hierarchical structure? We take inspiration from models in cognitive science showing
that people perceive structures based on the Gestalt principle of grouping by proximity, and formulate
a generic hierarchical pattern discovery algorithm that enables the rational discovery of structures
with embedded hierarchies. We refer to this model as the hierarchical chunking model (HCM).

HCM starts out learning a minimal set of units sufficient to explain the sequence and gradually
combines these units into increasingly larger and more complex chunks, constructing interpretable
hierarchical structures. We derive learning guarantees on an idealized generative model and demon-
strate convergence on sequential data coming from this generative model. Thereby, Gestalt principles
of grouping can be understood as a rational way of learning representations from sequences with
an inherent hierarchical structure. We then show that HCM resembles more to human chunking in
qualitative ways compared to a recurrent neural network and flexibly transfers components learned
from one task to another. We extend HCM to the visual-temporal domain capable of learning
visual-temporal parts and wholes from higher dimensional sequential data. Taking it one step further,
we deploy HCM to learn from high-dimensional fMRI data, which exerts a hierarchical structure.
We demonstrate HCM’s interpretable feature extraction ability to discover submodules of brain
activations directly linkable to behavior supported by the literature.

2 Hierarchical Chunking Model

We define a chunk as a unit created by concatenating several atomic sequential units together. Taking
the training sequence shown in Figure 1a as an example, the sequence is made up of discrete atomic
units from an atomic alphabet set Ag: in this case Ay = {0,1,2}. A chunk c is made up of a
combination of one or more atomic units in Ag\{0}. 0 denotes an empty observation in the sequence.

Intuitively, if a sequence contains inherent hierarchical structure, then there are patterns which span
several sequential units sharing these internal structures, examples of such sequences are repeated
melodies and sub-melodies in music. If the pattern occurs in the sequence, observations between
sequential units within the pattern will be correlated. In this case, chunking patterns within a sequence
as units simplifies perceptual processing in the sense that the sequence can be perceived one chunk
after another, instead of one sequential unit at a time. Furthermore, the acquired “primary” chunks
serve as building blocks to discover larger chunks that are embedded within the hierarchy of the
sequential structure.

Formally, HCM acquires a belief set B of chunks, and uses chunks from the belief set to parse the
sequence. HCM assumes that a sequence is generated from samples of independently occurring
chunks with probability of Pg(c) evaluated on the belief set B. The probability of observing
a sequence of parsed chunks ¢y, co, ..., ¢y can be denoted as P(cy,co,...,cn) = HcieB Ps(c;).
Chunks as perceiving units serve as independent factors that disentangle observations in the sequence.



a) Generative Hierarchy b) Chunking Decision

1

Marginal Transition
2
0 Low
[ Nonindependent
depthd=35 Transition Entries
¢) Chunking
L @ cg
Sequence:
‘L CR
d) Gradual Representation Build-up e) Final Chunk Hierarchy
t=10 t=60 t=100 | t=150
Simple Intermediate Complex

Figure 1: The Hierarchical Chunking Model. a) Example of a hierarchical model generating training
sequences. b) Intermediate representation of learned marginal and transition matrices. The most
frequent transition that violates the testing criterion is marked in red and can be turned into a new
chunk. ¢) HCM combines the two chunks ¢y, and ¢y to form a new chunk. d) As HCM observes
longer sequences, it gradually learns a hierarchical representation of chunks. e) HCM arrives at the
finally chunk hierarchy isomorphic to the generative hierarchy.

The training sequence is parsed by HCM in chunks. At every parsing step, the longest chunk in
the belief set consistent with the upcoming sequence is chosen to explain the up-coming sequential
observations. The end of the previous parse initiates the next parse.

Observing a hierarchically structured sequence as illustrated in Figure 1a, HCM gradually builds up
a hierarchy of chunks starting from an empty belief set. It first identifies a set of atomic chunks to
construct its initial belief set B. Initially, these will be chunks of length one, yielding one-by-one
processing of the primitive elements.

For one belief set B, HCM keeps track of the marginal parsing frequency M (c;) for each chunk ¢; in
B, a vector with size |B| and the transition frequency T" between chunk ¢; followed by chunk ¢;, as
illustrated in Figure 1b. Entries in M and T are used to test the hypothesis that consecutive chunk
parses have a correlated consecutive occurrence within the sequence via a y2-independence test. If
two chunks ¢y, and cr have a significant adjacency dependence based on their entries in M and T,
they are chunked together to become cy, & cr, which augments the belief set B by one. One example
of chunk merging is shown in Figure 1c.

Independence Test We use a x2-test of independence to assess the correlation of consecutive
occurrences of ¢y, followed by cr. Let ¢, be an indicator variable that is 1 when chunk ¢; is parsed
and 0 otherwise, similarly we formulate cr as another indicator variable of parsing the chunk c,.. We
evaluate the y2-value as a criterion to reject the null hypothesis that the consecutive observation of ¢;
followed by ¢, is statistically independent:

2 _ N(p(cr,cr) — p(cr)p(cr))?
v §} §} pler)pler)

p(cr, cr) and p(cr)p(cg) are evaluated from M an T'. The degree of freedom is 1. A y2-probability
of less than 0.05 is the criterion to reject the null hypothesis (i.e. that ¢; and ¢, occur independently).

There are two versions of HCM. The Rational Chunk Learning HCM learns chunks in an idealized
way which we use to study learning guarantees. The online version of HCM is an approximation
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Figure 2: a) Example graph generated from the hierarchical generative model with a depth of d = 5.
b) Learning performance of HCM and RNN with increasing training length and for increasing depths.
Performance was averaged over 30 randomly-generated graphs.

to the rational HCM that can be adapted to different environments and processes sequences online.
Pseudo-code for both algorithms can be found in the SI.

Rational Chunk Learning: HCM as an Ideal Observer HCM is initiated with an empty belief
set and it first finds a minimally complete belief set after the first sequence parse. In each iteration,
the entire sequence is parsed to evaluate M and T', which are used to find consecutive chunk parses
in the existing belief set that violate the independence testing criterion. From these dependent chunk
pairs, the pair with the largest estimated joint probability is combined into a new chunk. The new
chunk enlarges the belief set by one. The chunks in the new belief set are used to parse the sequence
in the next iteration. This process repeats until all of the chunks in the belief set pass an independence
halting criterion, which measures if all of the chunks in the belief set are currently independent, again
assessed via a y2-test (see SI).

Online Chunk Learning The online chunk learning HCM approximates the ideal observer HCM
by learning new chunks when the training sequence is processed on the go. To have a feature that
encourages adaptation to new environmental statistics, entries in M and T can be subject to memory
decay. We use the ideal observer model to demonstrate learning guarantees, but use the online model
to learn representations in realistic and more complex set-ups.

2.1 HCM Learns Representations from the Ground Up

As HCM learns from a sequence, it starts with no representation and gradually builds up interpretable

representations described by a chunk hierarchy graph G with the vertex set being the chunks and
edges pointing from constituents to composites. Shown in Figure 1d is the gradual build-up of one
such graph as the model learns from a training sequence coming from the generative hierarchy in
Figure 1a. Att = 10, HCM learns only the atomic chunks, at ¢ = 60, HCM has already constructed
two additional chunks; when ¢ = 100, two more additional chunks are constructed. HCM arrives at
the final chunk hierarchy at ¢ = 150.

3 Generating Sequences with a Hierarchical Structure

We construct a generative model to study HCM’s behavior formally and empirically. The generative
model constructs random chunk hierarchies from which non-iid sequences are sampled. Such graph
Gq contains vertex set Vy, and edge set E,, to describe the relation between chunks and their
constituents. One example is illustrated in Figure la. A is the set of chunks used to construct the
sequence. The depth d specifies the number of chunks created in the generative process.

Starting with an initial set of atomic chunks A, at the i-th iteration, two chunks ¢y, cr are randomly
chosen from the current set of chunks A; and are concatenated into a new chunk cy, & cr, augmenting
A; by one to A; ;. Meanwhile, an independent occurrence probability is assigned to each chunk
under the constraint that the probability of occurrence for every new chunk c¢; in the construction
process evaluated on the support set A; carries the largest probability mass.

Once a graph hierarchy is constructed, we construct non-iid observational sequences by consecutively
sampling chunks from the hierarchy with their corresponding probability, under the constraint that no
two chunks with a child chunk are sampled consecutively.



3.1 Learning Guarantee

Theorem: As the length of the sequence approaches infinity, HCM learns a hierarchical chunking
graph G isomorphic to the generative hierarchical graph G.

Proof Sketch: We approach this proof by induction. Further details can be found in the SI. Base step:
The first step of the rational chunking algorithm is to find the minimally complete atomic set of chunks
to form its initial belief set. This procedure guarantees that Go = Go. Additionally, the probability
mass of the learning model at step O and the generative model at step O is asymptotically the same
as the sequence length approaches infinity. Induction hypothesis: Assume that the learned belief
set B; at step ¢ contains the same chunks as the alphabet set A; in the generative model, the chunk
combination pair with the biggest evaluated joint occurrence probability violating the independence
test is picked to be concatenated into a chunk to extend the belief set: this chunk is the same chunk
node created by the hierarchical generative model. End step: The chunk learning process stops once
the independence criterion is no longer violated. This is the case once the chunk learning algorithm
has learned a belief set B; = Aq.

3.2 Learning Convergence and Comparative Data-efficiency

To evaluate and show HCM’s learning performance, we trained HCM to learn hierarchies of chunks
from sequences generated by the hierarchical generative model. Shown in Figure 2 is HCM’s learning
performance as sequence length increases, averaged over 30 independently generated random graphs
with the same depth d. One example of such graphs is shown in Figure 2a. Kullback-Leibler
divergence was used to evaluate learning performance. To this end, learned hierarchies by HCM were
used to generate sequences, which were then evaluated on the support set of the alphabet set in the
generative model.

Figure 2b shows the KL-divergence between the learned and ground-truth distribution for increasing
depths d of the generative graphs. For each depth, the KL-divergence was evaluated on 30 random
generative models with sequence length increasing from 50 to 3000. Overall, the KL-divergence
decreased as the training sequence length increased and converged with longer training sequences,
showing a closer representation resemblance to the generative model.

A similar training and learning evaluation was conducted on a 3-layer Recurrent Neural Network
(RNN) with 40 hidden units for comparison. As the length of the training sequence increased, the
KL-divergence of RNN converged at a slower rate than HCM. This competitive advantage in data
efficiency became more pronounced with increasing depth of the generative hierarchy.

4 HCM Resembles Human Chunk Learning

Here we compare the chunk learning behavior of HCM to the learning characteristics of humans. To
that end, we used data collected from a sequence learning study by [23] with 47 participants under
the license CC-BY 4.0. As shown in Figure 3a, the training sequence comprised chunks ABC and D,
independently occurring with equal probability. The study assessed how participants built up chunk
knowledge gradually. Participants’ reaction times reflected that, after enough training, they were
anticipating several upcoming sequence elements, suggesting that they have acquired longer chunks
(Figure 3b. left) [23].
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Figure 3: a) A sequence learning experiment with chunks ABC and D. b) Chunk size increase of
human participants, RNN, and HCM during training. ¢) Average chunk increase rate during training.
d) Regression coefficient of RNN and HCM’s confidence estimates on human reaction time data.



In a similar vein, we measured online chunk size increase of HCM using the same method as
in [23] and, for comparison, RNNs (see SI for further comparisons to other algorithms). HCM,
similarly to humans, started learning longer chunks early in the sequence. By contrast, RNN did
not start to chunk until after step 300, and when it started to learn chunks, the increase rate of the
predictive horizon was not as steep as HCM’s. Evaluating the average rate of chunk growth also
showed that HCM builds up chunks as learning progresses was more similar to participants’ than
the RNN’s (Figure 3c). The negative log-probabilities of sequence elements generated by the HCM
and RNN were both significantly related to human reaction times (that reflect the certainty of their
internal predictions [24]). Yet, the relationship was substantially stronger (Figure 3d) between HCM
(B =16.74, p < 0.001, 7 = 0.165, BIC' = 313586.5) and human participants compared to that
of the RNN (8 = 9.24, p < 0.001, 7 = 0.085, BIC = 314236.4). These results suggest that
HCM resembles human chunk learning more strongly than RNNs and can therefore be seen as the
cognitively more plausible approach to hierarchical representation learning.

5 HCM Permits Transfer Between Environments

One characteristic of human learning is that previous learning experience facilitates and sometimes
interferes with acquiring a new skill [25]. Having an interpretable representation can inform us about
positive or negative transfer a priori.

An HCM has learned a chunking graph in Figure 4a from an environment. When it switches to
another environment with a generative model overlapping with its previously acquired representation,
it can reuse the learned subgraphs of chunks marked in gray as in Figure 4b and learns faster than a
naive HCM in Figure 4c. Vice versa, transfer can be detrimental when there is no or little overlap
between the learned chunking graph and the generative model of the new environment. For the same
HCM as in Figure 4a, transferring to an environment with a chunking graph in Figure 4d implies
learning the shaded chunks anew, in addition to running the risk of being misled by the previous
representations. As a result, the early performance of the pre-trained HCM suffers more from an
interfering environment than a naive model in Figure 4e. Interpretability of HCM’s representations
enables the assessment of facilitation or interference when the environment changes.
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Figure 4: a) Example of a representation learned by an HCM. b) A facilitative environment with
a generative model overlapping in its structure with the test environment. Gray shadows mark the
chunks that can be directly transferred. ¢) Average performance over the first 500 trials after the
environment switches. d) Interfering environment. Gray shadows marks chunks that need to be
acquired anew. e) Average performance over the first 500 trials after the environment switches.

6 Generalizing to Visual Temporal Chunks via the Principle of Proximal
Grouping

Humans excel at finding structures in hierarchical visual objects and grouped movements. The Gestalt
principle of grouping by proximity suggests that we tend to group objects that are close to one another
into a cohesive unit [26, 27]. This principle has been suggested to play a key role in human perceptual
grouping [28], benefits working memory [29] and reduces visual complexity [30]. Indeed, in humans
and other animals, learning of adjacent relationships prevails over non-adjacent ones [31]. Therefore,
the adjacent dependency structure can be expanded to chunking in visual temporal domains [32]. To
emulate this ability of chunking via proximal grouping, we extend HCM to learn visual temporal
chunks.

Visual temporal chunks subsume temporal length and varying visual slices in each temporal slice
(Figure 5a). One can imagine a visual temporal chunk as having a 3D shape — the first two
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of time differences. b) Left: A visual hierarchical model where complex images are composed
of simpler images. Right: Initial, intermediate, and complex chunks learned by HCM trained on
sequences of images sampled from the visual hierarchical model.c) Top: A GIF of a moving visual
used as a sequence to train HCM. Bottom: Examples of temporal and visual chunks learned by HCM.

dimensions are the visual part of the chunk, and the object’s length is the temporal part, made of
stacked visual-temporal pixels. Within each temporal slice are the visual features identified by
the chunk. As the model iterates through data across its temporal slice, the chunk that attains the
biggest visual temporal volume explains part of the observational sequence. Multiple visual temporal
chunks can occur simultaneously. Starting at the visual temporal time point marked by the previous
chunk, chunks are identified and stored in M. The transition matrix 71" is modified to account for
the temporal lag difference between adjacent chunk pairs within a proximity parameter and records
the frequency that one chunk transitions into another for each time lag. Whenever a pair of adjacent
chunks are identified, an independence hypothesis test evaluates whether the adjacent observation are
correlated. Chunks that violate the hypothesis test are combined to parse future sequences.

Learning Part-Whole Relationship Between Visual Components We show HCM learned chunks
in the visual domain from a sequence of independently sampled images. Figure 5b left shows a
hierarchical generative model in the pixel-wise image domain. A set of elementary visual units in
the lowest hierarchy level combines into intermediate and more complex visual units higher up in
the hierarchy. All of the constructed elements in the hierarchy occurred independently according to
a probability drawn from a Dirichlet flat distribution. Images in the hierarchy were independently
sampled from the generative distribution to become the training sequence. In Figure 5b, right we
show the chunk representations learned by HCM at different stages. Initially, HCM acquires the
individual pixels as chunks to explain the observations. As HCM proceeds with learning, it discovers
visual correlations among the pixels and constructs increasingly complex visual parts.

Learning Visual-Temporal Movement Hierarchies Instead of seeing one image after another
sampled from an independent, identically distributed distribution, real-world experiences contain
correlations in both the visual and temporal dimensions. From observing object movements across
space and time, the visual system learns structures from correlated visual and temporal observations,
decomposes motion structure, and groups moving objects together as a whole [33]. To emulate this
type of environment, an animated GIF of a squid swimming in the sea (Figure 5c) was used as a
visual-temporal sequence to train HCM. As learning advances, HCM learns chunks spanning both
the visual and temporal domains. There are visual-temporal chunks that mark the movements of a
tentacle and the rising-up motion of a bubble. Additionally, visual chunks resemble a part of the
visual’s eye and face. The meaningful chunks in the visual-temporal domain suggest the grouping
principle enables the plausible learning of movement sequences and aids the perception of objects as
wholes and their corresponding parts.
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Figure 6: Application avenues of HCM on fMRI data. a) Example chunks of brain functional
activation regions. b) HCM learns hierarchical functional network with bigger chunks emerging from
its constituents. ¢) Chunk activation patterns responding to scene content d) Distinct response of
retrieved chunks to tagged scenes. e) Average chunk size across age groups.

7 Learning Hierarchies of Brain Activation from Resting-state fMRI data

HCM learns hierarchies from structured sequential data. As brain activation has been suggested to be
hierarchically structured [34], we demonstrate HCM’s usefulness to learn structures in biological
neural networks activating in response to complex stimuli by running HCM on a resting-state fMRI
data set.

We used a developmental data set provided by the nilearn package with BSD License [35] and
originally collected by [36] with its corresponding IRB approval. This data set contains the resting-
state BOLD activity of 155 participants ranging from age 3 to 40, while watching the silent movie
“Partly Cloudy”. BOLD signal was extracted from functional brain regions defined by the MSDL
Atlas [37], with confounds excluded and transformed into a rounded, normalized time series.

HCM’s Chunks Reflect Structural, Functional and Anatomical Connectivity Figure 6 shows
three typical examples of learned chunks for a randomly-chosen participant. The labels of functional
regions come from the MSDL atlas [37]. The first example is the co-activation of D ACC and R A Ins.
These two regions have been observed to co-activate in the presence of emotions, pain, and humor.
They have been suggested to be a key hub of the salience network [38—41]. The second example
chunk contains the activation of R DLPFC and R Front Pole. These regions belong to the visual
attention network and are known to be anatomically connected [42-44]. A final example is the chunk
of L Ins and Cing, which are also known to be anatomically and functionally connected [45]. Thus,
the chunks discovered by HCM correspond to empirically-verified patterns of functional activity.

HCM'’s Chunks Recover Hierarchical Activation Patterns In fMRI data, hierarchies of chunk
activation constructed by HCM reflect networks of functional regions. On the top of the hierarchy,
the largest chunk contained L. DLPFC, D ACC, R A Ins, Cing, and L Ant IPS (Figure 6b). Those
regions are known to co-activate during cognitive tasks that demand attention, working memory, and
control [41]. Chunks in the intermediate levels of the hierarchy reflect sub-networks of functional
connectivity. Sub-chunks such as D ACC, R A Ins, L Ant IPS, and L DLPFC have been suggested to
conjointly activate in cognitive effort-related activities [41]. Atomic chunks in the hierarchy such
as D ACC and L Ant IPS activate individually sometimes without their parent chunks. Indeed, they
have distinct functional signatures for affect processing [46, 47], and visual attention control [48].
Upon exposure to a time series in fMRI data, HCM constructs chunks from their constituents and
arrives at a hierarchy of chunk relations, indicating nested network structures in the human brain.



HCM'’s Chunks can be Matched with Stimulus Onsets The retrieved chunks by HCM can be
tagged with critical stimulus onsets. We tagged 19 critical moments involving social and emotional
content in the movie. Figure 6¢ shows one example chunk activation upon stimulus onsets. Frontal
DMN, right frontal pole, ventral anterior cingulate cortex, and right anterior insula activate together
as a recurring unit after participants witness a scene with characters greeting and hugging each other.
These regions have been suggested to be involved in social and cognitive processing [49]. Another
example is the activation of areas known to be involved in emotion and language processing: D ACC
and Broca [50], during a scene containing social interactions. In the meantime, the left and right
prefrontal cortex, involved in theory-of-mind [36], also lights up.

We categorized the tagged moments into 3 groups of different emotional load: sadness, anger, and
compassion. We then looked at the activation probability of retrieved chunks within the 6 seconds
after watching those tagged scenes. Figure 6d shows a list of such chunks from one participant with
their activation probability for each emotional category. For example, the left and right insula, known
to be involved in affective processing [51], have a 0.4 activation probability after witnessing scenes
of sadness or anger, but no activation after witnessing scenes of compassion. The same holds for R
DLPFC and R Par that have been documented to activate in response to emotional conflict [52]. On
the other hand, regions such as R TPJ and R pars opercularis that are involved in emotional reactions
and theory of mind processes [53], activate in response to a scene of compassion or anger, but not
to a scene of sadness. Thus, chunks of active brain regions can be related to complex stimuli, and
regions activate selectively in response to one or more categories of emotional stimuli, but not others.

HCM’s Average Chunk size Correlates with Participants’ Age HCM can also be used to perform
meaningful analyses at the population level. Specifically, we find that HCM’s returned average chunk
size per participant correlates significantly with age (Figure 6e). The older the participants are, the
longer are the chunks found in their data (r = 0.23, p < 0.001). This discovery is in line with
findings in the original study, which showed an increase in modularization of ToM and pain circuits
across development [36].

To summarize, we applied HCM to learn chunks from a developmental fMRI data set. HCM enabled
the discovery of spatially and temporally correlated activation chunks that are theoretically and
empirically meaningful. The resulting chunks can be linked to complex stimuli and offer directly
interpretable insights into the structure and function of brain activity.

8 Related Work

HCM extends upon decades of previous cognitive science and psychology research on chunking. In
cognitive science, process models such as PARSER and competitive chunking were demonstrated
to generate qualitatively similar chunks as in human sequence learning [54, 55]. HCM is a rational
algorithm that learns the underlying chunks when the sequence is generated from a hierarchical
chunking graph. Therefore, the chunking criterion is no longer a heuristic but a rational learning strat-
egy that enables hierarchical structural discovery. On top of inheriting the merits of its predecessors,
HCM generalizes the chunk learning principle to higher dimensional sequential domains such as
visual-temporal sequential data.

HCM relates to several other lines of research. One is program induction. In program induction,
explicit representations are acquired by searching for programmatic structures that best explain
observational samples [22], and consolidating these offline with library learning [56]. However,
domain expert knowledge is needed to specify the primitive programs; the relations and composition
rules must adapt to the task settings and sensitively influences the quality of retrieved representations.
Other approaches to structure learning include unsupervised parsing [57], which learns a stochastic
and-or graph from sequential data. HCM is distinct in adapting its representation granularity to
discover bigger chunks from data without pre-specifying the structure.

Another category of models to learn from sequential data are traditional sequence learning models
including Hidden Markov Models (HMM), n-gram models and their variants to capture multi-scale
sequential structure such as Hidden semi-Markov model [58] and hierarchical HMM [59]. The
parameters of these models proliferate exponentially as a function of chunk length, implying memory
inefficiency. Additionally, these models demand a structure specification before fitting parameters
to the data. They also lack the adaptive recombination and reuse of pre-existing components. The



same issue is with neural network approaches to extract chunks from sequences [60-62]. Apart
from lacking in interpretability, these models do not leverage the concatenation process observed in
humans or reusing previously learned representations to construct new representations.

The principle of iterative merging of chunks has been used in compression algorithms, such as tok-
enizing methods in NLP, which were developed to optimize sequential data compression. Tokenizing
methods such as Byte-Pair Encoding [63] iteratively merges the most frequent pairs of chunks to
build a vocabulary of a text corpus. This objective is easy to compute but gives rise to ambiguous
parses of the text (e.g. [AB, C]/ [A, BC]). To minimize parse ambiguity, WordPiece [64] merges
chunks that increase the likelihood of the corpus the most. However, the objective of WordPiece is
expensive to compute. HCM circumvents the problem of computing the global sequence likelihood
by instead maximizing the local chunk continuation likelihood. The computational efficiency of
HCM makes it a plausible cognitive model of chunking as well as a promising method for NLP.

Probabilistic context-free grammars (PCFGs) are related to HCM in that they use trees as a represen-
tational form of sequences. The parse trees of PCFGs denote production rules, such as S — NP + VP.
These production rules define how abstract syntactic units (non-terminals), such as a noun phrase and
a verb phrase, are instantiated into a concrete string of words (terminals) to compose a sentence, such
as ‘we wrote the paper’. In comparison, the generative tree of HCM denotes statistical relationships
among concrete chunks, such as ‘we’-‘wrote’-’the paper’. Extending HCM to represent abstraction is
an exciting future direction, on which avenue the comparison to PCFGs will be instructive.

9 Discussion

Our work has its limitations. Currently, we fix the memory decay and the deletion threshold parame-
ters to a priori plausible values. In future work, these parameters could be adapted online based on
environment volatility. Another limitation is its scalability: at the moment, HCM learns represen-
tations from semi-high dimensional sequential data (i.e., currently between 1 to 625 dimensions).
We are actively looking into generalizing this algorithm to higher dimensional data domains by
combining it with existing neural network approaches or computer vision algorithms such as coherent
point drift [65] or normalized cuts [66] to allow for the learning of ambiguous and high dimensional
chunk exemplars. It is also possible to combine HCM with the compressed representation, such as the
hidden activity of an auto-encoder to process and learn the structure from downstream representation.
In this work, HCM learns one type of hierarchy of compound representations. However, we can show
that HCM can be generalized to not only learn simple chunks but also chunks in projected spaces and
thereby generalize between two chunks that contain the same motif (for example, “12221212” and
“34443434”; see SI for detailed results). In the future, it might be worthwhile to further combine our
approach with others amongst a taxonomy of representational hierarchies.

HCM also opens up other application directions. One direction is integrating HCM with deep neural
network approaches as an interface between human understanding and distributed computation.
Learning hierarchies of coherent activations from intermediate hidden units has the potential to reveal
neural networks’ underlying computation structure. Furthermore, it is also possible to equip HCM
with additional top-down encoded representations, for example, by pre-training on other sequences
or by adjusting the chunks by hand before the training starts. Another direction in neuroscience
or behavioral research is to learn chunks of tagged animal movements that enable insights into the
emergence of behavioral structure [67]. Finally, finding patterns that form as a cognitive unit is a vital
task for infants to learn about the structures of the world and resembles the process of formulating
a scientific theory from observation [68]. HCM can function as one means to come up with world
models by observation, ready for experimental interventions or active learning to delineate the causal
structure within [69].

10 Conclusion

We have proposed a hierarchical chunking model (HCM) that learns chunks from non-iid sequential
data with a hierarchical structure. HCM starts out learning an atomic set of chunks to explain the
sequence and gradually combines them into increasingly larger and more complex chunks. The
output of the model is a dynamical graph that is a trace of the evolving representation. The resulting
representations are easy to interpret, and flexibly reusable.

10
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A Definitions

An observational sequence is made up of discrete, integer valued, size-one elementary observational
unit coming from an atomic alphabet set A, where 0 represents the empty observational unit.

One example of such an observational sequence S is:
010021002112000...

The atomic alphabet set is Ag = {0, 1, 2}. The elementary observation units are ‘0, ‘1°, and ‘2.

Definition 1 (Chunk)

A chunk is made from any combinations of non-empty observational units Ay \ {0}.

Examples of chunks from the observational sequence can be ‘1°, 21°, ‘211°, ‘12’, 2112’, ... etc. 0
represents an empty observation in the sequence.

Definition 2 (Belief Set)
| A belief set is the set of chunks that HCM uses to parse sequences, denoted as B.

An example belief set that HCM has learned to parse sequence S can be: B =
{0,1,21,211,12,2112}.

*
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Definition 3 (Parsing)

Chunks are being parsed from the beginning of the sequence. At each parsing step, the biggest chunk
in the belief set that matches the upcoming sequence is chosen to explain the observation. The end of
the previous parse initiates the next parse.

Using the belief set {0, 1,21, 211, 12,2112} to parse the sequence S results in the following partition.
010021002112000.

Definition 4 (Completeness)

We say that a belief set is complete if at any point when the model parses the sequence, the upcoming
observations can be explained by at least one chunk in the belief set.

In this work, we only refer to complete belief sets.
Definition 5 (Parsing Length Np)
A parsing length Ny of a sequence is the length of resulting sequence after being parsed by chunks in

Definition 6 (Ng(c))

Ng(c) denotes number of times chunk c in the belief set B appears in the parsed sequence.

Ng(c) for all of the chunks c on a belief set B sums to the parsing length: Ng = 3 5 Ng(c)
Definition 7 (N (z — y))

The number of times chunk x is being parsed following chunk y. x and y are both chunks in the
belief set B.

For any chunk z within any belief set B, Ng () has the following relation with Ng(z — y):

Ng(z) = Np(z — ) (1)

yEB

When the length of the sequence becomes infinite, it is easier to work with probabilities instead of
counting the number of chunk occurrences.

Definition 8 (Probability space of a belief set)

With a belief set B, one can define a associated probability space (Sg, Fg, Pp). Sp is the sample
space representing all of the possible outcomes of a chunk parse. An event space F is the space for
all possible sets of events. F contains all the subsets of Sp. Additionally, the probability function
P4, : Fg — R is defined on the event space Sg. The probability function P4, satisfies the basic
axioms of probability:

* P4, (F) > 0VE € F. For any subset in the event space, the probability of an observation
being in the subset is positive.

* M,N € F,and MNN =E, then P(MUN) = P(M)+ P(N). For two non-intersecting
subsets in the event space, the probability of observing any element that falls within the
union of the two subsets is the sum of the probability of observing any event within one
subset and the probability of observing any event from the other subset.

* P(S) = 1. The probability of observing any event that belongs to the sample space is one.

In the limiting case when the sequence becomes infinitely long, we formulate the probability of
parsing chunk c € B.

Po(c) = lim NEL©) @)

Np—o0 NB

A learning model keeps track of the occurrence probability associated with each chunk in the belief set.
For a current belief set, the model assumes that the chunks within the belief set occurs independently.



The probability of observing a sequence of chunks ¢y, ¢a, ....cy can be denoted as P(cq, ca, ....CN).
The joint probability of observing any chunk in the generative process is:

P(Cl762,....CN) = H P[Bd(ci) (3)
c;i€Bq
Chunks as observation units serve as independent factors that disentangle observations in the sequence.

Definition 9 (Marginal Parsing Frequency M ;)

A vector that stores the number of parses for each chunk c in the belief set B.

M, is a vector with size |B].

Definition 10 (Transition Frequency Tg)

The set of transition frequency from any chunk ¢; € By toc; € By

Definition 11 (Chunk Hierarchy Graph Gg)

The relation between chunks and their constructive components in the generative model is described
by a chunk hierarchy graph G, with vertex set V,,, and edge set E . In this hierarchical generative
model, d is the depth of the graph and A is the set of chunks used as atomic units to construct the
sequence. Each vertex in V), is a chunk, and edges connect the parent chunk vertices to their child
chunk vertices.

B Independence Test as a Chunking Criterion

Combining any two chunks ¢y, and cp in the current belief set by ranking their joint occurrence
probability may result in combining independently occurring chunks together. To distinguish this
scenario of taking precedence over correlated and yet lower probability chunk pairs, we use Pearson’s
chi-square statistic for evaluating statistical independence to assess if the consecutive parses of ¢;
and ¢, observed in T are independent. We use a y2-test of independence to assess the correlation of
consecutive occurrences of ¢y, followed by cr in B. Let ¢, be an indicator variable that is 1 when
chunk ¢; is parsed and 0 otherwise, similarly we formulate cg as another indicator variable of parsing
the chunk c,.. Observations of ¢y, and cg in parses are categorical variables and can be represented
as rows and columns of a contingency table. The number of observations that c;, = 1 or any other
observations (c;, = 0) consists of the row entries, indicating observations of cy,, while the number of
observations cg = 1 and cg = 0 make up the column entries. The table, therefore, consists of two
rows and two columns.

The null hypothesis is the statistical independence of consecutive observations. Given the in-
dependence hypothesis, the expected frequency for observing ¢; followed by ¢, is Flcy,cr] =
Np(cr)p(cr), with N being the total number of parses.

v=3 ¥ (O(cr,cr) — Elcr, crl)?

cr={0,1} cr={0,1} E[CL’ CR]

“)

Z Z N(p(er,cr) — pler)p(cr))?

1 ={0,1} cr={0,1} ples)p(er)

The degree of freedom for this test is 1. A x2 value of less than or equal to 0.05 is used as a criterion
for rejecting the null hypothesis of independence.

B.1 Independence Test as a Halting Criterion

In the rational version of the chunking algorithm, the independence test is also employed to evaluate
the strength of statistical correlation between chunks in the current belief set as a criterion to continue




or to halt the chunking process. In this case, the contingency table contains rows and columns
corresponding to all possible chunks in the current belief set, and the y2-statistic is calculated as:

(O(er, cr) cr,c p(er, ¢ c cr))?
X_ZZ (LR Elcr,cg))? _NZZ LR — p(cr)p(cr)) )

crLEBcrEB CL CR] crLEBcrEB )p(CR)

The degrees of freedom are (|B| — 1)2, and a p-value of 0.05 is used as a criterion to reject the null
hypothesis and thereby used as an evidence to continue the chunking process.

We chose 0.05 as a decision criterion for rejecting the null hypothesis of two consecutively occurring
chunks to be independent to be consistent with standard conventions in statistics. However, in
applications, the strictness of parameters can be adapted to task domains. For example, for medical
data, you might want to have only a few chunks and should, therefore, set alpha to be conservatively
low. However, when using chunks for predictions in downstream tasks, you might want to have more
of them, and should, therefore, set alpha to be liberally high.

C Rational Chunking Algorithm

Algorithm 1: Rational Chunking Algorithm

input :Seq, maxlter

Olltpllt :Bd, Qd, Td, Md

d <+ 0 iter < 0;

B4, My, Ty = getSingleElementSets(Seq); /* minimally complete atomic set */
while /Test(My, Ty) and iter < maxiter do

M, Ty = Parse(Seq, By);

cr,cr < None;

MaxChunk, MaxChunkP < None;

PreCk = {};

for (ci, ;) € B4\{0} x B4\{0} do

Py(ci ® ¢j) = CalculateJoint(Mg, Ty, ¢;, ¢;);

) N Palcidey)
Pay1(ci ®¢)) = =pcaery

if Pyi1(c; ® ¢j) > MaxChunkP and ¢; ® ¢; ¢ PreCk and !Test(c;, c;) then
CL < Ci, CR < Cj;
MaxChunkP < Pgii(c; ® ¢j);
MaxChunk <+ ¢; @ c;

end

end
c < cr, D cCR;
Bd+1 +— By Uc;

Gasr1 —AugmentGraph(Gy, (¢, ), (cr, ¢));
PreCk.add(c);

end

D Online HCM and Generalization to Visual-Temporal Sequences

Online HCM learns a chunk hierarchy graph G from visual-temporal sequences. The chunk hierarchy
graph G can be initialized as an empty graph or a pre-trained chunk hierarchy graph. M retains
the frequency of each chunk in the belief set B and T’ retains the transition frequencies of visual-
temporally adjacent chunks sorted by temporal lags. Temporal lag is the time difference between
the end of the previous chunk and start of the next chunk. The pseudocode for the Visual-Temporal
HCM is shown in Algorithm 2.

At each parsing step, online HCM does the following:

1. Identifies the chunks biggest in volume that explain observation from the time point when
the last chunk ended to the current time point, and store them in the set of current chunks.



2. Identifies the currently ending chunks and their adjacent previous chunks and updates their
marginal and transition counts.

3. Modifies the set of chunks used to parse the sequence based on their adjacency.

4. Entries in M and T are subject to memory decay at the rate of 6. If any entry goes below
the deletion threshold DT, their corresponding entries in M, T', B and G are deleted.

If two parsed visual-temporally adjacent chunks violates the independence testing criterion and they
are within the proximity of each other under a padding threshold, they are grouped together into
a new chunk. The constituent parts of a chunk remains in the belief set, with the count frequency
subtracted by the estimation of the joint occurrence frequency.

Algorithm 2: Online HCM

input :Seq, Q, 60, DT
output :G
M,T « G.M,G.T;
PreviousChunkBoundaryRecord « [J; /* Record Chunk Endings */
ChunkTerminationTime.setall(-1);
while Sequence not over do
CurrentChunks, ChunkTerminationTime =
IdentifyTheLatestChunks(ChunkTerminationTime);
ObservationToExplain < refactor(Seq, ChunkTerminationTime);
for Chunk in CurrentChunks do
for CandidateAdjacentChunk in PreviousChunkBoundaryRecord do
if CheckAdjacency(Chunk, CandidateAdjacentChunk) then
M, T,B,G « LearnChunking(Chunk, CandidateAdjacentChunk. M, T, B, G);
end
end
ChunkTerminationTime.update(CurrentChunks)
end
PreviousChunkBoundaryRecord.add(CurrentChunks);

Forgetting(M , T, B, é , 0, DT, PreviousChunkBoundaryRecord);

end

To process and update chunks online, HCM iterates through the visual temporal sequence, identifies
chunks, marks the termination time corresponding to each visual dimension and stores them in
ChunkTerminationTime. As multiple visual temporal chunks can be identified to occur simultaneously,
CurrentChunks stores the identified chunks that have not reached their ending points.

Once one or more chunks are identified to be ending at a time point, they are stored inside Previ-
ousChunkBoundaryRecord and their finishing time is updated for each visual pixel in ChunkTermina-
tionTime. Corresponding entries in M are updated. The chunks that finishes after the start of the
current chunk is checked with each current chunk on whether there is a visual temporal adjacency in
addition to a violation of the independence test.

If a pair of adjacent chunks c;, and cp violate the independence testing criterion, they are combined
into one chunk c;, @ cr. A new entry is created in M with the joint occurrence frequency for
cr, @ cg, this occurrence frequency is subtracted from the marginal record of ¢y, and cr. Additionally,
other combinations that result in the same chunk will accumulate toward the count of c¢;, @ cr. The
constituents’ transition entries are set to 0. As a new chunk, ¢y, @ cg inherits the adjacency entries of
cr, and the marginal frequencies for c;, and cp are each subtracted by 1.

E Proof of Recoverability

As the belief set B keeps changing when one modifies the chunks in a sequence, so does the parsing
length Np and the probability associated with the belief set P4,. This translates to a change of N
and a set of constraints on the probabilities defined on the augmented support set. We approach this
problem in the following steps:



* Formulate the definition of probabilities based on V.
* Identify all relevant changes of N before and after the chunk update.

* Translate this change of IV to the constraints on probability updates.

We derive the relation between the probabilities when two chunks ¢y, and cgp € A, are concatenated
together to form a new chunk ¢y, @ cr and update the alphabet to Ay ;.

E.0.1 Summary N

Going from Ay to Agy1, ¢, and cg are both chunks in A, and merged together as a new chunk to
augment A 4. The chunks in A, can be divided into three groups, ¢y, cg, and Ag \ {cr,cr}. The
relation between Ny and Ny is:

Nay1 = [ Z Na(c)

ceEAd—cp—cr

+ Nat1(cr) + Nati1(cr) + Nat1(cL © cr) (6)

Additionally, Ngyi1(cr) = Na(cr) — Na(er — ¢r), Nat1(cr) = Na(cr) — Nalcr — cgr).
Chunking reduces the number of times sub-chunks are being parsed when sub-chunks occur right
after each other by twofold.

Ny = Z Ny(e) = [ Z Nd(C)] + Na(er) + Na(cr) 7

cEhy c€Ag—cr—cr

Comparing the above two equations we arrive at
Ny(er) + Na(cr) = Nayi(cr) + Nagi(cr) + 2Naq1(cr, & cr)

We know that Ny(c, — cgr) = Nat1(cr @ cr) and therefore: Nyy1(cr) + Nat1(cr) = Na(er) +
Ny(cr) — 2N4(cr, — cgr). The relation between the parsing counts N, and N1 when switching
from the alphabet set A; to A4y by chunking ¢y, and cg in A, together is:

> Nalo)

cEAg—cL—cRr

Nay1 = Ng— Ny(er — cr) )

Nay1 = + Ny(cr) + Na(cr) — Nalcr — cr) (®

E.0.2 Marginal N

To proceed into formulating the joint probability given a particular belief space, we need to formulate
how the count of N (¢) for a chunk changes when the belief space when switching from Ay to Agy1,
with the same division as before.

Of course, the count function should be fixed. However, the probability function associated with the
chunks will change based on the update of the belief set. We use the update of the count function to
find the relation between the probability updates.

For all z in Ay — {cp,cr,cL ® cr}: Nay1(z) = Ng(x), Nat1(cr) = Na(cr) — Na(c, — cgr),
Nd+1(CL) = Nd(CL) — Nd(CL — CR), and Nd+1(CL D CR) = Nd(CL — CR).

E.1 Probability Density Switch when A ; expands to A 4

The constraint is: the number of counts /V for all chunks defined for the support set A; must remain
the same for the support set A1, so that the definition of Py, for all relevant chunks within A,
remains the same when A, expands to Ag ;.

Na(c)
Ng °

The probability of a chunk occurring in the alphabet set A is defined as: Py, (¢) = limpy, 00
Because N,y and Ny are only a constant away, both go to infinity if one of them does, so there is a
relation between the definition of probability Py, (c) and P, , (c). For any chunk 2 in A4 that is not

. N, T . Ng(z
cr, and cg, Nay1(x) = Na(2), Pa,,, (¥) =limy, ;o0 }”V*T() = limy, e WM



That is, the probability of a chunk of this category at d and d+1 satisfies this relationship that

o limy, oo Na
PAd,+1 (:L‘) - PAd (ZE) limNul_Hﬁoo Ng—Ng(cL—cr) "

; . — 7 Nati(er) _ Na(er)
For Cr, and Cr 1IN Ad+1. PAd+1 (CL) = llmNd+1_>OO Tﬂ’ PAd(CL) = thdJrl_ﬂX} N,
1 Nati(cr) _ Na(cr)
Py, (cr) =limy,, oo Noer Pa,(cr) = limy, o0 =54
. - s Ng(cp)—Nag(cLber
Since Ngy1(cr) = Nay(cr) — Naler @ cr), Pag,,(cL) = limy, oo %’

_ 1 Na(cr)=Na(er—cr) T Na(cr)=Na(cL—cr)
PA.1+1 (CL) - thd—wO Ng—Ng(cL—cr) PAd+1 (CR) = thd—>OO Na—Ng(cL—cRr)

: T Nayi1(cL®cr) T Ng(cL—cr)
Finally, Py, (cz @ cgr) = limp,,, 00 S FTER Py, (e, ®cr) =limpy, 00 B
. . Py (CL®CR)Nd
Since Ny(cr, — cr) = Nat1(cr @ cr), we have Py, (cp @ cr) = limpy, o0 dNT

For summary probabilities: Nyi1 = Ng — Ny(cr, @ cr) = Ny — NaPy(cr, & cgr), and N]‘\if—:l =

1-— Pd(CL D CR).

E.1.1 Marginal Probabilities

The next level marginal probability follows the constraints when the support set changes from A, to
. P P, —Pa(cL® P, —Pa(cL®
Agr1: Pipa(x) = W%CR)’ Piii1(cr) = %’ Pariler) = %’

Py(c J

E.2 Hierarchical Generative Model

At the beginning of the generative process, the atomic alphabet set A is specified. Another param-
eter, d, specifies the number of additional chunks that are created in the process of generating the
hierarchical chunks. Starting from the alphabet A, with initialized elementary chunks ¢; from the
alphabet, the probability associated with each chunk ¢; in Ay needs to satisfy the following criterion:

> Pag(e;) =1 (10)
c;i€Ao
Meanwhile, P(c;) > 0, Ve; € Ao.
We assume that at each step the marginal and transitional probability of the previous steps are
known. The next chunk is chosen as the combined chunks with the biggest probability. The order

of construction in the generative model follows the rule that the combined chunk with the biggest
probability on the support set of pre-existing chunk sets is chosen to be added to the set of chunks.

c, ®cp= argmax Py,(cp ®cr) (11)
CL,CREAd\{O}

Under the constraint that:

Py, (cr)Pu,(cr) < Py, (cr @ cr) <min{Py,(cr), Pa,(cr)} (12)
This can be calculated from the transitional and marginal probability of the previous step.
c, ®cp= argmax Py, (cp ®cr)= argmax Pa,(cp)Pa,(crlcr) (13)
cr,crEA\{0} cr,crEA\{0}

In practice, after the chunks are specified in A4, the probability value associated with chunks in Ag
are sampled from a flat Dirichlet distribution, which is then sorted so that the smaller sized chunks
contain more of the probability mass and the null-chunk carries the biggest probability mass. Then,
the above constraint is checked for the assigned probability on each of the newly generated chunk
with their associated alphabet set A;. This process repeats until the probability drawn satisfies the
condition for every newly created chunk.

At first, the set of chunks are A, which is assigned each as an integer. Then d additional recombination
processes are carried out. In each process, two chunks are randomly chosen from the pre-existent
alphabet set to recombine into a new chunk, until d additional chunks are being created to augment
the set of chunks from Ay to A;. The Dirichlet distribution is randomly generated in an unsorted
fashion, and then the biggest probability mass is assigned to 0. Constraints are checked recursively.



Theorem 1 (Marginal Probability Space Conservation). After the addition of cq; ® cq,; and the
change of probability, P4, is still a valid probability distribution.

Proof:
> Paylcar) = > Py, (ca-1,6)+
can€Aq Ca €A1 —Cado1.i—Cd—1.;
+ Ppy_y(ca—1) — Pay_ (ca—1,jlca—1,:)Puy_, (ca—1) (14)
+ Ppy_ i (ca—1,j) + Pa,_(ca—1,5lca—1,i) Pry i (Ca—1,)
=1

O

Theorem 2 (Measure Space Preservation). Given that at the end of the generative process with depth
d one ends up having an alphabet set Ay, the probability space defined on A;, which includes the
marginal and joint probability of any chunk and combinations of chunks in A;, i = 0,1,2,...d,
which are predecessor alphabet sets of Ay, all values in the set My and T4 remain the same no
matter how the future support set changes according to the generative model.

Proof: By induction.

* Base case: starting from the initialized alphabet set A, the probability of Pa,(c),c € Ao,
and the probability of P4, (zy),x,y € Ay, for all valid c, X, y, when the alphabet is A;.
Going from A to A1, Ny(c), No and No(z — y) does not change, therefore P4, (c) and
Py, (z — y) at the alphabet A; is the same as that when the alphabet is A.

* Induction Step: starting from the initialized alphabet set A4, the probability of P4, (c),c €
A4, and the probability of Py, (zy), z,y € Ay, for all valid c, x, y, when the alphabet is
Ag11. Going from Ay to Agi1, Ng(c), Ng and Ng(z — y) does not change, therefore
Pa,(c) and Ps,(xz — y) at the alphabet A ;1 is the same as that when the alphabet is Ad.

O

Theorem 3. The order of Pa,(xy),z,y € A; foranyi=0,1,2,...d at any previous belief space is
preserved throughout the update.

Proof: At the end of the generative process with depth d, one ends up having such an alphabet set:
A 4. The probability space defined on A;, which includes the marginal and joint probability of any
chunk and combinations of chunks in A;, ¢ = 0,1,2,...d is preserved, hence the order is preserved.

O

The generative process can be described by a graph update path. The specification of the initial set of
atomic chunks A corresponds to an initial graph G, with the atomic chunks as its vertices. At the i-th
iteration, as the generative graph goes from G,, to graph Gy, |, two none zero chunks cr,, cg chosen
from the pre-existent set of chunks A; and are concatenated into a new chunk ¢y, & cg, augmenting
A; by one to A; ;. The vertex set also increments from Vj, to Va, +1 = Va, Ucr @ cg. Moreover,
two directed edges connecting the parental chunks to the newly-created chunk are added to the set of
edges: B, to Ey, = Ey, U (cp,cr @ cr) U (cr,cr, ® cr). The series of graphs created during the
chunk construction process going from Gy, to the final graph G, , with d constructed chunks can be
denoted as a graph generating path P(Ga,,Ga,) = (Gay>Ga,> Gags - Gay)-

E.3 Learning the Hierarchy

The rational chunking model is initialized with one minimally complete belief set, the learning
algorithm ranks the joint probability of every possible new chunk concatenated by its pre-existing
belief set, and picks the one with the maximal occurrence joint probability on the basis of the current
set of chunks as the next new chunk to enlarge the belief set. With the one-step agglomerated belief
set, the learning model parses the sequence again. This process repeats until the chunks in the belief
set pass the independence testing criterion.

Theorem 4 (Learning Guarantees on the Hierarchical Generative Model). As N — oo, the chunk
construction graph learned by the model G is the same as the chunk construction graph of the
generative model: G = G, which entails that they have the same vertex set: V.= Vg and the same



edge set: E= Eg. Additionally, the belief set learned by the chunk learning model By = A4, and
the marginal probability evaluated on the learned belief set My, associated with each chunk is the
same as the marginal probability imposed by the generative model on the generative belief set M ,.

Proof: Given that all of the empirical estimates are the same as the true probabilities defined by the
generative model, we prove that starting with By, the learning algorithm will learn Bp = Ap. Ap is
the belief set imposed by the generative model. We approach this proof by induction.

Base Step: As the chunk learner acquires a minimal set of atomic chunks that can be used to explain
the sequence at first, the set of elementary atomic chunks learned by the model is the same as the
elementary alphabet imposed by the generative model, i.e. By = A. Hence, the root of the graph,

which contains the nodes without their parents, is the same, G = G, put differently, \70 =V

Additionally, the learning model approximates the probability of a specific atomic chunk as PAO (a;).
As n — oo, for all chunks c in the set of atomic elementary chunks in By, the empirical probability
evaluated on the support set is the same as the true probability assigned in the generative model with
the alphabet set Ag:

No(c)

Pg,(c) = lim

n—oo

= Py, (c) (15)

Induction hypothesis: Assume that the learned belief set B, at step d contains the same chunks as
the alphabet set A, in the generative model.

The HCM, by keeping track of the transition probability between any pairs of chunks, calculates
Py, (cilcj) forall ¢;, ¢; in B4. Afterwards, it finds the pair of chunks ¢;, ¢;, such that the chunk created
by combining ¢; and c¢; together contains the maximum joint probability violating the independence
test as candidate chunks to be combined together.

Pa,(ci®e;) = sup Pa,(ci)Ba,(cjle) (16)

ci,c; €EBg

We know that in the generative step the suprimum of the joint probability with the support set A is
being picked to form the next chunk in the representation graph, so each step of the process at step d
satisfies the condition that:

Py, (ci®cj) = sup  Py,(ci)Pa,(cilei) (17)

ci,cj€Ag

Since Py, (cjlc;) = Ps,(cjlei), Pa,(ci) = Pg,(ci), the chunks ¢; and ¢; chosen by the learning
model will be the same ones as those created in the generative model.

End step: The chunk learning process stops once an independence test has been passed, which
means that the sequence is better explained by the current set of chunks than any of the other possible
next-step chunk combinations. This is the case once the chunk learning algorithm has learned a belief

set B, that is the same as the generative alphabet set A ;. At this point G = G O

F Experiment Detail

F.1 Chunk Recovery and Convergence

To test the model’s learning behavior on this type of sequential data, random graphs of chunk
hierarchies with an associated occurrence probability for each chunk are specified by the hierarchical
generative process. To do so, an initial set of specified atomic chunks A and a pre-specified level
of depth (new chunks) d is used to initiate the generation of a random hierarchical generative graph
G. In total, there are |Ag| + d number of chunks in the generative alphabet A, with chunk ¢ having
an occurrence probability of Py (c) on the sample space A. Once a hierarchical generative model
is specified, it is then used to produce training sequences with varying length N to test the chunk
recovery.

To compare representation learned by the rational chunking model with the ground truth generative
model G, a discrete version of Kullback-Leibler divergence is used to evaluate learning performance:

KL(PQ) = 3 Pae)logs (549
ceA

) (18)



Py(c) is defined by the generative model. @Q(c) is the learned probability of chunk c¢. To evaluate
Qa(c), the learned representation is used to produce “imagined” sequences of length 1000. After
that, the occurrence probability of each chunk ¢ in A(c) is used to evaluate (), comparing the HCM’s
learned representation with the ground truth.

For comparison, we used the same sequence used for training HCM to train a 3-layer recurrent neural
network (one embedding layer with 40 hidden units, one LSTM layer with drop-out rate = 0.2, and
one fully connected layer, batch size = 5, sequence length = 3, epoch = 1, so that the data used for
training is the same as N) of the training sequence, and used it to generate predictive sequences with
of length 1000. The predicted sequence is parsed in the unit of the generative alphabet, producing
a discrete distribution on the same support set of the generative model. This distribution is used to
calculate KL. The rational chunking model is trained on the the sequence S with increasing sizes
(from 100 to 3000 with steps of 100) produced by the hierarchical generative graph. For each depth
d, 5 random chunk hierarchies with the same depth is randomly assigned. The sequence generated by
these random chunking graphs are then used to train both HCM and RNN.
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Figure 1: Learning Comparison Between HCM and RNN with Varying Graph Depth

F.2 Transfer Between Environments with Overlapping and Interfering Structure

After training on a sequence, HCM acquires an interpretable representation. Knowing what the model
has learned enables us to directly know what type of hierarchical environment would facilitate or
interfere with the learned representations.

More formally, two HCM models might have acquired different hierarchical chunking graphs G; and
G; from their past experience. These might lie on the graph construction path (Go, G1,Go, ..., Ga)-
The HCM with a chunk hierarchy graph ‘closer’ to the ground truth chunk G, on the path, takes fewer
iteration to arrive at G4. This also applies when the chunk hierarchies starting out are not along the
graph construction path but only showing partial overlap. In other words, if D(G;,Gq) < D(G;, Ga)
then representation learned by HMC with graph structure G; is more facilitative than that with graph
structure G;.

Similarly, the chunk hierarchy G; learned by an HCM might facilitate its performance in a new
environment where G; lies along the graph construction path to the true G, i.e. there is partial overlap
between the chunk hierarchies.

We took a graph with the trained representation and make it learn from sequences generated from
a transfer and interfering environment. In the mean time, we used naive models separately to
learn representations from the facilitative and interfering environment with an increasing sequence
length from 50 to 1000. For all of the training models, the forgetting rate is set to 0.996, with the
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deletion threshold being 0.01. An imaginative sequence with length 1000 is used to evaluate the
discrepancies between the non-naive learner, and the naive learner, with respect to the corresponding
facilitative/interfering environment.

Note that with the model that started out from a representation learned in an interfering environment,
it learns representation from the new environment as shown in figure 2, albeit slower than the naive
model.

v type

5 1.5 —— trained

o naive

S0

()

|

¥ 0.5 e —
200 400 600 800

N

Figure 2: The model started out from a representation learned in an interfering environment converges
in learning eventually, albeit slower than the naive model.

F.3 Visual Hierarchical Chunks

The visual hierarchical chunks are crafted as binary arrays. The dark pixels are encoded as 1 and
the background 0. Each image in the generative hierarchy is 25 dimensional (5 x 5) in the visual
domain and size 1 in the temporal domain. An empty array is included to denote no observation.
The alphabet A of the generative model include all 14 images in the generative hierarchy. In the
generative hierarchy, higher level chunks are a composition of the lower level chunks. The occurrence
probability for each generative visual chunk is drawn from a flat Dirichlet distribution with the empty
observation retaining the highest mass, to emulate the sparsity of observation signals.

K

1 —1
flzy, . zrson, . akx) = —Hzf“ (19)
Bla) i
K .
Where the beta function when expressed using gamma function is: B(a) = %, and a =

(a1, .., age ). The parameters (o, .., o) with K = |A| are all set to one.

To generate the training sequence, Py(c), c1,...,cx € A is assigned by the sampled distribution.
Each image c in the hierarchy are sampled independently with probability Py (c)and appended to the
end of the sequence. As a result, there are visual correlations in the sequence defined by the hierarchy,
but temporally, each image slice is sampled independently. In total, the sequence is made up of 2000
images.

We use online HCM to learn representation from visual-temporal sequences (forgetting rate =
0.996, deletion threshold = 0.01). HCM learn to construct representations from simple to complex
(representation snapshots are collect at ¢ = 10, ¢ = 100, and ¢ = 1000 respectively). Figure 3 shows
the construction images from simple to complex. Parent chunks are made from the concatenation of
their children chunks.

F.4 GIF Movement
Here, we take a GIF file of a squid jumping in the sea with bubbles rising in the background. The

entire animation is made up of 10 frames of 25 x 25 images. Each unique color of the GIF is
mapped to an integer, with the background having a value of 0. In this way, the animation sequence
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Figure 3: Construction of Hierarchy for Visual Chunks

becomes an integer array with size T' x H x W. T is the temporal dimension, H and W are the
respective spatial dimension of the sequence. In this way, the gif file is converted into a tensor with
size 10 x 25 x 25. The entire movement is repeated 100 times and trained on the online version of
HCM (forgetting rate = 0.996, deletion threshold = 0.01). Images are taking from the chunk learning
graph of HCM at the end of the training process.

F.5 Human Experiment

In the dataset from Wu et al. (2022), 47 participants are recruited from Amazon Mechanical Turk
for a sequence learning experiment. Specifically, they conduct a serial-reaction-time task. In this
task, participants are instructed to press the corresponding key on the keyboard upon observation
of consecutive sequential instructions. Participants are rewarded based on a combination of speed
and accuracy. Particularly, the training sequence is made up of sampling from the chunk [1,2,3]
and [4] independently without pauses in between. Participants chunking behavior inferred from the
reaction-time speed up is provided. If participants would be confident that some particular sequential
instructions will show up, then they will be more confident to predict within-chunk items compare to
between-chunk items and thereby speed up their reaction time.

The average chunk size across the training sequence is evaluated by averaging the size with a window
of 30 chunks. Longer chunks imply that the predictive horizon, i.e. how confident participants can
predict the upcoming sequential instructions, increases with practice.

To evaluate chunk learning of RNN on the same sequence, the probability estimate of each instruction
choice in RNN is compared with the human data by evaluating the predicted negative log probability
of the upcoming sequential instruction as a proxy of reaction time, since reaction time is often
modeled as the negative log of choice probability. This reaction time is then grouped into within and
between-chunk reaction time using mixtures of Gaussian classification method as in Wu et al. (2022).

We run online HCM on the same training sequence (forgetting rate = 0.90, deletion threshold = 0.1).
We recorded the sequence of chunks in addition to the probability of chunk activation as calculated

12



Model0 Modell Model2

Chunk Size

Time Time Time
Chunk Increase Rate

0.06

0.04 4

0.02 m F‘[—‘

0.00 T T I_h T T T

Human Model0 Model1 Model2 HCM PARSER
Figure 4. Comparison of chunk increase rate across three RNN models. ModelO is the architecture
used in the main paper.

from the marginal frequencies. The average chunk size evaluated on the chunk sequence is used as a
measure to compare with humans and RNNs. Additionally, the probability of within-chunk reaction
time is set to 1 — 4¢ with € = 0.05 denoting the probability of choosing instructions outside of the
predicted chunks.

F.5.1 Size of RNN

We compared the chunk size increase rate across three RNN models varying in size as in Figure
4. ModelO is the RNN that we used in the experiment, which has the dimension of 40 embedding
dimensions, and 3 layers, each with 40 LSTM units and a dropout rate of 0.2, followed by a fully
connected feed-forward layer.

Modell reduces the size of ModelO by half. Modell has 20 embedding dimensions, and 3 layers,
each with 20 LSTM units and the same dropout rate, followed by a fully connected feed-forward
layer.

Model2 is about two times the size of ModelO, with the same 40 embedding dimensions, and 5
layers LSTM neurons, each layer has 40 hidden units and a dropout rate of 0.2, followed by a fully
connected feed-forward layer.

In short, Modell is half of the size of Model0O, and Model2 is double the size of ModelO. Across all
three RNN architectures, the chunk size only increased very slowly with increasing sequence length.

F.6 fMRI dataset

The data comes from the brain development dataset (fMRI), including the measurement of 50 children
(ages 3 - 13) and 33 young adults (ages 18 - 39). The experiment measures the resting state activities
of subjects in the scanner, watching the PIXAR movie ‘Partly Cloudy’. The data is down sampled to
4mm resolution, with a repetition time (TR) of 2 secs. Each session translates to 168 TRs in total.
Signals of the fMRI BOLD activity are extracted using the MSDL labeled atlas of brain spontaneous
activity Varoquaux et al. (2011) that segments regions of the brain and defines a functional parcellation
of the brain’s localized regions. In this way, the brain activities of each participant are extracted into
a time series with 39 non-overlapping functional dimensions. Confounds from the original data file is
extracted from the signal. The preprocessing pipeline, including the transformation from 4D images
to 2D masked array, is obtained using the nilearn package offered by Abraham et al. (2014) heavily
based on scikit-learn Pedregosa et al. (2011).

Upon exposure to a time series, online HCM (forgetting rate = 1.0, deletion threshold = 0.1) constructs
chunks from their constituents and arrives at a nested hierarchy of chunk relations. The independent
chunk activation frequencies n within the hierarchy are identified upon another independent parse of
the sequence.
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In the movie, 19 scenes are tagged with their corresponding content. After running HCM on the data,
one can obtain the chunk activation information after every tagged scene for each participant.

The 19 scenes are then categorized into 5 coarse categories: anger, pain, social, compassion, and
sadness. The chunk activation probability is evaluated as the probability of one chunk being identified
within 3 TRs after a tagged scene happens. Thereby, one can arrive at the chunk activation probability
for each subject with the five tagged emotional categories.

F.6.1 More examples

Figure 5 shows more examples of scene-tagged brain chunk activities.

An additional example of hierarchical structure learned by HCM that describes the nested hierarchical
relationship between brain activation regions that are related to social and emotion recognition as
well as theory-of-mind circuits is shown in Figure 6.

Figure 7 shows the conditional probability of scene contents given the activation of size-2 chunks.
Brain functional regions such as 'D ACC’ and 'R A Ins’ show a multi-faceted prospect in reacting to
scenes with a diverse range of categories, whereas chunks such as ’Striate’ and 'R Par’ activate only
to the scene when it contained greetings and a hug.

Greetings, Hug Pain Conversation
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Figure 5: Additional Examples of Scene-Tagged Chunks of Brain Area Activation.




Figure 6: Additional example of hierarchical relationship between activation chunks of brain areas.
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Figure 7: Conditional probability chiink activation given scene content.

G Translating representation learned by HCM into nth order Markov Chain

Given an HCM that has learned a set of chunks B. The storage of this representation demands the
storage of |B| number of frequencies for each learned chunk entry, and the storage of the transition
probability in a matrix with size |B| x |B|.

Translating this HCM representation into an nth order Markov chain in the most parsimonious way
would demand the storage of each individual state specific to each chunk. Thereby, a Markov chain
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that contains the full information as in the chunks and transitions between chunks learned by HCM
requests the number of states n = ) __ |c[, where |c| denotes the size of each chunk. So this Markov
chain needs to store the probability of ) | g [c| number of states and a transition probability matrix
of > cglc] X > g lcl, which is a matrix much bigger than |B| x |B|.

With regard to chunk size, for a learned graph with hierarchy depth d, the worst case scenario of the
maximum chunk size will be 2¢. The upper bound of the maximum chunk size grows exponentially
with depth d. Therefore, the number of states for an equivalent Markov chain will be bounded by
IB| x 2¢.

H Memory Analysis

We analyze the memory demand to store each chunk in the case of optimal encoding, and provide
examples of why chunking is beneficial for encoding by formulating an Expected Unit of Explanatory
Power (EUEP) measure.

Given a set of chunks B, each chunk ¢ € B with size |¢|. The observational sequence S is tiled
by chunks. The minimal code length I(c;) assigned to each chunk ¢; € B to distinguish one from
another is bounded by the optimal code length — log, P(c;).

I(c;) = —logy P(c;) (20)

A chunk that occurs quite frequently contains a low information content, and correspond to a small
code length, hence it is easier for the agent to encode this chunk.

|ci]

The average length of sequence spent per bit of information to store a specific chunk c; is: e

The bigger this length per bit ratio is, the more efficient storage is optimized to encode a chunk ¢;
with occurrence probability P(c;).

We denote the expectation of this unit length per code across all possible chunks as Expected Unit
Explanatory Power (EUEP):

B . ‘C7| o . ¢
EUEP = CZE;BP(CZ)I(C"’) - ;BP(CZ) —log, P(ci) .

Note I(c;) denotes the information content for a specific event.

H.1 Example
Given the following sequence S
11122221112222

We compare two belief sets By = {111, 2222} with ¢; being 111 and ¢ being 2222 and the second
belief set B, = {1, 2} with ¢; and ¢, being the single atomic units in the sequence.

In the first case, S will be parsed by B, as ¢, o, ¢1, c2, whereas in the second case, the parsing by
B, will become ¢y, ¢1, 1, €2, ¢2, €2, €2, €1, C1, C1, C2, C2, C2, Ca.

For the first example: P(c1) = %, P(c2) = 3. Their corresponding information contents are:

I(c1) = —logy(P(c1)) = —logy(0.5) (22)
I(co) = —logy(P(c2)) = —log,(0.5) (23)
The expectation of unit length explaining this sequence per bit are:
] [111] |2222]
EUEP = i =0. —— 4+ 05X ——— =35 24
Z ple )I(ci) x —log,(0.5) 0o x —log,(0.5) @4

c; €By

For the second example:

The information content for each chunk is:
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I(c1) = —logy(P(c1)) = —log,(6/14) (25)
I(c2) = —logy(P(c2)) = —log,(8/14) (26)
The expectation of unit length explaining this sequence per bit are:

1
—log,(6/14)

2|
—log,(8/14)

|ci]

(ci)

EUEP =) p(c:) =6/14 x +8/14 x =1.05 (27)

ci€B2

~

From the above two examples, the first chunking method By with chunks {c; = 111, ¢c5 = 2222}
is more efficient compared to the second chunking method By with chunks {¢; = 1,¢o = 2}. It
explains 3.5 sequential units per bit of encoding compared to 1.05 sequential units per bit.

I Sensitivity Analysis

L1 Sensitivity to Noisy Observations

One interesting question is how sensitive is HCM’s learning performance to noisy observations. To
examine HCM’s sensitivity to noisy observations, we generate sequences from random hierarchical
generative graphs with an increasing level of depth (from 3 to 8), taking 5 sample graphs of each
level of depth. Each of the random graphs is used to generate training sequences increasing from
length 100 to 900.

To simulate noisy observations, we add an e probability of switching to an alternative atomic unit for
each unit in the sequence. That is, for each sequential element, there is a (1 — €) probability that the
element stays the same, and a € probability of flipping to any other atomic unit with equal probability.
We took an exponentially increasing level of e ranging from 0 to 0.1, and trained the rational HCM
algorithm on these noise-perturbed sequences.

Shown in Figure 8 is the learning performance with an increasing depth of the random generative
model. The learned representation is evaluated on the underlying ground truth in the generative
model. Learning converges in all cases. Thus, HCM’s performance is fairly robust to low levels of
noise.

1.2 Sensitivity to Phase Shift

Another question we investigated was the performance of the model in response to a phase shift of
the sequence, in other words, where the start of the sequence is. To investigate this question, we
generated random hierarchical chunking model with depth d = 5 of random hierarchical graphs.
For each generative model, we shifted the sequence rightwards n steps, ranging from 0O to 19, and
evaluated the learning performance with an increasing length of the sequence. In Figure 9, we plot
the sensitivity of of HCM’s learning convergence to phase shift. There was no systematic influence
of phase on learning performance.

J Comparison with PARSER

To position HCM better in relation to other models, we compared HCM’s fitting on human data with
the most related cognitive algorithm, PARSER.

Figure 10 shows the comparison of chunk size increase between HCM, RNN, PARSER and human
behavior. HCM and PARSER continue to learn and build up longer chunks as they go through
the sequence. Evaluating the average rate of chunk growth also showed that both PARSER and
HCM are more similar to participants’ than the RNNs. The negative log-probabilities of sequence
elements generated by the HCM, RNN and PARSER were both significantly related to human reaction
times (that reflect the certainty of their internal predictions). Yet the relationship was substantially
stronger between HCM (6 = 16.74, p < 0.001) and human participants than PARSER (3 = 11.070,
p < 0.001) compared to that of the RNN (8 = 9.24, p < 0.001).
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Figure 8: Learning Performance of HCM with an 1ncreas1ng level of noise-perturbed sequence.

K Learning Motifs

There are situations when there is an underlying structure governing seemingly disparate sequences,
for example, the sequences “12221212” and *“34443434”. We show a method to use HCM to learn
such underlying structure. We denote such structures as motifs, and formulate a projecting function
that maps a sequence from the observational space to some projected space, followed by illustrations
of examples showing how the motifs can be learned by HCM. Finally, we show an experiment
demonstrating HCM’s motif learning ability.

Definition 12 (Projecting Function f(S))
A projecting function f : O — P maps a sequence in observation space to a projected space.

The projection almost always maps from a higher dimensional space to a lower dimensional space
because the intention is to discover common, overlapping parts that are shared between disparate
sequences in the observation space.

Definition 13 (Motif)

A motif m is a chunk in the projected space, made up of concatenation of elements in the projected
space.

Definition 14 (Injection Function g(m) — ¢)

| An injection function maps from motifs back to chunks in observational space f : P — Q. |
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Figure 9: Learning performance of HCM with increasing phase shift steps.
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Figure 10: Model comparison for human SRT data.

K.1 Example

We here demonstrate an example of observational sequences with any underlying motif, and illustrate
why motif learning is useful for encoding or prediction. The projecting function, when applying to
sequences with an underlying motif, is used so that similar motifs between projected representations

can be clustered and identified as a whole.
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Let’s say the model has observed the following sequences: ABBAAABBB,CDDCCCDDD, and
EFFEEEFFF: The observation setis O = {A, B, C, D, E, F'}, which are the set of observations
that entail a chunk.

Now, the projecting function maps the first two distinct atomic sequential units separately as X and
Y,ie. f(A) > X, f(B)=Y,f(C)—= X, f(D)=Y,f(E)=> X, f(F)—>Y.

When this projection function is applied to every single chunk, then f(ABBAAABBDB),
f(CDDCCCDDD) and f(EFFEEEFFF) all map to the same sequence XYY XX XYYY in
the projected space. The probability of observing such sequence in the projected space sums up the
individual sequences in the observational space P(XYYXXXYYY) = P(ABBAAABBB) +
P(CDDCCCDDD)+ P(EFFEEEFFF).

K.2 Simulation Demonstration

We show a simulation to demonstrate that HCM learns motifs. In this experiment, HCM learns 40
trials of sequences. Each sequence is 12 units in length. There is an underlying structure in the motif
space that generates sequences of every trial. In each trial, the sequence is made up of letters sampled
from the set {R, B,G,T, P,Y}. Shown in Figure 11 as an example, sequences generated from a
projected motif space can be BBBGBGBGGGGB as the first trial, and RRRYRYRYYYYR as the
second trial, etc.

Trial 1: Trial 2: Trial 3:
BBBGBGBGGGGB RRRYRYRYYYYR TTTPTPTPPPPT
125 1.0+
10.0 E 0.8
S 7.5 2
- 5.0 § 0.6
' S
2.5 0.4
T T T T T T T T T T
0 10 20 30 40 0 10 20 30 40
n n

Figure 11: Learning projected motif chunks.

HCM learns from these sequences one after another. In each trial, the projecting function that maps
the first two distinct elements to X and Y is applied to the sequence. HCM gradually learns and
constructs motifs composed of X's and Y's in the projected space by constructing atomic units in
the motif space and combining motifs together to bigger motifs. This way, HCM learns a belief
set B of motifs. Each motif contains an estimated probability of occurrence, and thereby enables
the evaluation of sequence information content — log p calculated by the probability of motifs that
are used to parse a sequence, when the sequence is displayed to HCM. Smaller — log p implies less
information content in the sequence.

The left plot of Figure 11 shows the information content contained in every sequential trial. The right
plot of Figure 11 shows the imagination accuracy, which is the case that when HCM generates a
sequence with the same length, the percentage of agreement with the sequence with such underlying
motif. Both plots show convergence as the number of trials n increases. Within 40 trials of sequences,
HCM learns the underlying structure generating the sequence. Furthermore, given a novel sequence
such as TTT PTPTPPPPT, the observation of 7" and P as distinct entities enable HCM to predict
the entire sequence after observing the only the first 4 elements, even if this sequence has never
appeared before.

Code and data for the experiments are available with this link: https://github.com/swu32/HCM
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Whether itis listening to a piece of music, learning anew language, or solving a mathematical equation,
people often acquire abstract notions in the sense of motifs and variables —manifested in musical
themes, grammatical categories, or mathematical symbols. How do we create abstract
representations of sequences? Are these abstract representations useful for memory recall? In

addition to learning transition probabilities, chunking, and tracking ordinal positions, we propose that
humans also use abstractions to arrive at efficient representations of sequences. We propose and
study two abstraction categories: projectional motifs and variable motifs. Projectional motifs find a
common theme underlying distinct sequence instances. Variable motifs contain symbols representing
sequence entities that can change. In two sequence recall experiments, we train participants to
remember sequences with projectional and variable motifs, respectively, and examine whether motif
training benefits the recall of novel sequences sharing the same motif. Our result suggests that training
projectional and variables motifs improve transfer recall accuracy, relative to control groups. We show
that a model that chunks sequences in an abstract motif space may learn and transfer more efficiently,
compared to models that learn chunks or associations on a superficial level. Our study suggests that

humans construct efficient sequential memory representations according to the two types of
abstraction we propose, and creating these abstractions benefits learning and out-of-distribution
generalization. Our study paves the way for a deeper understanding of human abstraction learning and

generalization.

When the iconic notes strike: GGGE,, FFFD,—Beethoven’s Fifth Symphony
comes immediately to our mind. As the music progresses, we note the
change of motif to GGGB or GGGC, variations in forms and voices, one at
each step. Our ability to effortlessly identify those forms of abstract motifs
endows us with an ability to learn mathematics, languages, and music. From
representing “x” as a variable to perceiving ‘noun’ as a category including
“cats”, “dogs”, and “elephants”, these abstract motifs automatically come to
our mind and help us to memorize sequences and generalize to novel
situations. How do we abstract motifs from perceiving sequences? What
advantages does this ability confer in terms of memory representations and
transfer? More importantly, how do we construct an abstract representation
during learning?

The literature suggests that we have the capability to learn multi-faced
aspects of sequences. In what is known as grammatical judgment tasks in
artificial grammar learning, after familiarizing participants to a set of
grammatically valid sequences generated by a finite state language'”, par-
ticipants acquire the ability to distinguish unseen grammatical from

ungrammatical sequences™. Further research suggested that sequence
learning extends beyond learning first-order transition probabilities. Fre-
quently occurring fragments shared between the test and training sequences
influence test judgment’ and are more likely to be judged as grammatical®™.
Such phenomenon can be explained by models that learn repeated sequence
fragments as chunks’".

Beyond learning sequence fragments and transition probabilities, a few
studies suggest the early cognitive capability to acquire sequential patterns
on an abstract level: After familiarizing infants early as 7-month-old to
sequences such as AAB and CCD, they were likelier to direct their gaze
toward novel sequences sharing the same structure, such as DDF, rather
than a different structure, such as KTK. Such ability to capture what was
named as ‘abstract algebraic structure™ in sequences cannot be explained by
learning transition probabilities or chunks. Meanwhile, another abstract
pattern has been hypothesized by linguists: we acquire sequence knowledge
on a symbolic level“". This ability is a prerequisite to learning phase
structures on the level of symbols such as noun phrase = determinant +

"Max Planck Institute for Biological Cybernetics, Tiibingen, Germany. ?Helmholtz Institute for Human-Centered Al, Miinich, Germany.

e-mail: shuchen.wu@tuebingen.mpg.de
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Fig. 1 | Taxonomy of motifs and experimental design. a A taxonomy of sequence
motifs. Projectional motifs refer to patterns of sequences in a projected space that are
mapped from the concrete sequence space by a projection function. In the example
being shown, the projection function finds the distinct items in the sequence and
maps sequential observation into a binary sequence XYYX, with X being the first
unique item appearing and Y being the second. Variable motifs refer to a pattern of
invariant (dark box) and variant (gradient-colored box) sequential elements. The
variable motif contains at some position a variable-a symbol representing a
sequential component that can vary. Such a variable is identified when any of the
sequential components it represents is identified. In this example, the variable X
represents the possible occurrence of A, C, or E. We hypothesized that participants
could learn both types of motifs through practice and exploit their knowledge of both
motif types in memorizing and generalizing to novel sequences. b We study motif
learning in a sequence recall task. Participants are instructed to remember a

sequence of 12 colors. To make the sequence more digestible, the colors are displayed
one after another in three groups of four items separated by the display of pair of
paws after each group. ¢ Experiment 1 studies learning projectional motifs. Parti-
cipants are divided into three groups. Two motif groups (Motif 1 and Motif 2) and
one control group (Independent). d Each group is first trained on their respective
motif or random sequences (Independent) and then tested on randomly interleaved
transfer blocks of three types. There are no overlapping sequences between all
transfer blocks and training blocks. e Experiment 2 studies learning variable motifs.
The variable motif group is trained on sequences with an underlying variable motif.
That is, the second position of each subsequence display is randomly drawn among
three colors (purple, blue, or green). The fixed group is trained to recall fixed
sequences. Both groups are then subsequently tested on novel sequences sharing the
variable motif.

noun, and helps us to judge the grammaticity of very unlikely-occurring
sentences'”.

In this work, we zoom in, refine, and categorize different forms of
abstract sequential structures. We define and differentiate between two
algebraic abstractions: “projectional motifs,” which are patterns derived
from sequences using a projectional function, and “variable motifs,”
which include patterns involving concrete and variable elements. We
move beyond grammaticity judgements and examine the role of motifs
on sequence memory and recall. We test the learning of these abstract
motifs in a much longer sequences than previous work, demanding
participants to gradually build up their knowledge of the motif while
learning.

We study the effect of memorizing projectional and variable motifs
in sequences by asking the following questions: 1. Are sequences con-
structed according to an underlying motif memorized more accurately
than randomly generated sequences, and 2. Are novel sequences sharing
the same motif recalled more accurately than random sequences? We ask
these questions in two experiments, each studying one proposed motif
type. Furthermore, we hypothesized that identifying structures as motifs
helps to simply memory representations of long sequences. We imple-
mented this assumption in our computational model, which con-
tinuously finds recurring motifs from distinct sequences. The model
learns motifs as abstract representations incorporating components from
transition probabilities, chunks, and motifs to reduce memory com-
plexity. We look at the learning and transfer abilities of participants in
comparison to the model.

Methods

A taxonomy of sequence motifs

We define sequence motifs as underlying sequence patterns that are not on
the superficial item level but only detectable after performing transforma-
tions on sequences of items. We define and study two types of sequence
motifs: projectional and variable. An illustration of the two motif types is
shown in Fig. 1.

Projectional motif refers to a pattern in a projected space shared
amongst distinct sequences. Some transformation functions can map the
superficial sequential content to a projected space as illustrated in Fig. 1a, a
projectional motif denoted as XYYX appears in distinct sequences ACCA
and sequence BEEB shares (with X being the first appearing unique item in
the sequence, and Y being the second appearing item). In relation to Bee-
thoven’s Fifth in the introduction, the music phrases GGGE, and FFFD
contain a projectional motif XXXY.

Variable motif refers to a pattern containing invariant and variant
parts of the sequence. A sequence with a variable motif contains at some
position a variable—a symbol representing a quantity that can vary in its
identity. An example is illustrated in Fig. 1a. The variable “X,” described by a
gradient-colored box, is an unknown entity representing the possible
occurrence of A, C, or E. The same underlying variable motif appears in
sequence AXCD and sequence DXFE in the example. They share the same
structure of having a varying entity at the location of “X” and unchanging
entities at the rest of the sequence positions. In relation to the example in the
introduction: in Beethoven’s Fifth, a variable motif underlies the music
phrase GGGEp, GGGB, and GGGC, which progresses with the symphony.
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Fig. 2 | Motif learning model. Upon observations of instruction sequences, the model acquires the transition frequencies between the learned chunks, combines previously
learned chunks into new ones, and looks for abstract representations to compress its sequence memory.

Here, we construct a model that learns abstraction in the case of pro-
jectional and variable motifs to reduce representation complexity. The
model first tracks the transition probabilities in an abstract space and then
gradually chunks sequential elements together. We will test the predictions
of our model in two experiments.

Motif learning model

We put forward a model (Fig. 2) that learns to memorize long sequences via
a combination of three strategies: associative learning, chunking, and motif
abstraction.

Associative learning. When a sequence is presented to the model, the
model keeps track of the observational frequencies and the transition
frequencies between subsequently presented items. Once an item has
been identified, its occurrence frequency will increment by 1, and so will
the transition frequency between the current item and the previously
identified item. Meanwhile, all frequencies are subject to memory decay
via multiplying the count of both the marginal and transition frequency
entries by a decay parameter 6 < 1.

Chunking. Apart from associative learning, the model also remembers
sequences by chunking. This part of the model is based on the hier-
archical chunking model described in our earlier work (HCM'’). The
model stores learned chunks in long-term memory. These chunks are
used in addition to observation and transition frequencies to parse the
instruction sequence. The model keeps track of the marginal frequencies
of chunks and the transitional frequencies between chunks. A new chunk
is created by combining two correlated consecutively occurring chunks
into alonger chunk. The combined chunk is then added to the memory of
the model. This feature enables the model to learn longer and longer
sequences with practice. A picture of how memory chunks are acquired
during learning is: at the beginning of the training block, the model stores
no sequence segments, and therefore, the model parses the first
instruction sequence as 12 sequences of unitary length. These unitary
sequential chunks are stored in memory as distinct units. As the model
learns to combine previously learned chunks into larger chunks, these
larger chunks are, in turn, used to parse the upcoming instruction
sequences. During the parsing process, the memory chunk of the largest
size, consistent with the upcoming instruction sequence, is identified. In
this way, the longer the sequence segments the model has learned, the
fewer segments are needed to parse the instruction sequence, and the
further the model can predict the sequence. In this way, the model builds
up a stable memory representation of sequences over practice by com-
bining pre-existing stable representation of memory sequences in long-
term memory'®".

We also formalize memory chunks based on their occurrence prob-
abilities, consistent with memory models with memory strength increasing
with practice'. The lower bound on the number of bits needed to encode

this chunk c to be distinguished from other chunks in memory is —log, P(c).
The more probable that a chunk occurs in the instruction sequence, the less
the memory encoding cost.

Abstraction. When the same sequence is presented repeatedly, subparts
of the sequence will gradually chunk to combine into bigger sequence
segments. However, this process is slow because it requires many repe-
titions to form chunks. This is especially problematic when the instruc-
tion sequence repeats rarely, as each unique sequence has only a small
probability in the sequence observation space, and the number of repe-
titions would have to be increased for the chunking process to build up a
memory of the whole sequence. We propose the learning of projectional
and variable motifs as two mechanisms to reduce the complexity of
memory representations.

Abstraction via learning projectional motifs. The model identifies two
unique items to describe the sequence and assigns X to the first occurring
item and Y to the second item. In this case, X and Y represent separate
entities in the projectional motif space. This will be one way that the
sequence can be transformed into a lower-dimensional space, in which
only two dimensions exist.

Once observational sequences are projected onto a lower dimensional
projectional motif space, the model learns the sequence via associative
learning and chunking and builds up memory representations of sequences
by combining correlated consecutively occurring chunks in the projectional
motif space.

For example, upon seeing ACCC, BDDD, and FEEE sequences, the
model will map all three sequences onto the same sequence in the projec-
tional motif space: XYYY. Originally, there needed to be six dimensions to
describe the observational sequence, each representing the binary indicator
of observing each letter. The abstraction process enables all three sequences
to be described by the same pattern in an abstract projectional space.
Without abstraction, if each of the three sequences occurs uniformly likely,
then the minimal encoding length to distinguish between the three sub-
sequences shall be —log P(}). But once the projectional motif has been
identified, it explains all observational sequences and demands significantly
less encoding memory of — log P(1).

Abstraction via learning variable motifs. Under the demand of learning
to remember long sequences, an alternative way to compress sequence
representation is to learn variables. A variable is an abstract sequence
entity that entails a set of concrete sequence entities/chunks. The model
identifies the variable identity whenever any of its entailing entities is
identified.

The abstraction model discerns variables by analyzing the structure of
the transition matrix. Specifically, the model identifies structural patterns
within a series of sequential observation chunks that share a common
precursor and successor. For instance, if the model observes that entity A
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transitions to B, C, and E, and further notes that B, C, and E each transition
to F (as reflected in the transition matrix), it will recognize a new variable
encompassing B, C, and E. This variable becomes identifiable when any of
the elements B, C, or E are detected.

Once a variable entity has been learned, it is parsed and identified as
one entity to join forces with associative learning and chunking. In this way,
the variable helps the learning agent discover an overarching pattern in the
sequence, which would otherwise demand more sequence observations to
be learned as separate memory chunks.

The mechanism of variables naturally leads to sequence compression.
For example, assume the following subsequences: BADF, BBDF, and BCDF
have been observed to occur equally likely; each subsequence demands a
minimal encoding complexity of — log P(1/3). As soon as a variable X is
identified to entail A, E, or C, then the chunk BXDF would suffice to explain
all three observational instances, and this chunk demands a minimal
encoding length of — log P(1).

The model learns memory pieces by combining chunking and asso-
ciative learning. On top of that, sequence abstraction processes, including
projectional transformation and identifying variables, help the model to
locate recurring motifs in the abstract space, capable of explaining a larger
number of sequence observations and thereby learning faster and com-
pressing further.

A natural benefit of learning abstract motifs is generalization to novel,
unseen sequences sharing the same motif structure. The previously learned
projectional or variable motifs can be reused to remember novel sequences,
facilitating novel sequence acquisition and compression.

The model predicts that participants looking for the minimal com-
plexity representation to learn sequences should behave in the follow-
ing ways:

* When there are underlying projectional or variable motifs in the
sequence, participants’ representation of the sequence shall decrease in
complexity when more sequences are presented with the same
motif type.

* Participants who benefit from learning motifs from training sequences
will exploit their previously learned motif structure.

¢ In the case of projectional motif, motif structure that has been learned
before will be exploited to memorize a novel sequence that has never
been observed by participants.

* When participants learn the representation of a variable and extra-
polate it as a sequential unit to be combined with the unvarying part of
the sequence, the variable as a concept will be reused when novel
sequences share the same variable.

We will test these predictions in detail in the following two
experiments.

Ethics statement

Informed consent was obtained from all participants before participation,
and the experiments were performed following the relevant guidelines and
regulations approved by the ethics committee of the University of Tue-
bingen (Ethik-Kommission an der Medizinischen Fakultit der Eberhard-
Karls-Universitit und am Universitétsklinikum Tiibingen), under the study
title: Experimente zum Sequenz- und Belohnungslernen, with application
number 701/2020BO.

Participants’ data were analyzed anonymously. Upon agreement to
participate in the study, they consented to a data protection sheet approved
by the data protection officer of the MPG (Datenschutzbeauftragte der
MPG, Max-Planck-Gesellschaft zur Férderung der Wissenschaften).

Paradigm

Specifically, six equally distanced squares are horizontally placed on the
display. Each assumes a distinct color: blue, yellow, magenta, red, green, and
teal and corresponds to one legitimate key on the keyboard: S, D, F, ], K, and
L. Participants were instructed to place their fingers stationarily on these
designated keys throughout the task (left index finger on D, left middle

finger on S, left ring finger on A, right index finger on J, right middle finger
on K, and right ring finger on L). To control for finger familiarity biases, a
random mapping from keyboard position to color is generated for each
participant.

Before the start of each trial, all colors were initially covered by dark
shades. The sequence was then presented sequentially by revealing each
color for 800 ms followed by a brief re-covering of dark shades for another
200 ms before the next display color. The colored sequence was presented in
three groups of four, separated by pauses of 800 ms accompanied by the
display of a pair of paws, akin to the structure of a three-prose-poem with
four words in each prose and pauses in between.

Following the sequence display, participants were prompted to recall
the instructed sequence by pressing the corresponding key. Upon the press
of each key, the shade covering the corresponding color would disappear
and the color would be revealed for 200 ms. At the end of each group, a pair
of paws would appear to signify the completion of one subsequence. At the
end of the third recall group, participants received immediate feedback on
their recall accuracy and recall time which marks the completion of one trial.
Participants were instructed to prioritize both speed and accuracy and
received a performance-based bonus based on both factors. Before the
official trials, participants completed a practice trial to familiarize themselves
with the task. There was no preregistration of this study.

Recruitment of participants

We recruited 135 participants for Experiment 1 from Prolific, an online
crowd-sourcing experimental platform. Out of all participants, thirty-seven
were female, ninety-eight were male. Participants’ ages ranged from 18 to 67,
with an average of 32 and a median of 28. The experiment took an average of
45.06 minutes to complete. As compensation, participants received a base
pay of £4 and another performance-dependent bonus up to £4. The average
hourly pay for the study was £11.60.

We recruited 120 participants for Experiment 2 from Prolific, out of
which thirty-four were female, eighty-six were male. Participants’ ages
ranged from 19 to 63, with an average of 31.2 and a median of 28. The
experiment took an average of 47.55 minutes to complete. As compensation,
participants received a base pay of £4 and another performance-dependent
bonus up to £4. The average hourly pay for the study was £10.89.

Across both experiments, we did not collect participants’ race/
ethnicity data.

Payment

For both experiments, participants receive feedback about their trial-wise
bonus, which is dependent on a mixture of their sequence recall accuracy
and reaction time and is ceiled to the maximum bonus divided by the
number of trials. The reaction time bonus becomes the maximum when the
recall reaction time is less than 2000 ms, and is set to 0 when the recall
reaction time exceeds 10000 ms. For reaction time in the middle, the
bonusfast is calculated as bonusfast = bonusmax — (10000 — trialrt)/
(10000 — 2000) x maxtrialbonus. In this way, a reaction time between the
two limits will yield a steady bonus increase.

The trial-wise bonus for accuracy is calculated as follows: when the
recall accuracy is perfect, the bonusacc is set to maxtrialbonus. And when
the recall accuracy is below 50%, which corresponds to more than 6 of the
recalled sequences in a false order or a false recalled item, then the bonusacc
for this trial is set to 0. A recall accuracy in between will yield a bonusacc
calculated as bonusacc = bonus,,ax x (trialacc — 0.5)/(1 — 0.5).

Finally, the trial bonus is calculated as an average of the reaction time
bonus and the recall accuracy bonus trialbonus = 0.5 x bonusfast + 0.5 x
bonusacc.

At the end of the experiment, trial-wise performance-dependent bonus
was summed up to the total amount of bonus that participants will receive.

Filtering
We applied the same filtering criteria on the training blocks for all groups as
a basis to exclude participants: mean reaction time < 10,000 ms (that is
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10 seconds to press a sequence of 12 made of two distinct colors), mean
recall accuracy = 50%. On top of that, we measured whether participants
were learning by inspecting reaction time decrease, as a violation of a
decrease in rt would be an indication of distraction during the study. Data
distribution was assumed to be normal but this was not formally tested.
When applying a linear regression model regressing trial number on reac-
tion time on participant’s data during the training blocks, the reaction time
should on average, decrease, which translates to having a significant
(p < 0.05) of a negative beta coefficient. No filtering criteria were applied to
the transfer blocks. Filtering excludes 21.4% (29) of participants out of 135.
After filtering, 37 participants are left in group m1, 41 in m2, and 28 in group
independent. The average accuracy was 0.80 + 0.22, and the average
reaction time was 5446 + 3723 ms.

For experiment 2, we excluded participants who took on average more
than 20 seconds to recall a sequence during the training block (since
experiment 2 employs more colors than experiment 1, we also relaxed this
exclusion criteria accordingly). Since the motif condition is harder than the
control condition, we applied different exclusion criteria for the two groups,
and excluded participants with an average sequence recall accuracy below
50% in the fixed group (as they have to recall the same sequence repeatedly),
and below 20% in the variable motif group. Additionally, we excluded
people who do not have a significant reaction time decrease (p < 0.05) during
the training block—an indicator of not learning during the task. The
exclusion criteria apply only to the training blocks and no participants are
excluded based on their transfer block performance. 23 participants were
excluded given that they have violated any of the above-mentioned criteria.
After exclusion, 45 participants out of 120 remained in group m1, and 52
remained in group control. The average accuracy was 0.70 + 0.28, and the
average reaction time was 8094 + 6209 ms.

Sequence recall. The model receives the same instruction sequences to
participants as its training sequences, except that the middle pauses were
removed. To recall, the initial item of the sequence is used as a primer for
the model to recall subsequent sequential items. Based on the sequence
segments stored in the model, it samples from the set of sequence seg-
ments that are consistent with the sequence prime while giving priority to
sampling larger segments. Once the first sequential segment is sampled,
the segment becomes the previous item to sample the next segment,
which is based on the transition given the occurrence of the previous
segment. The recall complexity is evaluated by calculating the sampled
probability of the recalled sequence. P(c;, ¢, ¢3) = P(c1)P(c2lcr)(cslca),
calculated from the marginal and conditional frequencies are both stored
in the model.

Random effect structure of regression analysis. To obtain the max-
imal random effect structure justified by design without inflating the
Type I error rate’, while balancing the loss of statistical power”, we
systematically select models across multiple possible random effect
structures and report the best model that is supported by data. Specifi-
cally, when fitting linear mixed effect logistic regression on keypress
correctness, we compared across random intercept per participant,
random slope per serial position, and trial ID, and always reported the
best fitting model that includes any subset of the three random effects.

Reporting summary
Further information on research design is available in the Nature Portfolio
Reporting Summary linked to this article.

Results
In Experiment 1, we tested whether people can learn and transfer sequences
described by a projectional motif as shown in Fig. 1. In Experiment 2, we
tested whether participants remember novel sequences better when these
sequences share the same variable structure as shown in Fig. 1.

Taken together, we implemented learning structured motifs as a
memory compression strategy in a computational model. The model

exhibits similar learning and transfer behavior to participants in two
sequence recall experiments testing each motif type.

Experiment 1: projectional motifs

Experiment 1 tested how projectional motifs could help memorization and
transfer by instructing participants to memorize long sequences. In a
sequence recall task, participants were instructed to play a memory game
and to memorize 12 consecutively displayed colors by a cartoon cat. After
the instruction, they had to recall the sequence by pressing the keys corre-
sponding to the colors.

Unbeknownst to the participants, the instruction sequences contained
underlying motifs. As shown in Fig. 1, the motifs consisted of two distinct
variables, X and Y, and individual motifs were constructed by arranging
patterns of Xs and Ys. All sequences contained an equal amount of 6 Xs and
6 Ys to control for stimulus-specific habituation effects. Each participant was
randomly assigned to one of the two motif groups (Motif 1; Motif 2), or to a
control group (Independent). Motif 1 followed the pattern XYYY YYXX
XXYX, while Motif 2 adhered to the format XXXY YXXY YYYX. In the
motif groups, the underlying motif remained consistent across trials.
Conversely, in the Independent group, a permutation of 6 Xs and 6 Ys was
generated for each trial. The instruction sequences were finalized by map-
ping X and Y to two distinct colors.

The task was divided into training and transfer blocks. The training
block comprised 40 trials, after which participants proceeded to three
randomly ordered transfer blocks, each testing for Motif 1, Motif 2, and the
Independent sequences with 8 trials. The transfer phase occurs immediately
following the training phase without explicit notification. In all trials, par-
ticipants were instructed to recall sequences by consecutively typing key-
board keys corresponding to the displayed item until the length of the
instruction sequence was reached. Within a trial, the response of individual
key presses is recorded. The number of key-press errors is calculated by
evaluating the hamming distance (the minimum number of substitutions
required to change one string into the other) between the recalled sequence
and the instruction sequence. The trial-recall accuracy was calculated by
evaluating the proportion of positions at which the corresponding keys are
the same. After participants finish recall, the trial-wise accuracy is displayed
in addition to the bonus corresponding to the current trial. Participants are
not informed about their specific mistakes or the position where they have
made the mistake. To ensure that no sequences in transfer blocks appeared
in the training block, the six colors were divided into two sets: the training set
with four colors and the transfer set with the remaining two colors.

Model prediction

Reducing representation complexity through projectional motifs. In the
case of projectional motifs, a rational agent that looks for minimal com-
plexity representations shall acquire the unchanging motifs during learning
since motifs in the abstract projectional space explain more instances of
sequences compared to memorizing concrete sequence instances.

Our hypothesis posits that an underlying motif within training
sequences in a projectional space will enhance memory and out-of-
distribution transfer. In this context, a sequence of length n can be
conceptualized as a point within an n-dimensional space, and out-of-
distribution refers to the capacity to transfer the representation to sequences
never encountered during training. We anticipate improved learning and
memorization performance during training for both motif groups and
positive transfer when the two groups are tested on motifs of the same type.

Training

Behavioral results. We first compared sequence recall accuracy amongst
the three groups in the training block as shown in Fig. 3a. We fitted a
linear mixed-effects regression model onto participants’ trial-wise
sequence recall accuracy, assuming a random intercept over partici-
pants and excluded trials that were immediate repetitions. We observed a
significant effect of group (¥(2) = 10.85, p = 0.004, Conditional
R* = 022), suggesting that participants in the Motif 1 group
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(B = 0.02, se = 0.02, #(109) = 0.7, p = 0.46, 95% CI = —0.03 to 0.07)
and the Motif 2 group (/3 = 0.07, se = 0.02,£(109) = 3.18,p = 0.002,
95% CI = 0.02 to 0.13) recalled sequences more accurately during the
training blocks than those in the Independent group.

Model simulation. We compared the behavioral results with the model
predictions. We used the same sequences instructed to the participants to
train the motif learning model, which creates memory representations of
sequence motifs from the observational sequences in an abstract space. We
then generated sequences based on the representations learned by the model
up to the current time point. We came up with generative accuracy as a
surrogate for sequence recall accuracy. The generative accuracy was the edit
distance between a generative sequence sampled from the model and the
instruction sequence in a particular trial. Figure 3b shows the average
generative accuracy of the model. We observed a significant effect of group
(¥’(2) = 216.23, p < 0.001, Conditional R* = 0.13), suggesting that partici-
pants in the Motif 1 group (8 = 0.18, se = 0.01, #(118) = 22.15, p<0.001,
95% CI = 016 to 020) and the Motif 2 group
(B = 0.17,se = 0.01, #(119) = 20.23, p<0.001, 95% CI = 0.15 to 0.18)
recalled sequences more accurately during the training blocks than the
independent group. Similar to participants, the model remembered
sequences with underlying motifs more accurately.

Regression coefficient. Apart from having higher average recall accuracy,
both motif groups improved their recall accuracy faster. As shown in
Fig. 3¢, we analyzed participants’ recall key-press correctness by fitting a
logistic regression model assuming a random intercept of each partici-
pant and a random slope over individual serial positions (explanation on
random effect structure selection in method section Random Effect

Structure of Regression Analysis). We observed an effect for both Motifs
(for Motif 1: § = 0.62, se = 0.21, z = 2.88, p = 0.003 95% CI = 0.20 to 1.05;
for Motif 2: $ = 1.10, se = 0.21, 2= 5.17, p < 0.001, 95% CI = 0.69 to 1.53).
Apart from that, we observed an interaction effect between the trial
number and group (x*(2) = 51.69, p < 0.001). Participants in the Motif 1
group improved their recall accuracy at a faster rate than participants in
the Independent group (8 = 0.21, se = 0.03, z = 7.55, p < 0.001, 95% CI =
0.16 to 0.28); the same effect was present for the Motif 2 group
(B =0.36, se = 0.03, z = 11.74, p < 0.001, 95% CI = 0.30 to 0.42). Thus,
people improved faster on remembering sequences with fixed motifs
than sequences without.

Model comparison. We compared the recall accuracy of the motif learning
model with two alternative models: an associative learning model and a
chunking model. The motif learning model constructs memory pieces by
combining chunking, associative learning, and abstraction via learning
projectional motifs. The chunking model contains the same components
except for abstraction. The associative learning model learns the first-order
transition between observed sequential items. We gave the same instruction
sequence to all three models and thereby arrived at an average recall
accuracy for each model on each proceeding experimental trial. To do so, we
used the same sequences instructed to the participants to train all models.
After updating memory components from each trial of sequences, the
memory components of the model are used to generate sequences that
emulate recall. Then, the model recall accuracy on a particular trial is cal-
culated as the percentage of matching items in the recalled sequence by the
models and the instruction sequence. After that, we calculated the group
accuracy progression (averaging across participants) for both the model-
simulated performance and the participants’ performance. The average
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generative accuracy per trial of the models is compared to the average recall
accuracy per trial of the participants.

We then regressed the generative accuracy of each model onto
empirical accuracy and evaluated the goodness of fit by computing the
R-squared value. The R-squared measure determines the proportion of
variance in the behavioral results that the model prediction can explain and
shows how well the data fit the regression model. As shown in Fig. 3d, the
motif learning model (R* = 0.63, 95% CI = 0.55 to 0.71) explained more
variance in the behavioral result than a chunking model (R*=0.02,95% Cl =
0 to 0.12) that did not abstract. This suggests that abstracting the sequence
via projecting the sequence onto the motif space is a critical component that
captures human behavior in this task.

Comparing the motif learning model to an associative learning model
shows that abstraction alone isn’t enough to explain the results. The asso-
ciative learning model factors in marginal and transition probabilities in the
sequences but doesn’t learn chunks. Additionally, it explains very little of the
variance in human behavior, with R* = 0.003, 95% CI = 0 to 0.06, compared
to the motiflearning model. This result suggests that learning the association
between items in the projected motif space is insufficient; combining the
previously memorized memory chunks into longer memory chunks is also
vital to explaining human learning progress.

Transfer. We then assessed whether training on motifs affected partici-
pants’ ability to memorize novel sequences in the transfer blocks.

Behavioral results. We compared participants’ performance in the transfer
blocks grouped by three transfer types relative to the training block types:
Same (Motif 1 - Motif 1, Motif 2 - Motif 2), Different (Motif 1 - Motif 2,
Motif 2 - Motif 1), and Control (Independent - Motif 1, Independent - Motif
2). Shown in Fig. 3e, we observed a significant effect of transfer type
(’(2) = 91.43, p < 0.001, Conditional R* = 0.63) on recall accuracy. Parti-
cipants remembered novel sequences with the same motifs more accurately
compared to control (8 = 0.16, se = 0.01, #(168) = 10.78, p<0.001, 95%
CI=0.13t0 0.19). Surprisingly, we also observed that participants benefited
from transferring to a different motif type compared to control
(B = 0.05,se = 0.01, (168) = 3.69, p<0.001, 95% CI = 0.02 to 0.08).
Consistent with our hypothesis, training on sequences with motifs helps
participants learn novel sequences sharing the same motifs. Participants’
reaction time data is also analyzed and visualized in Supplementary
References and Figure S1, S2.

Model prediction. Similarly, we evaluated the recall accuracy of the motif
learning model on the transfer blocks. Figure 3f shows the generative
accuracy of the motif learning model grouped by transfer types. Similar
to participants, the model recalled novel sequences with motifs better after it
had been trained on the same motif (y*(2) = 265.43, p < 0.001), compared to
having been trained on neither motif (8 = 0.18,se =0.01, = 16.69, p < 0.001,
95% CI = 0.16 to 0.2). Different from the participant: it is harder for
the model to transfer to an alternative motif type
(B=—0.04,se=0.01, t = —3.35, p < 0.001, 95% CI = -0.06 to -0.02) than the
control. We inspect this discrepancy further in the discussion section.

Regression coefficients. We looked at participants’ correctness of recall key
presses by fitting a logistic regression model, assuming a random intercept of
participants and random slope over individual serial positions and trial
numbers (Fig. 3g). We found that the transfer types affect the recall key press
correctness ()(2(2) = 679.46, p < 0.001, Conditional R*=0.23). Participants
who have been tested on the same motif as they had been trained on
(ml-ml and m2-m2) (8 =0.96,0=0.04,z=24.16,p < 0.001,95% CI =0.89
to 1.04) are more likely to recall the correct item compared to control. This
result resonates with our linear mixed-effect analysis on recall accuracy.
Interestingly, participants tested on a motif different from their training
motif also did better than the control (8 = 0.29, 0 = 0.04, z=7.90, p < 0.001,
95% CI = 0.22 to 0.36). We discuss the implications of this finding further in
the discussion section. Additional regression coefficients that confirm the

practice effect, recency effect, and chunk boundary effect are reported in the
Supplementary Reference file.

Model comparison. We then compared the resemblance to human behavior
between the motif learning model, the associative learning model, and the
chunking model (Fig. 3h) during the transfer blocks. Since all three models
change their representation when the training schedule switches from
training to the transfer blocks, we can compare the generative accuracy of
the models to participant recall accuracy. This feature allows us to regress the
generative accuracy of each of the three models onto empirical recall
accuracy per transfer trial and evaluate the R-squared of the regression as a
goodness-of-fit measure.

The motif learning model (R* = 0.41, 95% CI = 0.26 to 0.55) explains
more variance of participants’ transfer performance compared to the
chunking model (R* = 0.08, 95% CI = 0.003 to 0.27), suggesting that pro-
jecting sequences in a projected motif space, an abstraction process, is cri-
tical to capture human behavior in this task. The motif learning model also
explains more variance than the associative learning model (R* = 0.05, 95%
CI = 0 to 0.10). Associative learning only is insufficient to capture partici-
pants’ transfer behavior.

Experiment 2: variable motifs

Experiment 2 tested the learning and transfer of variable motifs in the
sequence recall paradigm. A training block of 40 trials was followed by a
transfer block of 24 trials. Participants were split into two groups: the
variable motif group (motif) and the fixed group (control). The variable
motif group was instructed to remember sequences with variable motif B X
DF,DXBF, FXD B (1). X represents a variable and randomly assumes a
letter amongst A, C, and E with equal probability with every occurrence. The
fixed group was instructed to remember unchanging sequences assuming
thefoom: BADF, DCBF, FEDB.

During the test block, both groups were instructed to remember a novel
sequence with an embedded variable X: D X BF, F X D B, BX F D. The
location and entailment of X were the same as the training sequence with
variables, but we changed the fixed part of the sequence.

Similar to Experiment 1, the transfer phase proceeds immediately
following the training phase without explicit notification. Sequence recall
instruction, accuracy evaluation, and feedback are identical to Experiment 1.

Model prediction. We hypothesize that when participants are instructed
to memorize sequences with a component that varies, identifying variable
entities and memorizing them in conjunction with the unvarying part of
the sequence should facilitate transfer. That is, when participants
encounter novel sequences sharing the same variable entity but different
unvarying parts, they should memorize novel sequences with over-
lapping variables better compared to the control group.

Training

Behavioral results. Figure 4a shows the average sequence recall accuracy of
the variable motif group and the fixed group. We fitted participants’
sequence recall accuracy with a linear mixed-effects regression model,
assuming a by-participant random intercept. The result showed a significant
effect of group (¥’(1) = 50.012, p < 0.001, Conditional R* = 0.42). The fixed
group recalled sequences more accurately than the variable motif group
(B = —0.22,se = 0.03, £(95) = —0.806, p<0.001, 95% CI = —0.28 to
—0.17). A changing part of the instruction sequence hindered recall.

Model prediction. We trained the variable motif learning model on the same
instruction sequences seen by participants. For sequences with the variable
motif, the model learned memory representation manifested in chunks and
variables. To do so, the model condensed observations of disparate instances
of A, C, and E into one variable entity and concatenates the variable entity
with the already-acquired fixed sequence parts in its memory. In this way,
the motif learning model learned to represent instruction sequences with
variable motifs as a chunk with embedded variable entities. Hence, the
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memory contains both concrete and abstract sequence parts as a low-
complexity sequence representation. For control sequences, the model
constructed memory pieces by chunking. During recall, sampling entail-
ment chunks of a variable entity introduces memory recall error
(Y(1) = 3.72, p < 0.001, Conditional R* = 0.03). The motif learning model
recalled sequences with variable motifs less accurately than fixed sequences
(B = —0.02,se = 0.01, (106) = —1.93, p<0.05, 95% CI = -0.04 to 0).

Regression coefficient. We then studied factors that influenced the keypress
correctness via fitting a logistic mixed-effects regression, assuming a per-
participant random intercept and a random slope per serial position
(Conditional R* = 0.32). Shown in Fig. 4c, the regression coefficient sug-
gested that the variable motif group was more prone to recall mistakes than
the fixed group (8 =—0.99, se=0.26,z= —3.78,p < 0.001,95% CI= —1.51 to
-0.48). Apart from that, the variable motif group learned sequences slower
than the fixed group ( = —0.33, se = 0.11, z = —2.98, p = 0.002, 95% CI =
—0.54 to —0.11). Training on sequences with variables decreased partici-
pants” probability of recalling the correct key and slowed down learning.
Overall, the regression analysis was consistent with our predictions.

Model Comparison. We again compared the motif learning model with an
associative learning model and a chunking model by evaluating the
R-squared value regressing simulation recall accuracy onto empirical recall
accuracy in the same way as in Experiment 1. Figure 4d shows the goodness-
of-fit model comparison on the training blocks.

The associative learning model (R* = 0.0005, 95% CI = 0-0.08)
explained very little variance in participants’ recall accuracy progression
during learning, suggesting that just learning the first-order transition
probability was insufficient to explain participants’ learning curve on
memorizing sequences with variables. Having a chunking component that

builds up recall memory pieces together was essential to explain partici-
pants’ learning progression. Meanwhile, we observed that the chunking
model (R* = 0.76, 95% CI = 0.65 to 0.86) explained more variance of recall
accuracy progression than the variable learning model (R* = 0.39, 95% CI =
0.14-0.47), possibly because the average chunking process becomes more
predictive of participants’ recall accuracy than the average variable learning
process, as participants may have learned variables in idiosyncratic ways
that are not captured by the variable discovery process of the model but are
described better by a chunking model.

Transfer

Behavioral results. We hypothesized that participants transfer variable
representations from the training to the test block. Shown in Fig. 3e is the
average recall accuracy of the two groups across all transfer trials. We used
an independent-sample t-test to assess the performance difference between
the two groups, and a two-sided t-test to assess the superiority of the variable
group compared to the fixed group in sequence recall. We observed a
significant difference (#(2317.4) = 4.99; p < 0.001; 95%CI = [0.033,0.076])
in recall accuracy between the motif group (M = 0.64) and the control group
(M = 0.58), supporting our hypothesis that the variable group performs
better at transfer than the fixed group. Participants’ reaction time data is also
analyzed and visualized in Supplementary References and Figure S3.

Model prediction. As per model simulation shown in Fig. 4f, generative
accuracy was higher for the model trained on variable sequences than those
trained on fixed sequences (/3 = 0.04, SE = 0.02, £(106) = 2.11,p = 0.03)
(¥’(1) = 4.47, p = 0.03, Conditional R* = 0.03). This transfer advantage results
from the variable learning model reusing the previously learned variables to
parse and chunk in conjunction with the novel sequence part. In other
words, the model trained on sequences with variables learned to ignore a
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certain part of the novel sequences to afford memorizing the unchanging
sequence part.

Regression coefficients. We fitted a mixed-effect logistic regression on
participants’ recall key press correctness in the transfer block, assuming a
per-participant random intercept and a logit link function (Conditional R* =
0.30). Shown in Fig. 4g, we observed a positive effect of train condition
(B=0.42, se =0.18, z = 2.33, p = 0.02, 95% CI = 0.07 to 0.77). Training on
sequences with variable motifs helped participants recall novel sequences
sharing the same variable motif better than the control group trained on
fixed sequences, which was consistent with our model’s prediction.

Model comparison. We compared the motif learning model with the
chunking and associative learning model on the transfer block. Shown in
Fig. 4h, we observed that the motif learning model that reuses its previously
learned variables to memorize novel sequences explains the most human
recall accuracy variance (R* = 0.48, 95% CI from 0.33 to 0.65) than the
chunking (R* = 0.26, 95% CI from 0.13 to 0.44) and the associative learning
model (R* = 0.001, 95% CI from 0.0 to 0.16). This aspect suggests that
reusing previously learned variables to memorize novel sequences captures a
part of the human sequence memory variance when they transfer to novel
sequences.

Training improvement correlates with transfer performance. We also
assessed the effect of training improvement on transfer performance for
both experimental groups. The improvement measure is evaluated on
individual participants’ sequence average recall accuracy between the last
five trials at the end of the training block, subtracted by the first five trials at
the beginning of the training block. This difference reflects the average
improvement over the training period for every participant. We observed a
significant interaction between training improvement and group
(RSS = 2.44, F(1) = 1042, p = 0.001) affecting transfer recall accuracy.
Participants who improved more during training on variable motifs per-
formed better during the initial transfer blocks, compared to control
(B=0.53,se=0.17, t = 3.22, p = 0.002). Training improvement on variable
motifs facilitated transfer to sequences sharing the same variables.

Discussion

We effortlessly perceive and extract motifs in music, acquire grammatical
structure from languages, and use mathematical variables to find out about
the unknown. Already during early childhood, we can learn abstract con-
cepts as soon as we learn concrete concepts™>”. Linguistics suggest that the
conceptual metaphor — mapping similar structural concepts of a known
thing to construct an understanding of an unknown concept — plays a vital
role in human understanding and reasoning’***. Having seen a solution to a
problem, people can solve problems in a similar conceptual relational
space™. Abstraction as a principle has demonstrated its usage in mathe-
matics and machine learning. Mathematicians have used abstraction as a
mapping principle to transfer deductions from one formal system to a new
formal system”. Abstraction has long been postulated as a crucial
requirement for intelligent agents to solve problems in diverse situations™.
Reinforcement learning studies suggest that state or action abstraction
makes the representation more compact, easier to plan, and generalize
flexibly to different environments and across tasks™ . Yet, current artificial
intelligence systems do not explicitly abstract in the way that humans do™.
Hence, understanding how humans arrive at abstraction more generically
has wide and profound implications in the study of artificial and natural
intelligence.

As the key to generalization, transfer, and planning, our ability to
abstract from perceptual observations — which has not received sufficient
attention relative to its importance in intelligence — urges us to take a closer
look at how abstraction arises from sequential perceptual sequences. In the
current work, we have proposed two specific sequence abstraction types:
projectional motifs — patterns derived from sequences through a projec-
tional function, and variable motifs — patterns that combine both concrete

and variable elements. We studied the process of abstract motif learning in
sequences, tested the learning and transfer of both motifs in a sequence recall
paradigm, and proposed a model that abstracts sequences to compress
sequence representations with projectional and variable motifs. We found
that our model explained human behavior well.

Previously, associative learning models have been shown to explain
human judgment of grammatical versus agrammatical strings in artificial
grammar learning tasks™*’**’. Our model comparison between associative
learning and motif learning suggests that associative learning alone is
insufficient to explain human abstraction learning and transfer in sequence
recall. As an alternative account of sequence learning, chunking models
including PARSER’, HCM", CCN and TRACX'"'"” acquire repeated pat-
terns from sequences as chunks. Model comparison between the chunking
model and motif learning model suggests that the chunking model captures
a part of variable motif learning but not variable motif transfer, nor the
learning and transfer of projectional motifs. Expanding the space of
chunking from concrete sequences to abstract spaces is vital to capture the
motif learning and transfer effects observed in our experiments. In experi-
ment 1, during training, when memorizing sequences with projectional
motifs, the chunking model does not align with our observation of human
behavior because the model learns chunks on the surface value of the
sequences. In comparison, the motif learning model learns chunks in the
projectional space of the motifs. While both models learn chunks by a
merging mechanism that combines preexisting memorized sequence sub-
parts into novel chunks of memorized sequence sub-parts, this chunk-
building efficiency correlates with the number of repetitions of the mem-
orized sequence chunks. The motif learning model, having memorized
chunks in the motif space, has more opportunities to hone in its memory
thanks to the frequent repetition of sequences in the projectional motif
space. This model comparison suggests that humans facing this task exert
learning behavior that resembles memorization in the projectional motif
space rather than memorization of the concrete sequence space.

The inflexibility of memorizing subsequences on the surface value
further disadvantages the chunking model in this experiment’s transfer
phase. Although the chunking model might have learned to compress
sequences in chunks in the training phase, the fact that the memory chunks
lie in the concrete sequence spaces makes the model inflexible to transfer any
learned chunks to the transfer sequences. In comparison, the motif learning
model learns chunks in the projectional motif space, which is shared
between training and transfer.

In the variable motiflearning experiment, the chunking model explains
better than the motif learning model on learning variable motifs during the
training phase but not the transfer to new ones. This is possible because
learning chunks on concrete sequences captures a part of the participant’s
learning behavior. However, during transfer, the concrete sequence chunks
are too stiff to adapt to novel sequences sharing the same variables. The
model comparison suggests that the ability of the variable motif learning
model to recycle the variable as an entity to construct new chunks is critical
to capture the transfer behavior for humans in experiment 2.

Related Work
A range of cognitive tasks examine learning of surface example structure in
text strings. In the artificial grammar learning paradigm, participants learn a
subset of the grammatical sequences generated from finite state languages'.
After observation, they are asked to discriminate grammatical versus
ungrammatical (inconsistent with the finite state language) sequences in a
test phase. It was observed that participants can generally identify gram-
matical sequences in the test phase with above-chance accuracy’. Previous
modeling work suggests that learning the associative transition probabilities
between items in the string can replicate participants’ performance in the
task™**. Our model comparison between associative learning and motif
learning suggests that associative learning alone cannot explain human
abstraction learning and transfer in sequence recall.

On top of the first-order transition structure, past research also sug-
gests that people learn explicit structures as frequently occurring fragments
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in sequences. Literature suggests that the similarity between the test and
training strings influences test judgment’. Specifically, test strings that
contain overlapping string fragments with the training string are more likely
to be judged as grammatical®™. This phenomenon can be explained by
chunking models such as PARSER’, HCM", CCN and TRACX'""?, which
learn repeated patterns from sequences as chunks. Our analysis suggests that
although the chunking model resembles participants’ learning progression
during variable motif learning, it fails to capture variable motif transfer or
the learning and transfer of projectional motifs. Expanding the space of
chunking from concrete sequences to abstract spaces is vital to capturing the
motif learning and transfer effects observed in our experiments.

Other works that relate sequence learning and mental compression
have used an outlier detection task”: participants detect violation upon
hearing a binary auditory sequence. Past work has shown that a language-of-
thought model’s minimal description length of binary sequences relates to
human psychological complexity”*. A sequence recall task differs from an
outlier detection task in that it directly probes human ability to recall the
sequences to be memorized and, therefore, is not limited to testing human
prediction of the subsequent element. Our work further relates mental
compression with sequence motif learning. Rather than a static account of
sequence complexity, the abstraction learning model proposes a discovery
process of actively constructing sequence motifs during practice.

The learning of explicit rules bridges between literature and has also
been considered in the field of category learning”. After presenting parti-
cipants with observation instances of artificial objects coming from artifi-
cially defined category memberships, participants categorize novel objects as
belonging to one category or the other. It was observed that both rules and
statistics of the categories influence judgment, as atypical examples take
longer to be categorized***'. Most theories of rule-based category learning
assume that rules and similarities operate on the level of explicit perceptual
representations. Relating to our work, we suggest that regularities from
observational examples can also be manifested on an even more abstract
level, such as the variability structure or projectional space. Assuming that
the rule-discovery process operates on projected representations, previous
rule-based models are similar to our currently put-forward motif-learning
model. If we assume that models originally thought to operate on perceptual
representations can also operate on projected representations, different
interpretations of the current results become possible. For example, if every
presented sequence is stored in abstract space, motifs could also be con-
sidered as prototypical abstract sequences'>*’. Similarly, motifs could also be
considered as assemblies of similar multidimensional abstract exemplars*.
Our results cannot contribute to the debate about people’s strategy to learn
categories and regularities. The motif learning model is compatible with any
of these strategies. However, the current results show that people can
transform and use representations in an abstract, projected space to detect
regularities, over and above the algebraic rules put forward previously" (see
Experiment 2).

On the level of learning non-explicit sequence patterns: previous
work'’ showed that seven-month-old children could extract an abstract rule
when exposed to sequences with simple grammar (e.g., ABA). After expo-
sure, the infants were more likely to direct their gaze toward novel sequences
sharing the same structure, such as KTK, rather than toward a different
structure, such as DDF. Our experiment further examines the implication of
learning projectional motifs in sequence memorization and recall.

The notion of learning variable motifs relates to the symbolic
acquisition of language knowledge'*", endorsing the view that occur-
rence frequency cannot be the only basis of grammatical or syntactical
language learning, as we can judge very unlikely-occurring sentences to
be grammatical"’. Language acquisition involves learning phase structure,
such as a noun phrase usually consistent with a determinant followed by
a noun'’. suggests that abstract patterns on the level of symbols, such as
nouns and verbs, operate to utter grammatically valid sentences
without an enlisted preoccupied output. The acquisition and utterance of
language structure involves the acquisition of operations on the
symbolic level.

Previous work has postulated that similarities and rule knowledge are
two ends of the same continuum and may have separated learning origins®.
Moreover, abstraction learning tends to occur after learning the surface-
level structure™. Perceptual and abstract properties can concurrently occur
during the learning process”. Our model captures the process of bimodal
learning by learning both the surface-level fragments and the deep-level
structure and demonstrates its resemblance to human behavior in a
sequence recall task that both associative and chunk learning fall short of
explaining.

Limitations

Our work has limitations. In Experiment 1, learning one motif facilitated
participants’ transfer to a different motif (3e). The same was not true for the
model: learning one motif impaired its ability to transfer to the other dif-
ferent motif. The model’s ability to recall a new motif is hindered when it has
already learned one motif. This occurs because the recall process involves
sampling subsequences acquired since the start of training, and the pre-
viously learned chunks from the training motif may still get sampled during
the recall process which interferes with recall accuracy. This effect is con-
sistent with the proactive interference effect in the literature that memory for
previously presented lists impairs memory for later presented lists**". In
contrast, in our experiment, it seems as if humans are establishing a fresh
context for structure discovery when encountering a new motif which is not
captured by the current model**. This phenomenon can be attributed to
yet an additional layer of contextual abstraction that the model does not
capture. Namely, training on sequences with motifs guides people to look for
motifs in subsequent sequences. This observation that structural prior prime
participants to search for structure in another form resonates with previous
findings on structured multi-armed bandit tasks, where a learning-to-learn
effect was observed™. Future work could extend the current modeling fra-
mework to accommodate the flexibility of transferring across motifs. For
example, one option would be to introduce a mechanism that updates the
prior about the probability of having underlying structure in the sequence.
And consequentially, having trained on a motif helps a model to update the
structural prior and infer an alternative structural form with a higher like-
lihood than no structures in the sequence.

In this work, we compared model fit via generative accuracy, which
reflects the model’s internal memory representation acquired from
instruction sequences up to trial n, as it is evaluated on the recalled sequence
generated by the model in comparison to the instruction sequence presented
on that trial. This method provides one aspect of model fit. Future work
could look at other aspects of behavioral-model comparison. One example
could be to evaluate the likelihood of participants’ recalled sequence given
the models and compare the likelihood as a measure of model fit. Alter-
natively, the complexity of participant generated sequences as parsed by the
models can be compared with reaction time data, as less complex sequences
would be recalled faster.

Finally, most of our analysis compare model predictions with human
behavior on an aggregated level. We encourage future investigations to
examine participants’ idiosyncratic learning and transfer strategies. Apart
from that, our work defines and investigates two particular types of
abstraction. We encourage future work to extend the investigation and look
at more forms of abstraction or automatic ways of discovering abstraction
such as hierarchical clustering and chunking on recursive abstract levels.

Conclusion

A vital role of abstraction is to facilitate sequence compression and gen-
eralization, and we proposed a motif learning model based on this principle.
Our model builds up a sequence memory via chunking motifs in an abstract
space in search of a low-complexity sequence representation, facilitating
memorization and transfer. We developed a sequence recall task to examine
whether the two proposed motif types aid in learning and generalization.
Our findings suggest that both motifs facilitate sequence memorization and
generalization to novel, unseen sequences. Humans showed similar beha-
vior to the model in learning and generalization of both abstraction types.
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This suggests that sequence compression via abstraction is a plausible
mechanism to explain human performance in sequence memory tasks. Our
work paves the way for a better understanding of how people construct
abstract representations from observational sequences for efficient com-
pression and transfer.

Data availability
The data collected is also available at: https://github.com/swu32/motif
learning.

Code availability
The data collected and code used for analyzing this study can be found in
this github repository: https://github.com/swu32/motif_learning.
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Supplementary References

0.1 Experiment 1

0.1.1 Training

Regression Coefficient Other regressors that showed significant effects are serial position, trial ID, chunk boundary, and the
number of repetitions. Serial position is the n-th item recalled in a trial, significantly affecting recall correctness (x2(1) = 697.92,
p < 0.001). The further the position of a sequence recall, the more likely that participants will be making a mistake (§ = —0.29,
se =0.03, z=—11.60, p < 0.001). This result is consistent with the primacy effect widely observed in the serial recall
literature' as mistake probability increases with the serial position. Apart from that, trial ID, i.e., the number of practice trials
(12(1) =810.02, p < 0.001), also increases the log-odds of recalling correctly (8 = 0.08, se = 0.02, z = 4.83, p < 0.001),
confirming a practice effect over training blocks.

We also observed that the sub-sequence boundary (at the first, fourth, fifth, eighth, ninth, and twelfth item of the sequence)
affects recall correctness (x2(1) = 34.767,p < 0.001). Items located at the beginning and the end of the displayed sub-sequence
are more likely to be recalled correctly compared to the items within each sub-sequence (f = 0.15, se = 0.02, z = 6.64,
p < 0.001). This observation resonates with the literature suggesting participants have more accurate memory and recall
performance at the boundaries of serially ordered sub-sequences than between?. Additionally, the number of exact repetitions
(x*(1) = 158.19,p < 0.01) increases the log odds of correct recall press (8 = 0.07, se = 0.01, z = 5.10, p < 0.001).

0.1.2 Transfer

Regression Coefficient Apart from transfer types, the recall keypress correctness decreases with the recall sequence position
(x*(1) = 322.3, p < 0.001). The further participants are into recall, the more likely they will make mistakes (8 = —0.08,
o =0.008, z=—10.78, p < 0.001). The decrease in recall accuracy is consistent with the primacy effect in memory literature:
items that occur early in a sequence tend to be remembered and recalled more accurately'. We also observed a practice effect:
trial ID affects the log odd ratio of pressing the right key (¥?(1) = 86.07,p < 0.001) (B = 0.09, se = 0.01, z = 5.94, p < 0.001).
Apart from that, chunk boundary effect was also observed: the subchunk boundaries generally exhibit a higher recall accuracy
than the interchunk items (xz(l) =25.17,p < 0.001) (B =0.17, 6 = 0.03, z = 5.17, p < 0.001), resonating with existing
findings that chunk boundaries are remembered more accurately than within-chunk items?.

0.2 Experiment 2

0.2.1 Training

Regression Coefficient Other regressors that showed significant effects are serial position (8 = —0.68, se = 0.04, z = —16.37,
p < 0.001, 95% CI = -0.77 to -0.60), confirming the recency effect; Trial ID (f = 0.64, se = 0.13, z = 5.04, p < 0.001),
confirming the practice effect; the number of repetitions (f = 0.05, se = 0.01, z = 4.41, p < 0.001); and chunk boundary
(B =0.325¢=0.02, z=13.29, p < 0.001).

0.2.2 Transfer

Regression Coefficient Similar to the training block, we observed a recency effect (8 = —0.64, se = 0.02, z = —31.09,
p <2e—16,95% CI =-0.69 to -0.61), practice effect (f = 0.32, se = 0.02, z = 13.30, p < 0.001, 95% CI = 0.28 to 0.37),
repetition effect (8 = 0.05, se = 0.03, z = 1.85, p = 0.06, 95% CI = 0.00 to 0.12), and chunk boundary effect(f = 0.31,
se =0.04,z="7.91, p <0.001, 95% CI = 0.24 to 0.39), confirming a viable expectation over experimental manipulation.

0.3 Reaction Time Analysis

As shown in Supplementary Figure S1 average reaction time for the three training groups decreases with practice, and reaction
time converges at the end of the training block for all three groups. Supplementary Figure S1 b shows the reaction time to press
the recall sequence within each recall trial. Shown in Supplementary Figure S1 c is the average reaction time across the three
training groups. The average reaction time to recall the sequence does not differ significantly amongst the three groups, as
indicated via fitting a linear mixed effect regression model onto participants’ recall time, assuming a random intercept over
individual participants and a random slope over serial positions (x2(2) = 4.32, p = .11).

Other regressors that showed significant effects are serial position, trial ID, chunk boundary, and repetitions, as shown in
Supplementary Figure S2. Serial position, the n-th item recalled in a trial, affects reaction time. The further the position of a
sequence recall, the shorter the reaction time (f = —126.76, se = 20.51, t = 103.30, p < 0.001). Trial ID, i.e., the number of
practice trials, also reduces reaction time (8 = —117.413, se = 5.86, t = —20, p < 0.001), confirming a practice effect over
the training phase. Immediate repetitions of the previous sequence also drives reaction time faster (8 = —61.86, se = 9.28,
t =—6.67, p < 0.001). Reaction time of the first item in each subsequence position is much higher than other serial positions
in the sequence (8 = 573.54, se = 7.19,1t =79.73, p < 0.001), reflecting the structure of the task.

Shown in Supplementary Figure S1 d is the average reaction time during the transfer phase: for the groups trained on motifs,
transfer type affects their transfer performance (3> = 174.05, p < 0.001). When the motif groups transfer to the test blocks,
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their reaction time to recall the sequence and execute the sequence presses is higher for transferring to the same motif compared
to transferring to an independent block (ﬁ = —109.34, se =9.49, t(30417) = —11.514, p =< 0.0001). When the motif group
transfers to a different motif, the reaction time speed up is not significantly higher than the transfer to an independent block
(3 =—-2.22,5¢=9.49,1(30417) = —0.23, p = 0.81). Having trained on sequences with motifs, participants recall sequences
faster when transferring to a sequence with the same motif but not necessarily to a different motif.

For experiment 2, we also fitted a linear mixed effect regression model onto participants’ recall time, assuming a random
intercept over individual participants and a random slope over trial ID. As shown in Supplementary Figure S3, regressors
that showed significant effects during the training block are serial position, trial ID, and chunk boundary. Serial position,
the n-th item recalled in a trial, affects reaction time. The further the position of a sequence recall, the shorter the reaction
time (f = —97.68, se = 4.09, t = —23.84, p < 0.001). Trial ID, i.e., the number of practice trials, also reduces reaction time
(B=—-134.271, se = 19.62,t = —6.84, p < 0.001), confirming a practice effect over the training phase. Number of repetitions
drives reaction time faster (8 = —7.15, se = 2.23, t = —3.20, p = 0.002). Reaction time of the first item in each subsequence
position is much higher than other serial positions in the sequence (8 = 653.003, se = 9.46, t = 69.02, p < 0.001), reflecting
the structure of the task.

During the transfer phase, a linear mixed effect regression on recall time, assuming a random intercept over individual
participants and a random slope over trial ID and serial position shows serial position (f = —140.66, se = 19.02, t = —7.39,
p < 0.001), and chunk boundary as affecting the reaction time (8 = 773.94, se = 18.95, t = 40.85, p < 0.001).

0.4 Model Specification

Algorithm 1 Motif Learning

Require: seq: learning sequences

Require: cg: dictionary of learned chunks

Require: threshold_chunk: boolean flag for learning chunks

Require: abstraction: boolean flag for learning variables
1: chunk_record <+ {} > Initialize chunk record
2: 1< 0
3: while not seg_over do

4: current_chunks,cg, seq,chunk_record <+ identify_latest_chunks(cg,seq)

5: cg < learning_and_update(current_chunk,chunk_record,cg,threshold_chunk = True)

6: if abstraction then

7: cg < abstraction_update(current_chunks,cg)

8: end if

9: cg.forget() > multiple all frequency record by 0

10: end while
11: return cg,chunk_record

The model initiates with a dictionary cg, which holds chunks (sub-sequences) and the transition between chunks.
When an instruction sequence is presented to the model, it consecutively parses the sequence via the chunks in the dictionary
that contain the biggest size. At each parsing step, the model updates the frequencies of each parsed item and transition
frequencies between the previously parsed item and the current one. After parsing a chunk, the boolean flag thresholdchunk
and abstraction control the model to create new chunks or to learn new variables.
thresholdchunk is a boolean flag that indicates whether the algorithm will learn and combine new chunks based on the input
sequence (True) or just parse the sequence with existing items in the dictionary (False). In case it is true, then the algorithm
checks if the currently identified chunk and the previously identified chunk have been conjunctively activated more than a
minimum threshold in the transition matrix (N = 3). On top of that, a hypothesis test () is conducted to assess whether the
consecutively parsed chunks are correlated with significance level p < 0.05. If so, then a new chunk is created by combining
the previous with the current and incorporating it into the chunking graph cg. This procedure also includes cases where the
current chunk contains variables within.
abstraction is another boolean flag that controls the learning of variables. When this flag is on, the model constructs new
variables from chunks that share common ancestors and common descendants, indicating these chunks share similar occurrence
contexts. A new variable is created if it connects a set of chunks with a combined frequency above a threshold (freqr = 6).
At the end of each sequence parse, the algorithm performs a "forgetting" step, which multiplies all chunk occurrences and
transition frequencies by 8 = 0.996.

Abstraction Learning When simulating learning projectional motifs, we turn on the thresholdchunk and learn sequences
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Figure S1. Reaction time analysis. a. Average reaction time across training trials. b. Average reaction time across recall
sequence position. ¢. Average reaction time during the training block. d. Average reaction time during the transfer block across
three transfer types. Same: Motif 1 — Motif 1 and Motif 2 — Motif 2; different: Motif 1 — Motif 2, and Motif 2 — Motif 1;
control: Independent — Motif 1, and Independent — Motif 2.

on the projectional motif space. When simulating learning variable motifs, we set both the learn and abstraction flag to be true.
Chunking When simulating the chunking model, we turn on the thresholdchunk flag and turn off the abstraction flag.
Associative Learning When simulating the associative learning model, we turn off both the thresholdchunk flag and the
abstraction flag. Thereby, no new chunks are created, and the model will learn the transition and occurrence frequencies of the
atomic sequential elements.

Recall The recall function simulates the process of sequential recall from a chunk graph, starting with a primed item and
proceeding through associative transitions. Given a priming first item of the sequence, the model samples a chunk consistent
with the primed first item. Subsequent chunks are sampled based on transition probabilities from the previously recalled chunk
(prev). The process repeats until the length of the recalled sequence reaches the desired sequence length seql = 12.
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ABSTRACT

Humans excel at learning abstract patterns across different sequences, filtering out
irrelevant details, and transferring these generalized concepts to new sequences.
In contrast, many sequence learning models lack the ability to abstract, which
leads to memory inefficiency and poor transfer. We introduce a non-parametric
hierarchical variable learning model (HVM) that learns chunks from sequences
and abstracts contextually similar chunks as variables. HVM efficiently organizes
memory while uncovering abstractions, leading to compact sequence representa-
tions. When learning on language datasets such as babyLM, HVM learns a more
efficient dictionary than standard compression algorithms such as Lempel-Ziv. In a
sequence recall task requiring the acquisition and transfer of variables embedded
in sequences, we demonstrate HVM’s sequence likelihood correlates with human
recall times. In contrast, large language models (LLMs) struggle to transfer abstract
variables as effectively as humans. From HVM’s adjustable layer of abstraction,
we demonstrate that the model realizes a precise trade-off between compression
and generalization. Our work offers a cognitive model that captures the learning
and transfer of abstract representations in human cognition and differentiates itself
from the behavior of large language models.

1 INTRODUCTION

Abstraction plays a key role in intelligence (Konidaris, 2019). Philosophers traditionally view
abstract ideas as formed by identifying commonalities across experiences, distilled from concrete
impressions grounded in perception (Kant, 1998; Fichte, 2005; STERN, 1977). Psychologists suggest
that abstraction arises from personal experiences, such as forming the concept of “whiteness” by
observing various white objects (Yee, 2019; Barsalou, 1999). Abstract concepts are thought to build
on concrete concepts and on top of the previously learned abstractions, thereby varying in complexity
(Cuccio & Gallese, 2018; Van Oers, 2001; Collins & Quillian, 1969; Piaget, 1964). The ability
to abstract, which is often seen as a human-specific trait, enables reasoning, generalization, and
problem-solving in novel contexts (Ohlsson & Lehtinen, 1997; Dehaene et al., 2022; Duncker, 1945).

We hypothesize that the world contains patterns across scales of time and abstraction. Intelligent
agents-facing sequences with nested hierarchical structures- need to model these structures to store,
process, and interact in such environments. As a rational strategy, intelligent agents shall characterize
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the temporal structure via chunking and characterize the abstract structure via identifying common
features and grouping collections of different items that play similar roles. To explore these operations,
we design a generative model that produces sequences nested with hierarchical structure and propose
an approximate recognition model that conjunctively learns to chunk and abstract.

We go beyond previous proposals that introduce chunking as a mechanism for learning and composing
complex structures from elementary perceptual units (Gobet et al., 2001; Miller, 1956; Wu et al.,
2022) and propose a cognitive model that combines chunking and abstraction in one single system.
The model uses abstraction in two key ways: first, by identifying shared features to facilitate efficient
pattern retrieval, such as recognizing patterns from learned animals when fur is observed; and second,
by categorizing different sequential items that appear in the same context, much like a variable in a
computer program— for example, using the category "animal" to represent a cat, dog, or squirrel.
These paired mechanisms enable the model to parse sequences into chunks and form abstract patterns
based on both concrete and previously learned abstractions. Abstraction allows for memory-efficient,
compact representations and reveals recurring patterns at the level of abstract categories. This allows
the model to discover increasingly complex or abstract patterns, layer by layer, with controllably
varying degrees of detail.

We first demonstrate the benefits of abstraction in memory efficiency and sequence parsing by
comparing our algorithm with previous chunking models and other dictionary-based compression
methods. Then, we show that the model exhibits human-like signatures of abstraction in a memory
experiment requiring the transfer of abstract concepts. In the same experiment, we contrast the
model’s generalization behavior with large language models (LLMs), which have demonstrated
rudimentary reasoning abilities (Wei et al., 2022) in recent years. We show that LLMs do not
transfer abstract variables and rely more on associative learning than abstraction. We demonstrate the
connection between abstraction level and abstract concept transfer by varying the level of abstraction
as a parameter in the model. Our work offers a cognitive model that captures the learning and transfer
of abstract representations in human cognition and differentiates itself from the behavior of artificial
agents.

Initial inventory Forming stable combinations of objects I:. “ _ I:F _:‘ I:I:l
- By , Y ,
. . . .
W WS
O = Forming categories of objects that interact in a similar way ﬁ

Atomic units Categories further synthesize with existing objects
O 7 B [T e e 77 BT
Categories are never explicitly observed EI I:‘ EI I:I

Observational sequence:

Figure 1: Generative Model. The inventory is initialized with a set of atomic units. These units
randomly combine into objects. Some objects are randomly selected to become categories. Categories
of existing objects have similar interaction properties. The dashed arrow points from those objects
to their corresponding categories. These categories further combine with existing objects. An
observational sequence is composed of objects randomly sampled from the existing inventory.
Categories are latent and never explicitly observed but are manifested in one of the denoting objects.

2 GENERATING SEQUENCES WITH OBJECTS THAT CONTAIN HIERARCHICAL
ABSTRACT STRUCTURES

We design a probabilistic generative model that generates sequences by sampling objects from an
inventory, with these objects organized hierarchically, resembling the structure found in natural
sequences—such as molecules composed of chemical elements or the hierarchical nature of language
(Abler, 1989; Sportiche et al., 2013; von Humboldt & Losonsky, 1999).

The generative model creates an inventory of recurring objects over d iterations of expansion. As
illustrated in Figure 1, the inventory starts with a set of atomic units A. On each iteration, a novel
object or category is created equiprobably. A new category (graded node) is created by pointing
to a random selection of objects from the inventory up to the moment (these objects are treated
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disjunctively). A new object is created by concatenating a random selection of pre-existing objects or
categories from the existing inventory. After the inventory has been expanded up to the d-th iteration,
the independent occurrence probability in the sequence is sampled from a flat Dirichlet distribution

f(er), o plepa)s an, s a)) = giay T4, P(c;)*1, a; = 1Vi and assigned to each object

in the inventory. Similarly, a probability is sampled from a flat Dirichlet to assign the occurrence
probability of the objects within each category. More details can be found in the Appendix A.2.

To create an observational sequence, objects are randomly drawn from the inventory one after another
with the assigned probability until they reach the desired sequence length. If the sampled object
contains an embedded category, one of the objects corresponding to the category is sampled. This
process is repeated recursively until all categories are replaced by specific objects, resulting in a
sequence of discrete atomic units.

Intuitively, objects represent recurring observations of specific entities, such as molecules composed
of chemical elements. Categories, on the other hand, represent broader categories of entities that
share common properties, such as chemical elements belonging to the same class (e.g., noble gases or
alkali metals). The observation sequence forms a nested hierarchy, where entities and their categories
frequently interact and combine with others.

3 LEARNING ABSTRACTIONS FROM SEQUENCES

We ask what computational principles could help an agent discover objects and categories from such
observational sequences without supervision. We propose that two mechanisms suggested by the
cognitive literature are vital: chunk proposal and variable discovery. Chunking concatenates learned
objects and forms new ones; variable discovery groups chunks with similar interaction properties
into a category. We build on top of the hierarchical chunking model (HCM) (Wu et al., 2022), which
learns a belief set B of a chunk dictionary C from discrete sequences. We expand the model so that it
can also learn variables while improving the memory efficiency of the model. By identifying stably
recurring entities as chunks and grouping similar entities into categories as variables, the agent can
learn a structured inventory of identifiable patterns and use these patterns as entities to parse the
sequence, leading to a more compressed factorization of perceptual sequences.

HVM learns a belief set B that contains both a dictionary of chunks C and variables V. The variables
are proposed as abstract entities based on the transition and marginal counts. As shown in Figure
2a, each variable v € V denotes a set of chunks E(v) = {¢;}, ¢; € C. The model also learns the
probability of each chunk that a variable denotes Vv € V, >0, P(v — ¢;) = 1,¢; € C.

Parsing the sequence one chunk at a time A fundamental feature of the model is to parse
sequences in chunks as the basic cognitive units (Miller, 1956). Along with each parse ¢, the transition
counts between the previous ¢z, and next chunks cp are recursively updated: T;; (t+1) = T;;(t)+[i =
ci]lj = er] (-] = 1 if the argument is true and O otherwise) and along with the identification
frequency of each parsed chunk M; (¢ + 1) = M;(¢t) + [i = ¢]. When modeling human behavior, each
entry of M and T multiplies with a memory decay parameter 6 per parsing step. The probability of
observing a sequence of parsed chunks ¢y, ¢a, ..., ¢y the becomes P(cy, ¢a, ...,cn) = Hciec Pe(c;).

To parse a sequence, HCM iteratively chooses the biggest chunk amongst its learned dictionary C
consistent with the upcoming sequence. The end of a previous parse initiates the next parse. As the
dictionary size |C| increases, searching for the biggest consistent chunk becomes computationally
expensive (Schreiber et al., 2023). In HVM, we introduce one notion of abstraction as finding
commonalities amongst memory items to organize memory structure and speed up chunk retrieval
during parsing. Memory items in the learned dictionary are organized into a hierarchical parsing
graph that connects chunks with their common prefixes. Hence, all children chunks are different
except for sharing a common prefix from the parent. The parsing graph arranges the chunks in
C into a prefix Trie structure (Figure 2b), reflecting the cue-based, content-addressable nature of
memory retrieval (Cunnings & Sturt, 2018; Dotlacil, 2021; Anderson, 1974). This design reduces
search time to retrieve a chunk as arranged in the parsing graph, commonly used in predictive text or
auto-complete dictionaries to speed up search steps (Fredkin, 1960). At every parsing step, HVM
identifies the deepest chunk in the parsing graph that is consistent with the upcoming sequence. The
end of the previous parse initiates the next parse. The search process would take the time complexity
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Figure 2: HVM builds up a representation graph and a parsing graph. a. A representation graph
contains the learned chunks (nodes with solid colors) C and the contained variables (nodes with
gradient colors) V. Black arrows denote concatenation. Gray and dashed arrows point from chunks of
the same category to the variable node that denotes this category. b. Abstraction organizes memory in
a parsing graph. Nodes shaded by gray are abstract chunks being the common prefix intersection of
its children. During parsing, to allocate to the matching chunk in C, the model starts searching from
the root of the parsing tree and traverses to the deepest node consistent with the upcoming sequence
content. ¢c. Upon completing each sequence parse, HVM updates counts on chunk frequencies and
transitions and proposes inventory expansions, enabling a layer-wise discovery of recurring patterns
per iteration, from specific to the more abstract. d. HVM proposes variables amongst correlated
consecutive chunk pairs. e. Chunk proposal.
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of O(D), scaling with the depth D of the tree compared to HCM time complexity of O(|C|) scaling
with the size of C. The appendix shows a guarantee to reduce the number of parsing steps for chunk
retrieval A.4.

Learning chunks From parsed sequences, the model estimates the occurrence probability of chunk

via the entries of M as Pc(c;) = ZLM The model starts with the null hypothesis H, that all
cj €cC J

consecutively parsed chunks ¢y, and cp, are statistically independent P(cr,,cr) = P(cr)P(cgr). If
a significant correlation is found between consecutively parsed chunk pairs (with p = 0.05), the
null hypothesis is rejected, and the pair is concatenated into a new chunk, ¢y, & cg, which is then
added to the dictionary C as a new entry. Upon creating each new chunk, an edge from the left parent
chunk (sharing the same prefix) connects to the newly created chunk in the parsing graph. When no
parent chunk can be found, an ancestor node is created in the parsing graph, usually the sequence’s
atomic units. We prove in the SI section A.3 that under restricted conditions in which the sub-objects
constituting the object in the ground truth are parsed faithfully by the model as sub-chunks, then
these sub-chunks will be eventually proposed to concatenate into one chunk.

Learning variables A variable denotes distinct observations appearing in the same context (here
defined as distinct chunks sharing preceding and succeeding chunks). Given consistent parsing
of subchunks as object combination components in the generative model, the true chunks that
belong to the same category will necessarily appear in the preadjacency and postadjacency entries
(more explanation in SI A.3). HVM proposes variables amongst the significantly correlated chunks
(p < 0.05) in the transition matrix consistent with this structure. For example, consider the case
that the sequence includes A-ABC, A-DC, and ABC-ED, DC-ED. This suggests that ABC and DC
play similar roles relative to A (coming after) and ED (before). Therefore, ABC and ED can be
proposed as a new variable V to represent the abstract property that captures the distinct entities. V
denotes ABC and DC, and the model identifies V if either ABC or DC is identified during parsing, as
illustrated in Figure 2d and Figure 7 in SI.

Amongst the correlated consecutive chunk pairs, the model identifies all eligible transitions by
intersecting the post-adjacency columns with the pre-adjacency rows, proposing a set of chunks
E(v) = ¢1, ¢, ..., ¢; represented by a new variable v. This variable proposal is accepted if the set
of chunks that satisfy the condition T},,;, < |E(v)| < Thas and Zci M(c;) > freqp. A variable
denotes a set of chunks F(v) and is identified if any of the chunks that it denotes is parsed (Figure 2c).
Together, the common preceding chunk, in conjunction with the newly proposed variable, followed
by the common succeeding chunk, is concatenated and proposed as a novel chunk ¢z, & v @ cg to add
to the inventory C. An edge that connects ¢y, to the new chunk ¢y, @ v @ cp to be added to the parsing
graph, as illustrated in Figure 2d. This process introduces chunks with embedded variables and takes
the computational complexity of O(PQ), where P and () are the numbers of unique entries of the
adjacency and postadjaency chunks amongst the correlated consecutive chunk pairs. Two variables
are merged into one if they share the same preceding and succeeding chunks. During parsing, a
chunk is consistent with the sequence if any of its included variables contain a denoting chunk that is
consistent with the sequence. Upon identifying a chunk during parsing, the marginal and transition
count for both the chunk and the immediate variables that the chunk belongs to is incremented.

Representation cleaning Upon completion of each sequence parsing, the model uses correlations
to propose new variables and chunks. It then uses the expanded inventory for the next parse. Unused
variables and chunks are deleted upon the completion of each parsing iteration.

4 RESULTS

4.1 MODEL EVALUATION

HVM is an approximate inverse of the generative model, as in practice, learning the ground truth
hierarchical patterns that generate observed data is a nonidentifiable problem (Post, 1946; Greibach,
1968). Therefore, we use a set of measures for model evaluation, focusing on parsing search steps,
sequence length, sequence negative log-likelihood, and encoding efficiency. We trained models on
sequences generated by the hierarchical generative model until convergence. For each iteration, the
models parse the entire sequence using the dictionary updated from the previous iteration and propose
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Figure 3: a. The effect of hierarchical memory structure on parsing search steps. b. Comparison
between models in terms of sequence length after parsing. GT denotes the ground truth sequence
length by the generative model. c. Model comparison based on sequence likelihood. d. Model
comparison based on coding efficiency. Example model comparison with sequence length |\S| = 1000,
nested hierarchy depth d = 30, atomic set of size | A| = 10.

novel chunks/abstractions upon completing the parse. While HVM learns both chunks and variables
per iteration, HCM learns only chunks and no variables. Previous research has related human memory
in specific tasks to lossy compression (Nassar et al., 2018), with abstraction playing a crucial role in
successful learning and transfer in sequence memory recall tasks. For reference, we also compared
the models with LZ78, an off-the-shelf compression algorithm underlying compression schemes
such as GIF and PNG, which also parses sequences into chunks and builds a dictionary to compress
sequence data (Ziv & Lempel, 1978). Comparisons are shown in Figure 2.

Organizing chunks in a parsing graph based on common prefix reduces parsing search steps
We compared HVM with HCM, which does not organize memory into a hierarchical parsing graph.
Figure 3 a. shows that organizing chunks in a parsing graph dramatically reduces the average number
of parsing search steps, i.e., the number of search steps needed for the model to locate the biggest
chunk per parse. This search step now scales with the depth of the prefix tree compared to the size of
the inventory in HCM. More discussions can be found in A.4.

Discovering bigger recurring patterns We compared HVM with its counterpart, HCM, which does
not learn variables at the end of the learning iteration. Figure 3 b compares sequence length |W| after
parsing. HVM transforms the sequence |S| into a code with a much smaller size |W| compared to
HCM and LZ78 and is on par with the ground truth (GT). Learning variables that denote distinct
chunks occurring in similar contexts helps HVM to learn bigger patterns underlying the sequence on
the description level of these variables.

Parsing sequences with higher likelihood Figure 3 ¢ compares the negative log likelihood
(=log P(S) = [I,,ec P(ci)) of the parsed sequence upon convergence. HVM parses sequences
more efficiently, as variables recur more frequently in sequences than their representing chunks, and
therefore, the model that learns variables parses the sequence with higher likelihood.

Encoding more efficiently In many applications, the size of the dictionary affects compression
efficiency (Navarro & Mikinen, 2007; Ferragina & Manzini, 2005). We compare the encoding
efficiency, i.e., the ratio between the dictionary size (number of entries) and the original sequence
length S. Figure 3d shows the relation between the ratio and the sequence length. To encode a
sequence of the same length, LZ78 creates a bigger dictionary than HVM and HCM. Models that
harness the embedded hierarchical structure in sequences encode sequences more efficiently and
learn a smaller dictionary to encode the same sequence length.

4.2 LEARNING FROM REAL-WORLD SEQUENTIAL DATA

Going beyond artificially generated sequences, we evaluate HVM, HCM, and LZ78 in text domains
from the BabyLM language dataset, which contain text snippets from a collection of data domains
Warstadt et al. (2023). For each data domain, we took random snippets of 1000 characters and
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| Data Domain

Model | Compression Ratio  NLL  Coding Efficiency |

LZ78 0.38 2837.50 0.34
CHILDES (MacWhinney, 2000) HCM 0.51 2783.71 0.05
HVM 0.36 1953.01 0.06
LZ78 0.39 3136.67 0.37
BNC (BNC Consortium, 2007) HCM 0.65 3591.60 0.06
HVM 0.50 3108.33 0.08
LZ78 0.39 3156.61 0.37
Gutenberg (Gerlach & Font-Clos, 2020) HCM 0.69 3770.36 0.06
HVM 0.54 3252.84 0.12
LZ78 0.41 3395.09 0.39
Open Subtitles (Lison & Tiedemann, 2016) | HCM 0.74 4151.89 0.07
HVM 0.63 3764.48 0.07

Table 1: Model comparison on alternative sequences. NLL stands for negative log-likelihood.

calculated evaluation metrics, including compression ratio (the number of tokens before compression
divided by the number of tokens after compression), sequence complexity (negative log-likelihood),
and compression efficiency (the length of the compressed sequence divided by the number of
dictionary entries).

As shown in table 1, LZ78 performs well in terms of compression efficiency, which is expected
given its design purpose. However, the HVM model exhibits notable advantages when considering
alternative evaluation metrics. Specifically, for text across the four data domains analyzed, cognitive
models that incorporate the hierarchical structure of data outperform traditional compression methods
in terms of encoding efficiency.This is because LZ78, which does not make strong assumptions about
sequence structure, tends to create redundant entries in its dictionary. While this redundancy reduces
the sequence length after compression, it introduces many infrequently used entries. In some data
domains, HVM outperforms LZ78 in compression ratio and negative log-likelihood as well. Amongst
all domains, HVM compresses the sequence further and parses the sequence with lower complexity
than HCM.

4.3 HVM RESEMBLES HUMAN SEQUENCE MEMORIZATION AND TRANSFER
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Figure 4: a. A sequence memory task that demands transferring a variable x from the training to
the test block. b., c., d., e., Complexity (negative log-likelihood) progression of HVM correlates
with human memory recall time in the training (b., c.) and the transfer block (d., e.). Memory decay
parameter § = 0.996. Marker size increases with trial number.
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We take the relation between transfer to learning abstractions to the setting of a memory experiment
that demands learning and transferring variables (Wu et al., 2023). We ask whether HVM resembles
aspects of human learning while enjoying the advantage of learning an interpretable dictionary.

In the experiment, 112 participants were instructed to recall a sequence of presented colors from
memory (Figure 4 a). Participants were randomly assigned to a variable group and a control group.
During the training block (40 trials), the control group was instructed to remember a fixed sequence
BADF DCBF FEDB for each trial (each letter denotes a distinct color). In contrast, the variable
group was instructed to remember sequences overlapping in 9 of the 12 colors: BXDF DXBF FXDB.
A variable X, however, appeared at serial positions 2, 6, and 10, which could be occupied with the
letters A, C, or E with equal probability for each trial. After the training block, both groups were
then tested on the transfer block. The transfer sequence overlapped with the training sequence only at
the variable positions: DXBF FXDB BXFD. The time participants took to recall the entire sequence
for each trial was recorded. Previous studies suggest human recall time relates logarithmically to
the perceptual predictability of the sequence (Carpenter & Williams, 1995; Anderson & Milson,
1989; Smith & Levy, 2013; Elman, 1990). We compare human recall time to the model’s negative
log-probability (likelihood) evaluated on the instruction sequence given.

To simulate the sequence likelihood for trial n, we used the instruction sequences up to trial n— 1. This
allowed the HVM to learn in an online manner, i.e. abstractions and chunks were proposed upon each
parsing completion. For comparison purposes, we also simulated HCM with the same parameter set-
ting, and an associative learning model (AL) that updates first order transitions between atomic sequen-
tial units. The sequence likelihood was evaluated as —log P(S) = —log P(c1) [,y ., P(cilci—1).
c1,Co, ..., Cy, are the units used to parse the sequence (chunks for HCM and HVM and atomic units
for the associative learning (AL) model).

Figure 4 shows the relation between model sequence likelihood and human recall time during the
training (b, c¢) and the transfer block (d, e). The size of the dot represents the trial number, and the
shape of the dot represents the group (the triangle being the variable group, the circle is the control
group). Figure 4b and d show the R-squared goodness-of-fit regressing the various models’ sequence
likelihoods onto human subjects’ sequence recall times. The sequence negative log-likelihood from
the HVM correlates with human recall time during the training (R = 0.86, p < 0.001) and transfer
blocks (R = 0.7, p < 0.001). The latter suggests that HVM can generate behavior that resembles
that of human knowledge transfer in the memorization of novel sequences with embedded variables.

4.4 COMPARING ABSTRACTION LEARNING AND TRANSFER IN LLMS

Please remember the
following sequence: BADFDCBFFEDB,
BCDFDCBFFADS, ...

b e f g h
Human AL HCM HVM @ GPT2 Llama-2-7b Llama-2-13b i Llama-2-70b
50

a
8
a
8
g

7500

=
&
&
S
8
8
S
8
=
&

)
2
8
8

2

5000

Reaction Time

8
B
8
8

8

2500

Negative Log Likelihood
Negative Log Likelihood
Eleganve Log Likelihood
3
Negative Log Likelihood
Negative Log Likelihood
Negative Log Likelihood
Negative Log Likelihood

3
3
3

4 4 0 0 0 0 0
Fixed Variable Control Variable Control Variable Control Variable Control Variable Control Variable Control Variable Control Variable
Group Group Group Group Group Group Group Group

Figure 5: Comparison between human, variations of cognitive models, and AI models on the transfer
block of the memory recall experiment. Bar plot shows the average human sequence recall time, and
the sequence negative log-likelihood evaluated by the various cognitive and large language models.

Given that large language models (LLMs) have been praised for their emergent abilities (Wei et al.,
2022), yet also compared to "lossy compression" (Chiang, 2023) and struggle with tasks that demand
abstract thought (Fleuret et al., 2011; Odouard & Mitchell, 2022), we want to investigate whether
models with or without abstraction better describe them. Specifically, we ask whether LLMs abstract
similarly to humans and how their behavior compares to cognitive models incorporating abstraction.
To explore this question, we conduct the same sequence recall experiment on LLMs.
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To do that, we adapt the instructions from the human experiment into prompts for in-context learning
in LLMs. The LLMs are tasked with predicting the next subsequent tokens based on the context
of previously seen instruction sequences. The specific prompt is taken from the instruction given
to the human participants: “Please remember the following sequence: BADFDCBFFEDB, ...,
BCDFDCBFFADB.” We then calculate the conditional probability of the next token, z;, given
the instruction sequence history up until the current token P(z;|prompt). After obtaining this
probability, the subsequent token in the instruction is added to the prompt, and the LLM’s conditional
probability for the following token is updated accordingly. Using this prompt-chaining method, we can
calculate LLM’s negative log-likelihood for the next tokenized instruction sequence: — log P(S) =
—log P(z1|prompt) [[,_, ,, P(zi|prompt;_1), analogous to the cognitive models. We apply this
approach to evaluate the token prediction likelihood in four large language models: GPT-2 (Radford
et al., 2019) and three variations of the LLlama 2 model (Touvron et al., 2023)—Llama with 7 billion
parameters (Llama 7B), 13 billion parameters (Llama 13B), and 70 billion parameters (Llama 70B).

Shown in Figure 5 are the transfer behavior across humans, LLMs, and various cognitive models for
comparison. Supplementary section A.11 also shows the R-square value regressing model negative
log-likelihoods on human recall time. For humans, the group trained on sequences with embedded
variables recalls transfer sequences faster than the group trained on control sequences. Relating
sequence recall time with sequence negative log-likelihood, the cognitive models HCM and HVM,
on average, exhibit lower sequence negative log-likelihood after learning from a training block that
shares variables with the transfer block. In contrast, the associative learning model and all variants of
large language models do not differentiate between training sequences that share variables with the
transfer block and those from a training block without transferrable variables.

4.5 ABSTRACTION, DISTORTION, GENERALIZATION
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Figure 6: a. New chunks or variables are created from previously learned ones, adding increasingly
nested structures to the representation graph. b. As the allowable distortion increases (moving
right on the x-axis), the required rate to encode the data decreases (moving down on the y-axis).
Introducing variables enables a more compressed sequence, which trades off with higher uncertainty
introduced by the variables. c. Abstraction and transfer: The higher the abstraction layer, the higher
the likelihood (lower negative log-likelihood) that HVM parses novel sequences.

With a model that can learn interpretable abstraction, we can delve into the relationship between
learning layers of abstraction, compression, and uncertainty. HVM updates its dictionary each
iteration by proposing chunks and variables, which are used to parse the sequence for the next iteration.
New chunks or variables are created from previously learned ones, adding increasingly nested
structures to the representation graph. This feature affords a controlled accessment of the relation
between the level of abstraction, the amount of distortion that abstract representation introduces,
and its relation to transfer. We measure nestedness using the representation complexity RC(V) =
2vev 2ouek(v) — log P(ulv), which is closely related to the encoding cost of the representation
graph A.5. We also measured the uncertainty carried by the embedded variables in the chunks via

entropy formulated as 3 .. P(¢) >-cv (o) 2ouep () —F(ulv) log P(ulv).

Figure 6a shows the relation between the three factors as a consequence of increasing abstraction
learning iterations. As the representation graph becomes increasingly nested, the newly learned
chunks explain a longer part of the sequence, and the chunks to parse the sequence contain more
uncertain variables. This trade-off between compression and uncertainty reflects rate-distortion theory
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specifying that the best possible compression of a signal X contains a lower bound on quality loss
specified by the Rate-Distortion Function (R(D)): R(D) = infg Rgs.t.E[d(X, X)] < D (Shannon,
1959; Cover & Thomas, 2012). Taking representation complexity as a distortion function, as the
level of abstraction increases, HVM learns patterns that span and predict longer parts of the sequence
while more distortion and uncertainty are introduced. This observation on distortion with the level
of abstraction resonates with previous findings on an increased level of mental errors with learning
more abstract representations in humans (Lynn et al., 2020).

Higher levels of abstraction implies more flexible transfer If learning higher abstraction layers
implies more distortion, what would be the benefit apart from compression? We suggest that the other
side of the coin lies in generalization and demonstrates the effect of abstraction on model transfer.
We trained HVMs with increasing abstraction layers and evaluated the models’ transfer likelihood
upon parsing a novel sequence. As shown in Figure 6b, the higher the abstraction layer, the higher
the likelihood (lower negative log-likelihood) that HVM parses the transfer sequence. To compare,
we also evaluated the transfer performance of the chunking model (HCM) with an increasing level of
iteration. While the transfer performance for HCM improves with more layers of chunk learning, it
converges at a higher negative log-likelihood. Learning an increasing abstract representation by the
HVM enables it to compress novel transfer sequences in a more succinct way. Furthermore, the more
abstraction layers are acquired, the higher the relative advantage for HVM that learns abstraction
holds over the HCM that only learns chunks.

5 RELATED WORK

Previous modeling work on abstraction can be divided into two categories. The first category
implements abstraction as searching for commonalities in explicitly symbolic systems. These are
predominately cognitive models meant to explain human abstraction and transfer behavior, such as
humans can quickly solve a new problem by finding its conceptual analogies with old problems. Lu
et al. (2021) implemented abstraction and concept analogy as finding a common graph structure
between a ground problem and an analogical problem in a semantic relational network that captures
this property. Another example is the copycat project (Hofstadter & Mitchell, 1994) that models how
people generalize rules shared amongst a couple of examples by searching for rules from a network of
concepts. These works model abstraction on symbolic, explicit representations of knowledge graphs
but do not address how the explicit knowledge graph itself arises from perceptual data. Our work
proposes a mechanism for learning explicit abstraction from sequences of perceptual experience.

The second category implements abstraction in implicit connectionist systems. Works on meta-
learning models and LLLMs suggest their ability to generalize across contexts and solve problems in
a way similar to humans (Wei et al., 2022; Binz & Schulz, 2023) in some tasks while failing short
on other abstract reasoning tasks (Fleuret et al., 2011). Meanwhile, abstraction has been argued
to be implicitly present in artificial neural networks (Yee, 2019; Kozma et al., 2018; Johnston &
Fusi, 2023; Ito et al., 2022) and biological neural activities (Bernardi et al., 2020; Goudar et al.,
2023). However, the abstractions neural networks learn are challenging to interpret (Fan et al., 2021).
Relative to this approach, our work provides a reductionist cognitive model that explicitly specifies
the minimal components needed for a model to learn interpretable abstract structure from sequences.
Besides cognitive models, our work also differs from other approaches to sequence learning, such as
probabilistic context-free grammar (PCFG) (Jelinek et al., 1992) or adaptor grammar (Johnson et al.,
2006). Our generative mechanism offers a probabilistic, hierarchical sequence generation model
relying on chunk-based recursive generation and inventory growth rather than formal grammar rules.
HVM’s learning is also inventory-based instead of manipulating many substructures and rules.

6 DISCUSSION

Our work has limitations. One is that variables are only proposed to be embedded between chunks and
cannot come at the beginning or end of sequences, restricting the location of discoverable variables.
Secondly, representation learned later in iteration depends on the earlier acquired representations.
Furthermore, sometimes the variable structure can be arbitrarily nested depending on the learned
representations up until that moment. Future work may look at optimizing the structure of the
representation via refactorization features during learning. Finally, our work focused on the cognitive
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resemblance of HVM and has not explicitly optimized the model specifically for computational
efficiency. Future work may look into optimizing run-time efficiencies of models that exploit
hierarchical structures in data adapting to specific application proposes.

Our work opens up interesting future directions both in cognitive science and machine learning.
Previously, grammar learning, chunk learning, and statistical/associative learning were studied in
isolation as distinct aspects of sequence learning. We propose via HVM that the three can be treated
as finding invariant recurring chunks from sequences, the means of it (statistical/associative learning),
and the consequence of it (learning grammar-like structures). Our work suggests a normative origin
of concrete and abstract chunk learning as a learning agent uncovering the underlying entities that
constitute perceptual sequences. Future work can relate this model to the development of concept
understanding during development. Meanwhile, the close tie between abstraction and generalization
also urges future hypothesis-driven research regarding preconditions for learning abstract concepts
to acquire more abstract representations. This can help to illuminate the emergence of abstract
representation during excessive data exposure and training and its relation to the generalizability of
machine learning models (Power et al., 2022; Miller et al., 2024).

7 CONCLUSION

We propose a hierarchical variable learning model (HVM) that builds up entities of recurring abstract
and concrete patterns from perceptual sequences, utilizing chunking, finding commonality, and
variable proposal chunking and abstraction to unearth independently recurring entities in sequences
with nested hierarchical structures. We show the model’s resemblance to human sequence learning
and transfer and highlight the relation between abstraction and generalization. Our work is relevant
for cognitive science and the Al community in understanding memory in humans and machines.

8 REPRODUCIBILITY STATEMENT

Detailed information about the HVM algorithm, proof, generative model, test and experimental
details and results can be found in the supplementary information section. The code used for the
algorithm and experiments will be available as a comment to the reviewers and area chairs as a link
to an anonymous repository as soon as the discussion forum for all submitted papers is open.
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A APPENDIX / SUPPLEMENTAL MATERIAL

A.1 SETUP

An observational sequence .S is made up of discrete, integer valued, size-one elementary observational
unit coming from an atomic alphabet set A. One example of such an observational sequence S is:

010021002112000...

An example belief set that contains only concrete chunks can be B = {0, 1,21,211,12,2112}.

1,
02100211200

Using the belief set to parse the sequence .S results in the following partition. 0 1 0
0.

Another example belief set B that contains chunks C = {21v, 0100, 000} with embedded variables
V = {v}. The denoting set of E(v) = {00, 12}. Then the sequence S is parsed as 0100 21v 21v
000.

Definition 1 (Completeness)

We say that a belief set is complete if at any point during the sequence parsing process, the upcoming

In this work, the learning mechanism guarantees that the belief set is complete.
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Definition 2 (Parsing Length |W |)

A parsing length |W| of a sequence is the length of the sequence measured in chunks.

A.2 GENERATIVE MODEL

Algorithm 1 Pseudocode to generate sequences with nested abstract hierarchies.

Input: A set of atomic elements A; the number of combinations d; sequence length [

Output: seq, a sequence made of concrete observational units

cg <+ initialize representation graph

fori < 1toddo

RAN D < random number between 0 and 1

if RAND > 0.5 then

// Object Creation

B <+ cg.objectsAndCategories

Neombo — random.choice([2, 3,4, 5])

samples < random.sample(B, K=ncombo)

while any of the first and last element in samples are categories do
| samples < random.sample(B, k=n¢ompo)

end

newobject <— concatenate(samples)

cg.addChunk(newobject)

end

else

// Category Creation

B < cg.objects

TNeombo — random.choice([2, 3,4, 5])

samples < Neompo random.sample(B, k=ncombo)
newcategory <— create a new category denoting samples
cg.addVariable(newcategory)

end

end

cg.assignProbabilitiesToObjects()

sampledseq < cg.sampleObjectAndSpecify Variables(l)
seq < convert sampledseq to sequence

A new object is created by concatenating a random selection of pre-existing objects or categories
from the existing inventory. After the inventory has been expanded up to the d-th iteration, objects
are assigned with an independent occurrence probability sampled from a flat Dirichlet distribution

FP(er)s s pleja))s any v @ja)) = giay T2, P(e;)* 1, a; = 1Vi. Where the beta function when

5 D
expressed using gamma function is: B(a) = % and a = (ay,..,as). The parameters

(a1, .., O‘\A\) are identically set to one.

Similarly, a probability is sampled from a flat Dirichlet to assign the independent occur-
rence probability of the set of object E(v) that each category v denotes. Yv € V,

f(p(er), --~;p(C\E(u)\);C¥17 ---,a\E(u)\) = ﬁ Hii(l”)‘ P(c;)*~1, a; = 1Vi. This procedure is
done for each created category.

A.3 APPROXIMATE RECOGNITION INVERSE

Theorem 1. [fthe left entity cy, and the right cr (which can be either a chunk or a variable) of a
ground truth variable v in addition to its denoting chunks c1, ca, ..., ¢y, has been learned, and every
parsing of cr, cr, and cy, Ca, ..., Cpy, Is consistent with the constitution of the sequence by the its way
of generation, then cy, ca, ..., ¢y WIll be necessarily proposed by the common adjacency and common
preadjacency criterion into a novel variable v’ and the true denoting entities will be a subset of the
denoting set E(v'), {c1, ca,...,cm} € E(V).
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Proof. By definition, {c1, ca, ..., ¢, } is in the adjacency Adj(cr) entries of ¢y, and the preadjacency
entries of cg, Preadj(cg). And therefore, {c1, ca, ..., ¢} € Adj(cr) N Preadj(cg) and hence will
be included in the set of denoting entities for a new variable. O

Proposing variables based on transition matrix

H EOECH

High
SEN -
1] .
adjacency preadjacency T Lo
w
Frequency
[N

Figure 7: Common adjacency and preadjacency structure to identify a variable.

Theorem 2. In an infinitely long sequence, a chunk c in the generative model is made up by
concatinating the entities {c1, ca, ..., ¢, }, and these entities {c1, ca, ..., cp } are parsed in an identical
way as how the generative model samples c, then HVM will eventually learn to chunk ¢’ including all
the entities in {c1, ca, ..., cpn }.

Proof. By contradiction. If any of the entities are not included in the learned chunks, a correlation
will still exist in the transition entries between subparts that compose ¢, which will be resolved by the
next chunk proposal iteration. O

In practice, identifying the ground truth representation graph is much more complicated, as the
representations learned by HVM can be mapped to a context-sensitive grammar A.6, learning the
correct chunks that exactly match the generative model relates to the non identifiability problem that
multiple grammars can generate the same set of observed data (Post, 1946; Greibach, 1968). The
sequence length comparable to the ground truth is possible to obtain. However, the dataset creation
method does not guarantee a single optimal way, this is usually referred to as the undecidability
problem in grammar induction literature: inferring the exact grammar from positive examples is
undecidable. Also is the case for deciding if two grammar classes are equivalent. Our formulation
of the generative model can be shown to be equivalent to context-sensitive grammar A.6, which is
more complex and undecidable than context-free grammar. No general algorithm can take any finite
set of examples and produce a grammar that will generate all and only those examples. Because
of undecidability, heuristic and approximate methods are often used in practice in the linguistics
grammar induction literature and formal language theory. These methods aim to find solutions that
are good enough rather than exact ones. As the optimality of the ground truth cannot be guaranteed
due to the common source of this problem with grammar induction, our approach restricts and
simplifies the structures of patterns that are feasible for the HVM. Since there is a theoretical limit to
what can be achieved when inferring grammatical structures from data. Our approach to HVM uses
approximate, heuristic, and probabilistic methods to tackle this problem by imposing parsimonious
computational characteristics that have been pronouncedly observed in the cognitive science learning
literature. Instead of comparing the model with the specific chunks of the ground truth, we use a set
of evaluation measures to evaluate the model’s performance.

A.4 PARSING SEARCH STEPS

HCM retrieves learned chunks to match them with the upcoming sequence, parsing the largest chunk
that aligns with the sequence. However, as the dictionary size |C| grows, the number of search steps

17



Published as a conference paper at ICLR 2025

Algorithm 2 HVM (online version, for learning sequences from human experiments)

Input: Learning sequences seq; representation graph cg; boolean flag for chunk learning
threshold_chunk; boolean flag for variable learning abstraction

Output: cg, chunk_record

cg < initialize representation graph // Initialize chunk record

chunk_record + {}

t<0

while not seq_over do

current_chunks, cg, seq, chunk_record < identify_latest_chunks(cg, seq)

cg <« learning_and_update(current_chunk, chunk_record, cg, threshold_chunk =
True)

if abstraction then
| cg < abstraction_update(current_chunks, cg)

end

cg.forget() // multiply all frequency record by 0

end

increases, leading to inefficiency. To address this, HVM organizes the chunks in C within a parsing
graph, harnessing shared nodes across multiple chunks to speed up the chunk identification process.

Definition 3 (Parsing Graph (PG))

Parsing graph is a graph for chunk identification. The nodes inside such a graph are the chunks C.
Each parent node is the overlap of all of its children.

To parse a chunk, the model traverses the memory tree structure to find the path up to the deepest
node inside the tree consistent with the upcoming sequence. Pseudocode A.4 describes this process.

Algorithm 3 Pseudocode for traversing a tree to find a path consistent with an upcoming sequence

Input: root N ode, the root node of the tree; sequence, the sequence to be matched
Output: path, the path to the leaf consistent with the sequence, if found
path < an empty list if not root N ode then
| return null
end
else
| return TRAVERSETREE(()rootNode, sequence, path)
end
Function TraverseTree (node, sequence, path) :
path.append(node) if ISCONSISTENT(node, sequence) then
if node.isLeaf{) then
| return path
end
forall child in node.children do
result <~ TRAVERSETREE(child, sequence, path.copy()) if result then
| return result
end

end

end
return null

Definition 4 (Parsing Search Steps)

Parsing search step refer to the number of search comparison made in the parsing graph to find the
deepest chunk in the tree consistent with the upcoming sequence.

Example Shown in Figure 8, when the sequence upcoming is 123, one starts from the ancestors of
the graph and check whether 1 or 2 is at the beginning of the sequence, identifies 1, and proceeds into
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Parsing a chunk
Seq:[1,2,3]

Start in ancestor of the graph / ﬁ

Search in chunks [1, 2], if / \

they are in sequence O(1)

Search in chunks [(1]2), (1/3)],

if they are in sequence

Identify 12 291 295

Figure 8: Example process when parsing a chunk using parsing graph. Gray region denotes chunk
overlaps, which are the non-leaf nodes inside the parsing graph being the common prefix of their
children.

the subtree which stems from 1. The leaves are contains 12 and 13. Then HVM checks whether 12 is
in the sequence or 13, thereby identifying 12.

The mechanism to identify the biggest concrete chunk that can be used to parse the sequence involves
the following steps:

 Search from the top of the tree (nodes with no parents)

* Find the node in the next layer consistent with sequence

* Go to the children of the node until the node contains no more children (leaf node) or none

of the node’s children is consistent with the sequence

As illustrated in Figure 8, the parsing search steps of chunk 12 is: PSS(12) =2+ 2 = |A| + |R(4)|
For chunk 221: PSS(221) =2+ 2+ 3 For21: PSS(21) =2+ 2

The advantage of memory abstraction

Theorem 3 (Guarantee on fewer search steps). Identifying a chunk in a tree-structured memory takes
fewer search steps than without.

Proof. The hierarchically structured memory system reduces the searching step to the number of
branches on the path that leads to the identified chunk, which is a subset of all nodes in the tree. [

Expected parsing search steps For a chunk c that occur with probability P(c), the parsing search
steps is denoted as PSS(c).

As an example, three chunks ¢, ¢2, and c3 composes a sequence and they are parsed with probability
P(ey), P(c2), and P(c3) in a sequence.

Without the hierarchical memory structure, the average parsing search steps to identify chunks in the
sequence is:

PSS(Cl)P(Cl) +PSS(02)P(62) +PSS(03)P(03)

With the prefix Trie, the number of times needed to check whether a chunk matches a certain
abstraction branch requires a number of parsing steps:

PSS(C) = Nchildren(Pa(c>) (1)

Pa(c) denotes the parent of chunk ¢ in PG, Nepiiaren(Pa(c)) is the number of children that chunk
c’s parent contain. An abstract chunk « in such a parsing graph can be the prefix intersection of three
chunks c1, co, and c3, @ = ¢1 N ¢y N c3. Parsing abstraction summarizes all the subordinate chunks
that underlies such abstraction. Therefore the abstraction node is more likely to be parsed compared
to individual chunks.

P(a) = (P(c1) + P(c2) + P(c3))
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Additionally, abstraction can be used as an anchor to find the subsequent denoting chunks. P(c1]a),
P(c2|a) and P(cs|a). The expected parsing search steps to identify chunks for such sequence S
becomes:

Es(PSS) = PL(ciNecaNes)(P(e1)+P(e2)+P(es))+PL(c1—a)P(cr]a)+PL(ca—a) P(cz]a)+PL(cz—a)P(csla)

Generalizing this formula to any parsing graph, the expected parsing search steps given the parsing
graph’s internal abstraction and concrete chunks would be

EPSS(PG) = ZP(C) Z len(Nenitdren(PA(c))) @)

ceC path(c)

path(c) is the path starting with the root node of the graph that leads to the identification of the chunk
node c. Since P(¢)¢,epatn(c) = P(@) 1., cpatn(e) P(cilpalci)), one can also give a lower and upper
bound on the number of parsing search steps needed to arrive at a random chunk in the parsing graph:

EPSS(PG) = P(u|PA(v))PSS(v— PA(v)) 3)
veC

PSS(a— b) denotes the subgraph that starts from b which reaches a. If v is inside the ancestor nodes,
then ancestor(v) = &, and therefore P(v|ancestor(v)) = P(v).

The expected parsing search steps for a representation graph can be calculated by averaging out the
expected parsing search steps for each sub graph inside the parsing graph. The lower bound is the
number of steps that leads to the shallowest node, and the upper bound is the number of steps that
leads to the deepest leaf node.

arg ICHGIéI Z len(Nepitaren(PA(C))) < Eeec(e) < arg r?eaé{ Z len(nepitaren (PA(C)))
uEpath(c) uEpath(c)
4)

A.5 ENCODING COST

A representation graph RG specifies a distribution of observation instances encoded in a composi-
tional manner. One can the minimal encoding cost to distinguish all the variables.

RC(G)=)Y_ > —logP(ulv)+ > —logP(v)+ »  —logP(c) (5)

vEG ue E(v) veG ceG

The more ambiguous a variable is, the less resources needed to encode the variable; the smaller
the variable graph is, the less edges it has, the bigger the probabilities of parsing and variable
identification, the smaller the encoding cost. Every time when a new edge points from a pre-existing
variable to a new variable, the encoding resource expands by an amount determined by the conditional
probability.

Example Representation graphs with different nested structure translates to different encoding
cost. In Figure 9, three graphs contains an increasing abstraction specificity. In graph 1, the variable
’world’ is split into two variables: animals and plants. Each of these variables do not denote a specific
observation, but serves as a placeholder for any instances of specific observation that fits into that
particular category. The encoding cost for such a graph, given the specified observational probability
on the edges would be:

EC(g1) = —log(P(World))—log(P(Plants|World))—log(P(Animal|World)) = —21og(0.5)
(6)
Since once the variable World has been identified, one only need to distinguish the subcategories

inside the variable World, and the minimal code length to distinguish one subcategory (animals)
from another (plants) would be the conditional probability: P(Plants|World).

Whereas if g1 does not contain a nested structure, one would need to encode the variable world
separately from the variable animal and variable plants, in this way, the alternative encoding length
without an edge connecting the sub categories with the main category would be:

EC(gl) = —log(P(World)) — log(P(Plants)) — log(P(Animals)) = —21log(0.5)  (7)
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Figure 9: An increasing level of abstractions

For g2, the case is slightly different: the variable category that denotes animals is further split into
the category of mammals and reptiles. Thereby, extra encoding costs are needed.

EC(g2) = —log(P(World)) — log(P(Plants|World)) — log(P(Animals|World))
— log(P(Mammals|Animals)) — log(P(Reptiles| Animals)) 8)
= —41og(0.5)

If each of these categories are encoded separately and each variable is not pointed to other variables,
the information content to encode a variable graph without edges in the case of g2 would be:

EC(g2) = —log(P(World)) — log(P(Plants))
= —log(P(Animals)) — log(P(Mammals)) — log(P(Reptiles)) ©)
= —61og(0.5)
Since P(Mammals) = P(mammals|animals)P(animals).
This difference is more pronounced going from g2 to ¢3:
EC(g3) = —log(P(World)) — log(P(Plants|World)) — log(P(Animals|World))
— log(P(Mammals|Animals)) — log(P(Reptiles| Animals))

— log(P(Fungi|Plants)) — log(P(Flowers|Plants))
= —61og(0.5)

(10)

Whereas for g3, not encoding variables in a nested structure would result in an encoding cost of

EC(g3) = EC(g2) 4 — log(P(Fungi)) — log(P(Flowers))

= —101og(0.5) ab

These examples illustrate organizing variables into a nested recursive structure saves encoding cost.

A.6 ALTERNATIVE FORMATION AS LEARNING A CONTEXT SENSITIVE GRAMMAR

HVM learns a 5-tuple from the sequences G = {A,C,V, R, P}. A set of atomic units A = {a;}

A set of chunks C = {c;}, k = 1,2, ...,, each chunk ¢y, is a sequence of atomic units and variables.
The model uses chunks from C to parse the observation sequence. Assume a random variable C'
as the chunk being parsed, taking a value ¢ from C, ¢ € C, ¢ ~ P. P is the parsing probability.
Yoecc P(C=¢c)=1

A set of variables V = {v;},i = 1,2, ...,

A set of rules R = {E(v1), E(vs), ..., E(vy)} that each specifies the set of chunks E(v) = {c¢;}
denoting each variable v € V. Probabilities on variable denoting Vi, ;P (vi =¢j)=1
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A.7 RATE-DISTORTION THEORY

Rate-distortion theory specifies that the best possible compression of a signal X contains
a lower bound on quality loss specified by the Rate-Distortion Function (R(D)): R(D) =
info Rgs.tE[d(X, X)] < D (Shannon, 1959; Cover & Thomas, 2012). According to the RD
theory, the minimum R (the amount of compression) at which information can be transmitted
over a communication channel for a given level of information loss D is specified by the Rate-
Distortion Function (R(D)): R(D) = min ;.\ piax xy<p L (X; X). The mutual information
quantifies how much information needs to be preserved during compression to achieve this fidelity,
and the function minimizes this quantity while satisfying the distortion constraint. Written in another
way,R(D) = infg R s.t. E[d(X, X)] < D. Q represents the encoding function that maps from
to 2. RD is agnostic to the choice of the distortion function, and the representation complexity, which
measures the nestedness of the variables learned by HVM.

A.8 PARSING PROBABILITY

A sequence S is parsed by the chunks in C to obtain a distribution of chunk parsing probability P¢.
This distribution on the support set of chunks has shapes dependent on the parsing mechanism. HVM
employs a greedy strategy and chooses the deepest consistent chunk in the memory tree to parse a
segment of the upcoming sequence. Other parsing strategies will result in alternative distributions for
P, in addition to the transition probability Pc(c;|c;).

Define the set Hg(.S) as the set of all distributions results in any parsing method using the chunks in
C to parse a sequence .S, and any parsing probability P € Hc(.S). Hence each evaluation measure on
the representation is bounded by the optimal and the most unfortunate parsing occasions. Taking the
predictive power measure as an example:

argp HPIIIC%S) EP|C| < IEPHVM |C‘ < arg Pg}_z‘:)((s) EP|C| (12)

The measured value is bounded by the expected value from the best parsing distribution and the worst
parsing distribution.

A.9 UNCERTAINTY

Variables introduce uncertainty. Without variables, the chunks inside E, needs to be encoded as
distinct chunks, consuming an encoding cost of —log P(c).

We have the ground truth set of sequential observational units g¢. Let’s say in a recall task, the agent
learns a variable chunk to describe the ground truth, the variable denotes to three concrete chunks c;,
co and c3. The accuracy when c; is being sampled will be D(gt, ¢1), when D is a distance function
evaluating the agreement between the ground truth chunk g¢ and c¢;. Then one can evaluate the
expected accuracy within a variable:

ceE,

E(gt,v) = Y P(clv)D(gt,c) (13)

ceE,

P(c|v) is the probability of sampling chunk ¢ given that the variable v is identified.

Compared to chunks without variables, recalling chunks with embedded variables introduces variabil-
ity, and brings down recall accuracy. But this strategy is especially suited when encoding resources
is limited. Then, it is better when the resources are assigned to the more probable chunks that are
predictive of a bigger sequence, while the varying entities that occur with lower probability can be
denoted as a variable that serves as a placeholder.

Uncertainty(G) = Z P(e) Z H(v) (14)

ceC velC

And H(v) = =} e () Plc) log P(c).
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A.10 OTHER EVALUATION MEASURES

Explanatory Volume: % The length of the original sequence (in atomic units) divided by the
length of the parsed sequence (in units of chunks), i.e., The average size of the sequence that the
current representation graph can explain at each parsing step.

Sequence Negative Log Likelihood: The lower bound of information content needed to encode the
sequence S, as S is parsed into chunks (cy, ca, ..., ¢,), —log P(S) = —log([[,, cc P(ci))-
Representation Entropy: The uncertainty contained within each chunk parse

> cec P(0) ZUEV((;) ZueE(v) —P(ufv) log P(ulv)

A.11 REGRESSING LLM ON HUMAN DATA

We also regressed the negative log likelihood (NLL) of all LLMs against human sequence recall time
and presented the resulting R-squared values in Figure 10. During the training block, the NLL of
LLMs shows a stronger correlation with human recall times compared to alternative models. However,
when it comes to human transfer, the cognitive models demonstrate a much stronger correlation than
the LLMs, with HVM aligning most closely to human transfer performance.

Training Transfer
0.4
06
03

R-Squared
R-Squared
o
0

02 01

0o AL HCM HVM  Llama13B Llama7B Llama70B GPT2 00 Llama13B Llama70B Llama7B GPT2 HCM AL HVM

Model Model

Figure 10: Regressing all models’ sequence likelihood on human sequence recall time.
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Afterward: From Dionysius
emerges Apollo

Wherever the Dionysian prevailed, the
Apollonian was checked and destroyed....
wherever the first Dionysian onslaught was
successfully withstood, the authority and majesty
of the Delphic god Apollo exhibited itself as more
rigid and menacing than ever.

— Friedrich Nietzsche
The Birth of Tragedy

At the beginning, there was only the wild, untamed world of Dionysius. The god
of wine’s spirit ran wild like feral vines, thick and twisting, spreading across the
land. Sensations, emotions, and desires flowed freely; chaos reigned supreme. Every
moment was saturated with stimuli — flashes of ecstatic joy, rumbles of anger, and
swells of passion. Dionysius’ followers, ecstatic and fervent, sang in drunken unison,
their feet pounding the earth in a frenzied ritual to honor their god. Everything is
connected but without clear distinction —raw, intense, and boundless. The world
was too vast, too complex to comprehend all at once, threatening to overwhelm the
gods and mortals alike.

As Dionysius continued his wild revelry, a seed force began to stir deep within the
heart of this madness and sensory overload. It was a faint glimmer of form within
the formless, a rhythm within the dissonance. This seed was Apollo. Apollo noticed
the repetition in the madness, the patterns beneath the confusion. The dancers,
though frenzied, reiterated certain steps. The vines, though wild, grew in predictable
directions. Even the songs of the revelers, returned to familiar melodies. According
to the noticeable patterns, Apollo chunked the sequences of chaotic sensations into
manageable, meaningful units: the once incomprehensible swirl of sensation was
sorted into clear entities, each with its own beginning, middle, and end. The frenzied
dancers slowed as their movements took on the grace of choreographed steps. The
wild music began to follow a rhythm, its notes falling into place. The dancing
bacchanals became structured rituals, their movements still passionate but now
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guided by purpose and harmony. The wild screams turned to song, each note precise,
each rhythm intentional.

Through the process of chunking, Apollo — the god of sunlight, music, and prophecy
— emerged as a radiant presence, taming the chaos of perception. He transformed
Dionysius’ boundless primal power and wild energy into something finite and compre-
hensible, distilling raw, unfiltered experience into meaningful chunks and symbols.
In doing so, laying the foundation for reason, knowledge, art, and beyond. Together,
the two gods existed within the same perceptual world while governing a dichoto-
mous characterization of reality: Dionysius was the intoxication of raw experience
— perception as disordered and undifferentiated forms; Apollo was the clarity that
followed — the ordered understanding that emerged after the chaos, differentiated
by forms.

Chapter 9 Afterward: From Dionysius emerges Apollo
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