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“Reality is merely an illusion, albeit a very persistent one.”

— Albert Einstein





Summary

Immersed in chaotic and noisy sensory streams, we perceive a structured world.
From learning stimulus-response pairings to grouping nearby visual parts, and from
grammar acquisition to learning recurring sequential patterns, cognition irresistibly
and swiftly breaks a high-dimensional sensory stream into familiar parts and grad-
ually unveils their relations. Why do structures emerge, and how do they help us
learn, generalize, and predict? What underlying computational principles give rise
to this fundamental aspect of perception and intelligent behavior?

A sensory stream — simplified to an extreme — is a one-dimensional discrete
sequence. In the process of learning such sequences, we naturally segment them
into familiar parts — a well-known phenomenon called chunking. In the first project,
I investigated the factors that influence chunking behavior in a serial reaction time
task. I showed that humans sensitively adapt to underlying chunks in sequences
while exhibiting a resource-rational trade-off between speed and accuracy.

Taking a step further, I built models that capture the chunk learning process on a
computational and algorithmic level. The model learns chunks and parses sequences
one chunk after another. From a normative standpoint, I proposed that chunking
can be a rational way for an intelligent agent to discover recurring patterns and
nested hierarchies in sequences, and, in turn, factorize sequences more effectively. I
showed that sequential chunks can be learned as readily accessible primitives, ready
for reuse, transfer, composition, and mental stimulation. This consequently allows
the model to build up a complex understanding of the world by seeing the new via
composing the known. I demonstrated and generalized this model’s ability to learn
hierarchies in both single and multi-dimensional sequence domains, and showed its
applicability as an unsupervised pattern discovery algorithm.

The second part of the investigation dives from the concrete domain to the abstract
domain. I taxonomized two abstract sequence motifs and studied their implications
for sequence memory recall. Behavioral evidence suggests that humans readily
exploit redundancies in patterns in an abstract space for more efficient memory
compression while transferring these motifs to novel sequences.
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Taking a step further, I propose a non-parametric hierarchical variable learning model
that combines abstraction with chunking—abstracting those chunks that appear in
similar contexts as variables while learning chunks also on a symbolic variable level
— gradually unearthing abstractions and discovering invariant patterns on a symbolic
level. I demonstrate the algorithm’s resemblance to human learning behavior and
compare it with large language models.

Taken together, this thesis suggests that chunking and abstraction as simple compu-
tational principles give rise to structured knowledge acquisition in sequences with
underlying hierarchical structure, from simple to complex, from concrete to abstract,
enabling the recursive construction of the highly complex from the ground up. I
demonstrated the models’ resemblance to human behavior and their algorithmic
applications to discover patterns.

Zusammenfassung

Wenn wir in chaotische und laute Sinnesströme eintauchen, nehmen wir dennoch
eine Welt mit fester Struktur wahr. Von der Zuordnung von Reiz-Reaktions-Paaren
über das Gruppieren nahe beieinanderliegender visueller Elemente bis hin zum Gram-
matikerwerb und dem Erlernen wiederkehrender sequenzieller Muster: Die Kogni-
tion zerlegt unaufhaltsam und blitzschnell einen hochdimensionalen sensorischen
Strom in vertraute Einheiten und deckt nach und nach deren Beziehungen auf.
Aber warum entstehen diese Strukturen? Wie helfen sie uns beim Lernen, Verallge-
meinern und Vorhersagen? Welches zugrundeliegende Berechnungsprinzip führt zu
solch einer grundlegenden Komponente, die unser wertvolles Wahrnehmungs- und
Intelligenzverhalten ermöglicht?

Ein sensorischer Strom kann stark vereinfacht als eindimensionale, diskrete Sequenz
betrachtet werden. Beim Lernen solcher Sequenzen neigen wir dazu, sie in vertraute
Teile zu unterteilen – eine tief verwurzelte Tendenz, die als Chunking bekannt ist.

Im ersten Projekt untersuchte ich, welche Faktoren das Chunking-Verhalten in
einer seriellen Reaktionszeitaufgabe beeinflussen. Ich zeigte, dass Menschen sich
flexibel an die zugrunde liegenden Chunks von Sequenzen anpassen und dabei
einen ressourcenrationalen Kompromiss zwischen Geschwindigkeit und Genauigkeit
eingehen.
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In einem weiteren Schritt habe ich rechnerische und algorithmische Modelle entwick-
elt, die den Chunking-Prozess erfassen. Das Modell lernt Chunks und verarbeitet
Sequenzen in diesen Einheiten. Aus normativer Perspektive schlug ich vor, dass
Chunking für einen intelligenten Agenten rational ist, um wiederkehrende Muster
und verschachtelte Hierarchien zu entdecken und so die Sequenzen effektiver zu
faktorisieren. Ich zeigte, dass sequentielle Chunks als leicht zugängliche Primitive
erlernt werden können, die zur Wiederverwendung, Übertragung, Komposition und
mentalen Simulation bereitstehen. Dadurch kann das Modell ein tiefes Verständ-
nis der Welt aufbauen, indem es das Neue durch die Kombination des Bekannten
erschließt.

Ich demonstrierte die Fähigkeit des Modells, Hierarchien in ein- und mehrdi-
mensionalen Sequenzen zu erlernen, und verallgemeinerte seine Anwendung als
unüberwachter Algorithmus zur Mustererkennung.

Der zweite Teil der Untersuchung befasste sich mit dem Übergang von der konkreten
zur abstrakten Domäne. Ich habe zwei abstrakte Sequenzmotive taxonomisch erfasst
und ihre Auswirkungen auf das Gedächtnisretrieval untersucht. Das Verhalten
zeigt, dass Menschen Redundanzen in Mustern im abstrakten Raum nutzen, um
eine effizientere Gedächtniskompression zu erreichen, während sie diese abstrakten
Motive auf neue Sequenzen übertragen.

Schließlich gehe ich noch einen Schritt weiter und stelle ein nicht-parametrisches,
hierarchisches Modell zum Lernen von Variablen vor, das Chunking mit Abstraktion
kombiniert. Hierbei werden Chunks, die in ähnlichen Kontexten wie Variablen
auftreten, abstrahiert, während auch auf einer symbolischen Ebene gelernt wird, um
schrittweise Abstraktionen und invariante Muster zu entdecken. Ich zeige, dass der
Algorithmus dem menschlichen Lernverhalten ähnelt und vergleiche ihn mit großen
Sprachmodellen.

Zusammenfassend zeigt diese Arbeit, dass Chunking und Abstraktion als grundle-
gende Rechenprinzipien zu einem strukturierten Wissenserwerb in Sequenzen mit
zugrunde liegender hierarchischer Struktur führen. Vom Einfachen zum Komplexen,
vom Konkreten zum Abstrakten wird so die rekursive Konstruktion hochkomplexer
Strukturen von Grund auf ermöglicht. Ich habe nicht nur die Ähnlichkeit der Modelle
mit dem menschlichen Verhalten aufgezeigt, sondern auch ihre algorithmischen
Anwendungen zur Mustererkennung verdeutlicht.
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Part I

Introduction





1Introduction

„ The propose of science is to �nd meaningful

simplicity in the midst of disorderly complexity.

— Herbert Simon

We effortlessly perceive entities from an immense volume of an ever-changing sensory

stream. Consider the process of walking through a bustling city: successive sensations

arise from a continuous in�ux of perception. You notice the swift changes in traf�c

lights, hear the diverse sounds of car horns, feel the differences of the surfaces

you are walking on, and smell the �eeting aroma of a nearby food stand. Amidst

this overwhelming �ood of sensation, cognition skillfully sifts through the sensory

stream, identifying concrete entities such as “traf�c signals”, “road conditions”, and

“food stand”. This remarkable capability allows us to swiftly navigate and interact

with a complex environment.

Contrary to the ease of symbols emerging in our perception, machine learning

systems still struggle to learn structured symbols and factorization from data. Nowa-

days, large-scale arti�cial neural networks are trained on hundreds of thousands of

graphical computing units with various optimization goals to auto-regress data from

the internet [120]. These models recently demonstrated remarkable performance in

solving problems from recognizing speech and visual objects to playing chess [120,

22, 148, 193]. Despite the triumph on the surface level, it has been argued that

the resulting models still do not understand and represent observations as humans

do [183, 116]. Prominent models transform, predict, and generate sentences just

by learning from lots of data and associating each part of the sentence with others

[246], but this feature does not guarantee that entities of features shall reliably

emerge within the model. Consequentially, large language models struggle to solve

problems that involve symbolic manipulation, such as mathematical problems, which

are never present in the training data [246, 173]; connectionist computer vision

models still rely heavily on human-segmented scene data, hand denoted tags and

human feedback to learn to segment images into visual entities [74, 89, 245, 16].

Modern connectionist AI systems still struggle with the ability to distill object entities

from data, and understand object permanence and the interactions and relations

amongst these recurring entities — an ability that simple animals are capable of

[192, 17, 197].
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The consequence of the gap between machine and human perception causes many

problems. There are many problem domains that are trivial for humans but noto-

riously dif�cult for current connectionist machine-learning algorithms [202, 190].

The set of these problems includes — but is not limited to — continual learning

[201, 190], disentangling representations [136], interpretability [97, 136], few-shot

generalization [35, 97], and abstractions [191, 127]. These problems limit DNN's

reliability in many safety-critical domains, such as the navigation of autonomous

cars and medicine [73, 96]. These problems involve precisely the compact, ef�cient,

and reusable representation that comes to our cognition and perception easily. On

the other hand, these characteristics are the pronounced characteristics of symbolic

systems. As soon as thought can be expressed in a symbolic form, interpretabil-

ity, generalization, reuse, and transfer can also be expressed in clearly articulated

forms.

Earlier approaches to studying arti�cial intelligence were predominantly symbolic.

Herbert Simon, the father of modern arti�cial intelligence, posited that a system will

only be capable of intelligent behavior if it operates and manipulates symbolic struc-

tures [194, 153]. AI in the last century was primarily about how precisely de�ned

programs can manipulate symbols, such as automatically arranging and substituting

mathematical or logical symbols to arrive at the next step of calculation or deduction

[234, 129], to solve equations [139], to parse languages using syntactical trees [233,

21], or to partition images via visual grammar [137, 247]. Symbolic models of

AI represent computing entities as symbols and de�ne operations between them,

such as the de�nitions of constants and variables in mathematics, classi�cations of

words into word types and morphological rules in natural language processing, or

categorizations of image grammar in computer vision. This approach allows for the

�exible reuse and recombination of symbols, which can be clearly implemented in

programming languages across different domains. However, symbolic AI faces a

fundamental challenge: most real-world data cannot be easily broken down into

discrete parts that interact in straightforward ways. As a result, symbolic models

have limited applicability and heavily depend on the programmer's choice to design

effective symbols and operational rules.

A similar issue arises in probabilistic symbolic AI, where observations are modeled

with probabilistic entities to account for noise and uncertainty. When an agent

observes multiple sensory inputs that contain noise and makes decisions based

on them, it needs to estimate a high-dimensional distribution, often represented

as P(x1;x2; : : : ;xn ), i.e., a complex global function with many variables. The dis-

tribution, by its raw form, is complex and infeasible to compute. However, this

computing challenge can be dramatically alleviated if there are groups of ran-

dom variables that are statistically independent of each other. In this case, then

the high dimensional distribution can be factorized into subsets of variables such
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as P(x1;x2)P(x3;x4)P(: : : ;xn ). The factorized form breaks the computation into

smaller, independent parts, reducing both the time and complexity of calculations

[114, 5]. This approach has been critical in probabilistic models like Markov random

�elds [122], Bayesian belief networks [161], message-passing algorithms [114],

and it also applies to algorithms such as belief propagation [243], the Viterbi algo-

rithm [219], the Kalman �lter [108] and learning structural causal models [160].

In computational neuroscience, researchers propose that the brain may similarly

factorize high-dimensional sensory information into several independent modular

systems, each handling a speci�c part of the computation in parallel, making use of

the advantage of parallel computing neural systems inside the brain [169]. However,

probabilistic AI faces challenges similar to symbolic AI: it is notoriously dif�cult

to determine which groups of variables are statistically independent, and can be

considered as within a factor to estimate the full distribution [47, 198, 1].

How to come up with symbols and statistically independent groups of entities has

been a challenge in symbolic and probabilistic AI. Symbolic AI systems depend

heavily on human expertise to de�ne the symbols and rules for manipulating them,

while probabilistic AI struggles with the statistical complexity of determining the

appropriate factorization without human input. At the same time, the missing

perception of entities in connectionist AI contributes to the perception gap between

humans and machines, causing their unreliability and lack of interpretability. These

types of AI approaches do not have a clear answer to a fundamental feature that

our cognitive system handles with ease: how do structured entities emerge in

cognition?

Patterns are fundamental to both our perception and actions. We easily recognize

concrete entities like “traf�c signals”, “road conditions”, and “food stands” from

a �ood of sensory input, and we effortlessly perform action sequences, such as

fetching a bottle, boiling water, and making tea. This question on where do cognitive

entities come from — intersecting arti�cial intelligence and cognitive science —

motivates the thesis to explore how cognitive entities emerge from perception, and

their subsequent roles in factorization, interpretability, transfer and generalization,

and how a computational model describing this process may bridge the gap between

AI systems and human cognition.

The ability to perceive symbols and entities from an overwhelming and ever-changing

sensory stream has historically been a topic of interest. William James famously de-

scribed newborns' experience as a “great blooming, buzzing confusion,” highlighting

the immense challenge they face, immersing in noisy and �eeting sensory input to

make sense of the world [103]. Over time, the infants all learn to recognize coherent

objects and develop sequences of actions to interact between these objects.

5



Philosophers have long speculated how the mind extracts meaningful patterns

from sensory input. The British empiricists, in particular, emphasized that entities,

including symbols and ideas, emerge from accumulating experiences from the

sensory streams. John Locke proposed that newborns begin with a blank state

of mind (tabula rasa) and that perceptual categories and entities form through

experience [124]. David Hume described this process as beginning with vivid

'impressions' from perception, which later evolve into more abstract and less intense

'ideas' that are readily retrieved by the thinking process. The empiricists suggest that

the mind gathers information and constructs knowledge in an additive manner: as

interactions with the world accumulate, more complex ideas develop from earlier

experiences [98, 124, 95, 141, 142]. More complex mental structures can build on

the previously learned ones [101].

This idea was later taken up by behaviorist psychologists. Through studying animals

and their behaviors, they proposed that animals establish behavioral structure by

learning associations between stimuli via repeated practice and reinforcement [159],

[207, 205, 209, 208]. When stimuli repeatedly occur close together in time or

space, the occurrence of one can evoke the memory of the other. Through practice,

sequences of actions become associated and enforced [91, 206, 195], allowing

animals to execute complex behavioral responses reliably.

Acquiring structured patterns from observation connects to our ability to transfer and

generalize knowledge. Aristotle argued that structured perception is key to reasoning

and inferring knowledge beyond our limited personal experience [8, 11, 9, 10].

Similarly, Thorndike proposed that animals tend to reuse sequences of responses in

new environments when these environments resemble situations they've previously

encountered [206].

Before action and association, Gestalt psychologists proposed that the mind has

an inherent tendency to organize perception into structure. In vision, for example,

we tend to perceive nearby entities together as a whole, and farther entities as

separate parts. Gestalt psychologists studied and characterized the tendency to

organize complex sensory input into groups of parts, which are integrated into

coherent wholes [226, 227]. Through this grouping process, the mind identi�es

patterns and regularities and simpli�es complex images, allowing perception to

identify entities that can be related to prior knowledge. Today, the Gestalt grouping

laws are still used as guiding principles of visual design to convey messages from

abstract logos[111].

While language is considered by some a uniquely human ability [45], patterns

and recurring entities are prominent in both concrete and abstract language levels.

Concrete patterns manifested in words and phrases appear at the explicit level, and
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syntactical, morphological, and grammatical rules recur on an abstract level. Yet

these rules still rigidly govern the composition of words into sentences. Understand-

ing those rules is also critical to parse parsing sentences into coherent meanings.

Mastering the application and usage of these patterns on concrete and abstract levels

is critical for comprehending and using any language in �exible forms, allowing the

in�nite variations of meanings that language affords to convey [36, 38, 68].

Empiricist philosophers, behavioral and gestalt psychologists, and linguists have

historically considered the importance of perceptual entities and have related this

feature with the powerful ability of humans to generalize and transfer. In the context

of this thesis, to build on the previous observations and use a modern, programmatic

approach to study this question, I set up this problem by studying sequences. This is

because sequences are the most simpli�ed form of sensory experience. Any sensory

signal can be distilled into a series of successive perceptions and actions across

different modalities. Discrete sequences are the most abstract simpli�cation of

perceptual data, preserving the core aspect of this problem while throwing away

the unnecessary complexities. Processing sequences — whether through perceiving,

memorizing, or retrieving temporally ordered elements — is fundamental to nearly

all human activities, from recalling events and generating actions to using language

and enjoying music.

This setup of the problem casts the question into how cognitive entities emerge from

perceiving discrete sequences. In cognitive science, this process is characterized

by chunking [81, 80, 46, 92]. As we parse a sequence such as “DFJKJKJKDFD-

FJKJKDFDF”, chunking refers to our tendency to segregate the sequence into a

composition of recurring components, such as “DF”s and “JK”s — a behavior that

even small babies and animals exert [164, 204].

Chunking relates to memory organization [26, 143]. When we need to remember a

sequence, we tend to break the sequence into several chunks. These chunks are then

memorized and recalled as separate entities [138, 143, 48, 24]. Chunks also serve

as the units of our memory storage: we can hold between 4 to 7 chunks in our short-

term memory. Therefore, knowing longer chunks by heart helps us to remember

longer sequences. Imagine having to remember the sequence “052917080461”:

taken on its own, this sequence might be dif�cult to recall. However, knowing that it

contains both John F. Kennedy's and Barack Obama's date of birth will likely simplify

this task. Chunks can be subject to composition; we memorize sequences more easily

by organizing them into a nested hierarchy of smaller chunks embedded in bigger

chunks [170].

Apart from cognitive processing and memory organization, chunking also helps the

organization of action sequences. We build up complex action sequence executions by
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piecing together familiar sequence chunks [217, 105, 178, 88, 63, 119], fundamental

to the process of planning [212]. Chunking perception, memory, and action into

entities as basic units of cognitive processing are critical for language acquisition and

usage [164, 170, 109]. Apart from action execution, memory, and sequence parsing,

chunking has been observed in other sensory domains and has been theoretically

linked to mental compression and optimal pattern discovery [188, 228, 58, 87, 162,

157, 26, 110].

I decided to study chunking in simpli�ed sequences to examine our cognitive capabil-

ity to learn structured representation from sequential perpetual data. Formally, the

thesis de�nes sequences as made of discrete elements coming from a set of distinct

symbolic items representing all the perceptual possibilitiesA , which can be related

to the unique sensory experience that an agent ventures. An example of such a

sequence could be010021002112000:::. If an agent experiences such sequence on

and on, a re�ection of the world through this one-dimensional perception, recurring

chunks amongst this signal may convey underlying entities in the world. For instance,

the agent may perceive some consecutive occurrence of space-time observation as

entities, such as learning identities in the sequence:f 0;1;21;211;12;2112g, those

identities will help the agent to parse the observation sequence one identity at a time.

Hence, the model may use the biggest entity that it has learned about to partition

the sequence: 01 0 0 21 0 0 2112 0 0 0.

This thesis constructs cognitive models based on previous knowledge about people's

sequences' learning capabilities. Critically, two components suggested by previous

literature are included as a part of all models developed in this thesis.

The �rst component assumes that the cognitive systems are capable of learning

the associations between consecutively identi�ed sequential units [130, 180, 241],

rooting back to the behaviorists' proposal associative learning is critical for learning

complex behavior. This learning characteristic is supported by a rich set of evidence

from statistical and associative learning literature [40, 54, 84, 181, 85]. Examples

include arti�cial grammar learning. Participants learn grammatical strings generated

from a �nite state language [40] speci�ed by a transition matrix de�ned on a set of

arti�cial vocabulary. After exposure to the sequence, participants can judge a set of

test strings' consistency with the language with above-chance accuracy [54]. Models

that learn the associative transition probabilities between the sequential units can

reproduce participants' performance in this task [84, 181, 85]. This thesis develops

models with components that represent the occurrence frequencies of sequential

entities and the transition probabilities between them.

The second component assumes that people process sequence into disjunctive chunks

[157, 143], resonating with proposals by Gestalt psychologists' that perceptual
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“parts” are perceived together as “wholes”. This learning characteristic is supported

by the chunk learning literature [188, 228, 58, 87, 162, 157, 26, 110]. Examples

include arti�cial grammar learning experiments, which showed that upon hearing

continuous input streams made up of an arti�cial language containing underlying

arti�cial words, children segmented the language stream into disjunctive recurring

parts. This phenomenon can be explained by models that learn recurring disjunctive

parts from sequences [164, 189]. This thesis develops models that are inherent in

this property of segmenting sequences into disjunctive chunks.

The thesis proposes cognitive models on a computational and algorithmic level.

Going beyond seeing chunking and statistical learning as heuristics or tendencies

of human behavior, it takes a normative approach and hypothesizes that learning

statistics and chunks are rational strategies adapted by a learning agent to discover

underlying structures in sequences with embedded hierarchy. Combining the pre-

vious knowledge about human statistical learning and chunk learning, this thesis

proposes that learning sequence statistics, when combined with learning chunks,

become the seed for learning discrete segregated representations from discrete se-

quential data. In addition to learning cognitive entities, this thesis highlights a close

relationship between the cognitive behavior of chunking and the topic of composi-

tionality as a pressing problem puzzling both natural and arti�cial intelligence.

Speci�cally, this question is addressed in two parts. The �rst part studies the emer-

gence of chunks as segregated sequential patterns, and the second part studies the

emergence of abstract entities in relation to chunks. For both parts, the questions

are approached in conjunction with conducting cognitive experiments while explor-

ing the algorithmic properties of models that exert such properties of computing

principles.

The chapters are divided to address the four submitted projects that have resulted

from this PhD work:

The emergence of chunks

Chapter 2 starts from conducting behavioral experiments to study how action

sequences can be segregated into parts: we manipulated the underlying statistical

structure of the sequences and instruction demands in a serial reaction time task.

We discovered that humans adapt their behavior to the statistics of the sequence and

learn longer chunks are adaptive to the underlying chunk length in the sequence.

Meanwhile, instruction focusing on speed versus accuracy also modulates human

chunking behavior. We developed a computational model that learns chunks and

optimizes a utility function that trades off between speed and accuracy to explain

the population behavior observed in this task.
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• “Chunking as a rational solution to the speed-accuracy trade-off in a serial

reaction time task” (Wu, Éltet �o, Dasgupta, & Schulz) [237] was published in

Nature Scienti�c Reports13, 7680 (2023), doi:10.1038/s41598-023-31500-3.

The second project (summarized inChapter 3 ) delves into the algorithmic impli-

cations of chunking under a normative lens. It hypothesizes a rational justi�cation

for the cognitive tendency to chunk, which is to uncover the underlying hierarchical

structure in sequences. It designs a generative model for sequences with a nested

hierarchical structure and develops an inverse recognition model HCM (hierarchical

chunking model), which recursively reuses the previously learned representations to

construct new complex composites. This project demonstrates chunking as a mecha-

nism to discover recurring sequential primitives as entities for sequence factorization

subject to compositionality, and also generalizes chunking from a one-dimensional

sequential domain to a visual and visual temporal domain and applies the model

as a data-driven structural discovery algorithm. This work resulted in the following

publication:

• “Learning Structure from the Ground up—Hierarchical Representation Learn-

ing by Chunking” (Wu, Elteto, Dasgupta, & Schulz) [236] was published in

Advances in Neural Information Processing Systems35, 36706 - 36721 (2022).

The second half of the PhD work studies chunking and its role in learning abstraction

in sequences.

It starts with a sequence memory and recall experiment summarized inChapter 4 .

The project taxonomizes two types of motifs and studies the in�uence of motifs in

memorizing long sequences, in addition to transferring motif knowledge to novel

sequences. The sequence recall experiment suggests that people exploit sequential

patterns and redundancies not only on a concrete but also on an abstract level. Their

learning and transfer behavior can be characterized by a motif learning model that

chunks sequences on an abstract motif space.

• “Motif Learning Facilitates Sequence Memorization and Generalization” (Wu,

Thalmann, & Schulz) has been submitted as a preprint onPsyArXiv[239] and

has been accepted inNature Communications Psychology, doi:10.31234/osf.io/2a49z.

The experimental work inspired further modeling of human abstraction learning

and its connection with learning by association and chunking. The last project

summarized in Chapter 5 studies chunking in conjunction with abstraction under

a normative perspective. A learning agent should learn abstract categories from

observations because naturalistic sequences contain distinct objects of the same
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category types. Such properties enable the learning agent to learn recurring chunks

from sequential data, layer by layer, starting from concrete and building up to more

abstract levels. This model relates abstraction with compression and generalization

while distinguishing large language models' learning and transfer behavior from

human learning.

• “Building, Reusing, and Generalizing Abstract Representations from Concrete

Sequences” (Wu, Thalmann, Dayan, Akata, & Schulz) has been submitted as a

preprint on ArXiv [238] and, at the time of submission, is under review at Inter-

national Conference on Learning Representations, doi:10.48550/arXiv/2410.21332.

Some works are related to the thesis topic developed during the PhD but are not

discussed in the thesis. This includes my work in the following two directions:

One is to test the applicability of chunking principles in biologically realistic simu-

lated neural circuits. I worked with Atilla Schreiber and Chenxi Wu from Giacomo

Indiveri's group to demonstrate a group of spiking neurons with biologically plausible

principles of synaptic plasticity and homeostasis can learn structured patterns from

sequences in mixed-signal neuromorphic hardware. The project suggests that biolog-

ical neural circuits and computation structures can learn chunks in computationally

and power-ef�cient ways.

• “Biologically-plausible hierarchical chunking on mixed-signal neuromorphic

hardware” (Schreiber, Wu, Wu, Indiveri, & Schulz) was published in Ma-

chine Learning with New Compute Paradigmsworkshop at Advances in Neural

Information Processing Systems36 [185].

The other work studies the temporal dynamics of hierarchical visual grouping. I

worked with Mehmet Yörüten to propose a psychophysics experiment studying

people's recognition behavior upon seeing images tiled by amorphous sub-parts. We

showed that the recognition dif�culty of image parts can be described by a normal-

ized min-cut algorithm that optimizes grouping by similarity under computational

resource constraints.

• “Normalized Cuts Characterize Visual Recognition Dif�culty of Amorphous

Image Sub-parts” (Wu, Yörüten, Wichmann, & Schulz) was presented at the

Computational and Systems Neuroscience (COSYNE)conference [235].

Together, this thesis proposes how structured representation in chunks and abstract

rules arises from learning from discrete sequences. The means to do so is via
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learning association to construct chunks and propose abstractions as cognitive

entities, bringing forth computational ef�ciency and transferability.

12 Chapter 1 Introduction



Part II

From simple to
complex





2Chunking in serial reaction time

tasks

2.1 The emergence of action primitives from

sequences

A shared skill across learning, planning, problem-solving, and creativity is the

capacity to break down complex tasks into manageable subcomponents, enabling

humans to adapt and respond �exibly within complex, high-dimensional, and ever-

changing environments [203].

One promising mechanism that underpins this ability is chunking. As a fundamental

cognitive process, chunking facilitates the perception and execution of sequences.

Lashley proposed that people organize complex actions by segmenting them into

smaller, more manageable subsequences [119]. Through chunking, frequently

occurring patterns within sequences are identi�ed and grouped into discrete units

that can be recognized as cohesive wholes [143, 115, 88, 189]. This chunking

phenomenon extends beyond sequence learning, playing a role in domains including

grammar acquisition, visual and working memory tasks, function learning, and chess

[88, 81, 58, 63, 110, 33].

The ability to recognize and chunk recurring elements in sensory information allows

for a compressed representation of long sequences [26]. These chunks can then be

repurposed across different contexts, supporting the development of expertise as

novices progress by building and recalling pattern-based chunks in long-term memory

[152, 33, 82]. Evidence suggests that the foundational units in cognitive hierarchies

emerge through the process of learning and organizing chunks in sequences.

In the �rst study, we conduct cognitive experiments to study chunking in sequence

learning. Since movements are underlying the most fundamental aspects of chunk

execution, this work started by studying the emergence of units in sequences of

movement execution. We want to study how chunks emerge from repeated exposure

to simple units, so we chose a sequence learning paradigm. A common paradigm

to study sequence learning is the serial reaction time task (SRT) [154, 230, 177,

110]. In SRTs, participants are instructed to press a number of keys that map to the
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displayed instruction cues. During the experiment, sequences of instruction cues

appear consecutively on the screen; upon the occurrence of each instruction cue,

participants react by pressing the corresponding key.

In our experiments, participants were instructed to press four keys, denoted as A,

B, C, and D, on the keyboard, which mapped to four instructions that appeared on

the screen. If particular patterns, for example, ABC, keep repeating, then grouping

repeated chunks as a unit should facilitate the prediction of the upcoming keys.

Speci�cally, detecting a chunk's beginning, in this case, A, implies that the within-

chunk items B and C will follow. This anticipation of the following elements of a

given chunk can allow participants to anticipate what is coming next and thereby

react faster [110, 152].

To study whether participants' chunking behavior adapts to task demands in an

SRT task, we manipulated sequence statistics and instructions to participants during

the training blocks to examine the behavior change from the baseline to the test

block. By default, instruction sequences were generated from a non-deterministic,

�rst-order Markovian transition matrix between the four instruction keys. Out of all

16 transitions speci�ed between the four keys, the transitions from A to B and C to D

were highly probable (P = 0.9), and the transitions from B to C and from D to A were

medium probable (P = 0.7). In this way, participants often observed reoccurring

sequence segments such as AB and CD and could possibly perceive them as “illusory”

chunks, even though the generative model was, as mentioned, nondeterministic

�rst-order Markovian. In practice, the instruction keys were randomly mapped to D,

F, J, and K for each individual to randomize the key correspondence to the keyboard

placement of the �ngers.

2.2 Summary of the article

We propose a normative rational chunking model that learns chunks, taking two

components into account. One is sequential statistics, i.e., sequences with distinct

underlying chunks should result in different learned representations. By merging

previously learned chunks, the model �nds the best set of chunks to be learned

when the entire sequence is considered, thereby segmenting the stream of symbols

into compact units of chunks. The model learns patterns as chunks when there are

underlying recurring patterns in the sequence. When reaction speed is preferred over

accuracy, the model learns longer chunks while tolerating more mistakes. We test

these predictions in two experiments, separately manipulating sequence statistics

and instructions given.
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The �rst experiment examined how underlying chunks affect sequence learning,

controlling for instructions. We gave participants �rst-order Markovian instruction

during the baseline and the test block, sandwiching a training block, which we

manipulated. During the training block, we trained three groups of participants

separately on sequences containing no chunks (independent), chunk AB (size 2

chunk), or chunk ABC (size 3 chunk), and the elements that do not belong to the

chunks occur randomly in the sequence. Consistent with the model's prediction,

participants' reaction time data (comparing the test block with the baseline block to

evaluate the in�uence of the training block) suggest that participants learn chunks

when underlying chunks are in the sequence.

The second experiment tested the prediction of the in�uence of instruction on

chunking while controlling the sequences in all baseline, training, and test blocks to

be the default Markovian sequences. In the training block, one group of participants

was instructed and rewarded to perform the task as fast as possible, and the other

group was as accurate as possible. The results of this second experiment suggest

that the group focusing on speed chunked more than the group focusing on accuracy

despite making more mistakes. The analysis result aligns with the model prediction

that participants shall adapt their chunking behavior to optimize the trade-off

between accuracy and speed.

Our results shed new light on the bene�ts of chunking under speci�c task instructions

and pave the way for future studies on structural inference in statistical learning

domains.

2.3 Discussion

Our work can be related to several lines of previous research on chunking. Firstly,

Servan-Schreiber and Anderson [189] studied how chunking facilitates memory by

examining subjects' memorization for arti�cially produced grammatical sentences.

They proposed that a hierarchy of chunks forms as subjects remember sentences.

They instructed subjects to memorize sentences chunked by distinct hierarchy levels

(e.g., word level vs. phrase level) and examined subjects' judgment of grammati-

cality afterwards. Their result suggested that the hierarchy of chunks in�uenced

participants' grammaticality judgments. Additionally, subjects overtly chunked the

training sentences even when they were presented in an unstructured manner. These

�ndings are similar to our current model, which also predicts chunking will appear

in unstructured data but does so via a trade-off between accuracy and speed. The

competitive chunking model provides a modeling framework consistent with our

model but does not explain the processes that give rise to chunks' construction and
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hierarchy. The mechanism of recombining previously acquired chunks in our model

can �ll this blank.

Another related model is PARSER. Proposed by Perruchet and Vinter [164]. PARSER

can produce arti�cial language stream segmentations of continuous input streams

without any episodic cues such as pauses [181]. PARSER randomly samples the

size of the next chunk of syllables and parses the sequence by disjunctive chunks.

Each chunk the model learns is associated with a weight, which increments with

observational frequency and decrements via a forgetting mechanism. Since both

PARSER and our model evaluate chunks based on their occurrence statistics (PARSER

approximates the chunk frequency online, whereas the rational chunking model

evaluates the joint probability empirically), the simulation results produced by

PARSER on syllable parsing can –in theory– be reproduced by our model. Distinct

from PARSER and unique to our model is the mechanism of conjoining acquired

chunks to construct new chunks and relating the general chunking mechanism to a

rational form of utility maximization.

Other methods use neural networks to learn chunks in sequences. Wang et al. trained

a self-organized recurrent spiking neural network with spike-timing-dependent

plasticity and homeostatic plasticity on sequences like the ones commonly used

in SRTs and showed that it could reproduce several sequence learning effects, in

particular, transfer effects [223]. It is, however, unclear whether the network learned

explicit chunks that enabled this transfer because it is generally dif�cult to interpret

the learned representations of such models. Compared to this approach, our model

can serve as an interpretable computational level model because one can directly

assess which chunks the model has learned.

Another modeling approach to study how structure emerges from learning is to use

variants of the Bayesian ideal observer framework [157, 83, 155]. These models are

also rational because their inference is evaluated on the observational instances. The

difference between these models and our model mainly lies in the context window

and their structural assumptions. For example, with the hierarchical Dirichlet process

model [64], the maximal size of the context window, for recognition convenience, is

pre-determined to evaluate the prediction of the next element given the previous

context. In contrast, our model adapts its context length based on the previously

acquired subsequences of chunks. Therefore, we think that these models are very

similar to the accuracy part of our rational model and –in the limit– might even

make the same predictions for bigrammatic chunks. Apart from that, the rational

chunking model accounts for the speed-accuracy trade-off, which is harder to realize

and implement in a purely context-dependent Bayesian ideal observer framework

relevant to the serial reaction time task.
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Finally, relying on the trade-off between speed and accuracy is one way that chunking

bene�ts performance. Other mechanisms have also been proposed, such as mini-

mizing memory or action complexity [77]. Extending our current model to other

domains using these additional complexity measures will make scalable predictions

in memory, reinforcement learning, and planning.

2.4 Limitation and future work

This work has limitations. One is that chunk boundaries are inferred and non-explicit

from reaction time speed up. We cannot say for sure when a participant formed a

chunk that has been established in mind from analyzing reaction time alone. Future

work can integrate the methods we used with other sources of information, such

as eye movement data or measurements of brain activities, to cross-validate the

estimation of human chunk boundaries. Alternative paradigms, such as asking

participants to recall sequences freely, can also help to elucidate the demarcation of

chunk boundaries in human behavior.

Our experiments examined learning from sequences with simple underlying chunks;

future work may study learning sequences with more complex compositional struc-

tures within, which may adapt to participants' learning progress. For example, a

model may infer participants' learning progress on the go and introduce novel chunk

combinations, i.e., a concatenation of participants' previously learned chunks, up

until a point when the participant has shown indicators of suf�cient knowledge (pre-

sumably using the staircase method [42]) in the two basic chunks to be composed.

Such tasks may lead to an adaptive instruction sequence tailored to participants'

idiosyncratic learning progress affected by individual tendencies of chunk building,

consolidating, and concatenation. Modeling work may examine the in�uence of dif-

ferent chunk-building parameters on the dynamics of this adaptive learning process.

Relating to real-life experience, this process may affect the progression of acquiring

composable skills. It may explain phenomena such as the deeper participants are

into a book, the faster the reading speed becomes, and the greater the size of a

sentence being parsed [175, 12, 184]. In chess-playing, the model can simulate the

progressive memory complexity reduction of strategic chess board con�gurations as

a player advances from novice to expert level [82]. The implications of such �ndings

may inform educational curriculum design to adapt to the learning progression of

individuals.

Finally, we have examined chunk learning in a simpli�ed experimental setup in this

project. Literature has suggested that such simple chunks can greatly bene�t the

composition of more complex action sequences [187, 186, 212], pointing to the
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direction that one primary consequence of chunk learning is to construct simple

primitives which can be concatenated to complex composites [203]. In the next

project, we further dive into an algorithmic formulation of how simple chunks can

recursively merge to create complex composites and a hypothesis on why chunk

learning is rational for an agent to build up a better understanding of perceptual

sequences via reusing the previously learned representations.

2.5 Article Status

”Chunking as a rational solution to the speed-accuracy trade-off in a serial reaction

time task” (Wu, Éltet �o, Dasgupta, & Schulz) [237] was published in Nature Scienti�c

Reports13, 7680 (2023), doi:10.1038/s41598-023-31500-3.
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3Chunking to compose — a source

of in�nite combination using �nite

means

„ Why does each new year seem to pass faster than

the one before?

...

We essentially conduct a lifelong process of

chunking — taking small concepts and putting

them together into bigger and bigger ones —

recursively building up a giant repertoire of

concepts in mind.

— Douglas Hofstader

Primary to Hofstadter's speculation is a fundamental feature of chunking, which

combines simpler components into more extensive and complex components that ex-

plain ever-larger recurring experiences in life. In the former project, the experiment

on serial reaction time tasks suggests that humans adapt chunking behavior to the

underlying regularities in the sequences. In this subsequent paper, I investigate the

relation between chunking with hierarchical sequence structure, compositionality,

and factorization.

Cognitive scientists have suggested the vital role of chunking as a way to circumvent

our inherent mental limitations. About half a century ago, Miller reported that

our short-term memory is limited to holding 4 to 7 chunks[143]. Once a chunk

has been learned, it is memorized, identi�ed, and parsed as a whole [58, 119,

217]. This discovery has led to ample subsequent work suggesting chunks as the

primary information processing unit and serving a role in decomposing complex

sequences into familiar parts. To illustrate, consider remembering a sequence

like “schwarzwälderkirschtorte” — a challenging task on its own — a sequence

with 26 items. However, knowing that it is a concatenation of the German words

“Schwarzwälder” (Black Forest) and “Kirschtorte” (cherry cake) simpli�es the task,

as the sequence is decomposed into several familiar parts. Recognizing familiar

subsequences aids in remembering more complex sequences.
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The process of breaking perception into several entities goes beyond sequences to

the visual domain: Gestalt psychologists have observed and developed the notion

of `Prägnanz': upon processing a complex and chaotic visual scene, people tend

to organize and group visual perceptual units together into coherent wholes [226,

227]. A primary tendency to group perceptual units as a whole is by proximity:

entities close to each other tend to be perceived together to form a group [226, 227].

Interestingly, the grouping by proximity in vision resembles the grouping by chunks

in sequences, suggesting the chunking principle as a candidate to break complex

observation into parts in both visual and sequential domains.

If chunking can be a candidate of a cognitive principle that underlies many domains,

what could be a normative reason to justify the rationality of learning chunks? From

a computational standpoint, upon processing streams of perceptual sequences, a

learning agent faces an inherent challenge in learning structure from the sequence

for better predictability, memorization, and recall upon task demand. From this

point of view, chunking implies several attractive algorithmic features.

The �rst is that chunks can serve as computational processing entities to explain the

emergence of symbols. This points to a potential answer to the unresolved problem

in symbolic AI. Symbolic AI systems study the consequence of intelligent behavior via

operating with symbols but do not address where symbols come from (sometimes,

they resort to some innate explanation that circumvents this problem). Because

symbolic AI relied on this fundamental assumption, their approach suffered dif�culty

in scaling up to higher dimensions, as going into any more complex data domains

will reveal the problem of �nding primitive symbols to parse the data reasonably. The

formation of chunks through learning offers a potential answer to how symbols and

distinct entities emerge from experience. By enabling us to segment observations

into discrete components, chunks serve as foundational units that transform input

sequences into recognizable parts.

The second is that chunks can become independent entities to factorize a proba-

bilistic estimation of the observational sequence. An observational sequence with

n entities can be described as distributed in a high dimensional probability distri-

bution P(x1;x2; : : : ;xn ). Chunks become a unit of sequence parsing, and thereby, a

sequence spanning in many observational units can be partitioned by grouping obser-

vational units as chunks, each chunk occurring independently from the occurrence

of other chunks, and therefore factorizing the observational sequence distribution

by chunks of consecutively occurring stimuli: P(x1;x2)P(x3;x4)P(: : : ;xn ). This

suggests that the mechanism of learning chunks may help computer scientists �nd

ways of circumventing the computational complexity of factorizing high-dimensional

distribution of observational sequences and can also serve as a way of learning a

generative model of the sequences.
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What follows as the third attractive algorithmic property is compositionality: the

previously learned chunks can be composed into more complex chunk combinations.

Previous work using symbolic systems to study human behavior has suggested that

the composition of primitive operations explains both human behaviors of learning

a hierarchical organization of the primitives [117], which helps people to make fast

structure learning and generalization [187]. Additionally, the components that are

composed may contribute to the processes of generalization and transfer between

separately learned sequences [152]. Chunk learning and chunk composition may

also lead to chunk transfer.

3.1 Related Work

Several approaches to model chunk learning from sequences exist in the literature.

One is a process type of cognitive model including PARSER [164], CCN [189],

and others [178]. These models use heuristics to illustrate how chunks can arise

from data, usually from jointly frequently occurring items that contain associative

relationships. While PARSER compared simulated chunking with baby sequence

segmentation when learning an arti�cial stream of language, CCN related the process

of chunking with compositionality by organizing chunks in a hierarchical way. These

process-level models are limited in their heuristics and lack a normative account of

why chunking can be a rational behavior for the learning agents.

In contrast to the process models, normative statistical models describe ideal ob-

servers' behavior to explain why chunking is rational, usually using variants of the

Bayesian ideal observer framework [83]. For example, given a linguistic corpus,

these models infer a segmentation with the highest probability from a set of chunks

following the minimal description length principle. These models are rational as

the inference is evaluated on observational instances. However, the inference pro-

cess of these models suffers from combinatorial explosion with increasing sequence

length. Presumably, the normative chunking models do not relate chunking with

compositionality because of the computing complexity.

Other chunk learning models are connectionist in nature. Approaches include using

an arti�cial neural network to learn sequence segmentation or simulating spiking

neural networks that are similar to our biological neural construct and translating

the chunk learning problem into a loss function for network parameter optimization

[71, 41, 223]. Usually, these models generate behavioral consequences of chunk

learning, but they are opaque to interpret due to their connectionist setup.
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This project implements computational cognitive models that connect chunk learning

in cognitive science with the algorithmic advantages it provides. It also proposes a

normative explanation, hypothesizing that chunking is a rational strategy. Building

on previous experiments, which show that humans learn underlying chunks in

sequences, this project suggests that humans behave like rational agents, uncovering

patterns in their observations. Thus, chunking may serve as a rational method for

identifying underlying relationships and regularities within observed sequences.

3.2 Summary of the work

To study the normative explanation of the chunking mechanism's rationality while

exploring the algorithmic advantage that such a mechanism brings forth, the project

started by investigating the relation between hierarchical structure and chunking. To

preciously control the structure of the sequence, we design a generative model that

randomly comes up with an underlying nested hierarchical structure. The generative

model starts with an inventory of initialized unique chunks of atomic units. In a

number of iterations, existing chunks in the inventory randomly concatenate together

to form chunk composites. Each chunk in the inventory is assigned an independent

occurrence probability. The sequence is generated by consecutively sampling chunks

from the generative model. This approach to developing a generative model captures

the essence of compositionality at the sequence level: simpler concatenated chunks

form foundational units that recur and combine to create increasingly complex

structures within the hierarchy.

Observing such non-iid sequences with recurring chunks sampled from the hierar-

chical generative model, this project proposes that chunking can become a means

to uncover the underlying structures in sequences. It proposes a simple chunk

learning model that contains three components that can be plausibly implemented

by cognition.

The �rst component is parsing, i.e., the model parses and identi�es chunks together

as a unit from the sequences [153, 81, 163, 25]. The second component is learning

the associative statistics of consecutively parsed chunks, a notion that inherits the

legacy of behaviorists' proposal (that animals learn to associate between events)

while also being af�rmed by the statistical learning literature (human learners are

sensitive to the transition statics and the occurrence probability between consecu-

tively observed entities in sequences [84, 181, 85, 180]). Meanwhile, a forgetting

component multiplies the count of parsed chunks by a discounting factor, a common

practice that models forgetting [57, 151, 229, 172, 176, 7, 150].
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Connecting the three components, this paper proposes the hierarchical chunking

model, which builds up a nested hierarchical structure from sequences. HCM starts

out learning about the minimally suf�cient atomic sequential units as initial chunks

to parse the sequence and combines chunks which has a correlated consecutive

occurrence as indicated by the information provided by the associative statistics into

more complex chunks to add to the dictionary. The simple merging process allows

the model to learn more complex representations by reusing the previously learned

chunks. In this way, a long and complex sequence can be learned as one entity

in the dictionary by reusing and concatenating the existing chunks in the memory

dictionary. The model learns a dynamical graph that is a trace of the evolving

representation in the dictionary.

HCM brings the feature of compositionality in the sequence learning domain. As the

previously learned chunks are used as basic components to parse the sequence and

as candidates to compose into new chunks. The compositionality process contains

a normative aspect guided by the recorded sequence parsing statistics, reducing

the space of compositionality to those chunks that contain a correlated consecu-

tive occurrence relationship and thereby also circumventing the vast search space

as encountered by alternative formulations. Apart from that, the chunks become

entities to factorize the high dimensional sequence distribution. One can evalu-

ate the probability of a sequenceS (x1;x2; : : : ;xn ) occurring P(S) P(x1;x2; : : : ;xn )

by the probability of chunks that constitute the sequence parsed by the model:

P(x1;x2)P(x3;x4)P(: : : ;xn ) (each group is the elements inside a chunk). Alterna-

tively, the resulting representation can also be used as a generative model to produce

imaginary sequences composed of sampling the learned chunks adhering to their

occurrence probability by the model.

HCM is formulated as a normative chunk discovery algorithm, i.e., chunking is

rational for the model to uncover the underlying nested hierarchical structure in

the sequence. This project includes learning guarantees of a rational HCM on

an idealized generative model and demonstrated its convergence. Apart from

formulating chunking as a normative representation discovery process, the project

also shows several learning advantages this algorithm affords.

The �rst one is data ef�ciency. On sequences with embedded hierarchies produced by

the generative model, I compared HCM with RNNs learning from the same amount

of sequential data. Given the same length of sequences, HCM could adaptively

build its nested hierarchical representation by detecting correlation violations until

no correlation can be detected. In contrast, neural networks are much slower at

adapting their representation. Given the same amount of training data, HCM learned

a better representation of the sequence than an RNN. We also observed that the
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advantage in HCM's data ef�ciency becomes more pronounced as the hierarchy

depth of the generative model increases.

As HCM learns interpretable chunks, we also looked at the implication of transfer

when the model adapts its previously learned representation to novel sequences

generated by alternative hierarchical structures. The model's interpretability in-

forms positive/negative transfer to learn representations in a novel environment

where sequences come from a generative model with overlapping/complementary

chunks. Since the previously learned chunks can be reused, the transparency of all

existing chunks acquired by the model shows whether the new chunks need to be

learned additionally. With full knowledge of the transfer sequences in relation to the

learned representation from the model, positive or negative transfer can be reliably

predicted.

Many natural sequences may contain a hierarchical component similar to the genera-

tive model; as a testing ground, HCM was applied to learn structures from sequences

from the book The Hunger Games. From text sequences, HCM learns nested hierarchi-

cally embedded chunks re�ecting the hierarchical organization structure of language.

This includes the step-wise emergence of word parts such as common pre�xes and

suf�xes in a word, commonly used verbs, and nouns, and later more complex phrases

also emerge, including phrases such as “it is not just”, “in the school”, “our district,”

and “cause of the”, similar to how we parse sentences through successive units of

words and phrases when reading instead of letter-by-letter [158].

This project also delves into the algorithmic consequence of chunking as a represen-

tation discovery mechanism in discovering interpretable compositional relationships

from and beyond one-dimensional sequences, and into higher-dimensional visual

and visual temporal sequences. I extended HCM to learn visual temporal chunks

via proximal grouping and demonstrated that the model could learn frequently

occurring visual-temporal parts to aid in breaking down a complex sequence of im-

ages into chunks of visual temporal wholes via combining their corresponding parts.

Consequently, the complexity of the visual-temporal sequence reduces as learning

progresses, and the model learns recurring visual-temporal movements. The model's

behavior suggests that chunk learning can also capture the correlation in both spa-

tial and temporal dimensions, hence may explain cognitive phenomenon beyond

one-dimensional sequences to higher dimensions such as visual or proprioceptive

sequences [50].

The ability to discover recurring temporal-spatial patterns and their sub-recurring

patterns as chunks organized in a nested hierarchical graph makes HCM a method

for extracting patterns in an unsupervised manner. One candidate data type hypoth-

esized to contain a hierarchical structure is neural activities [6]. We demonstrated
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that HCM can be used to learn recurring activations of functional brain regions on

a resting-state fMRI data set. The interpretability of chunks allows matching the

occurrence of chunks and stimulus onset to be compared with the known network

connectivities in the brain. Via this method, we found nested network structures such

as functional regions responsible for affect processing [200, 222], visual attention

control [218], or theory of mind processes [14]. On a population level, we also

observed a correlation between the average chunk size per participant and age -

implying the aging brain possesses a more modularized activity signature.

Together, we propose a model that processes a stream of perceptual sequence into

chunks. HCM learns chunks as the basic unit of cognitive processing, allowing for

the composition of chunks, factorization of sequences, and transferability to novel

sequences. We demonstrate the application of this model to discover recurring

patterns in an unsupervised manner, from one-dimensional sequences to multiple-

dimensional visual-temporal sequences. This work suggests that chunking is a

universal computational principle used to acquire parsable entities from sequences,

resonating with previous discoveries in �elds from sequence learning and memory

to gestalt psychology and the arrival of visual entities.

3.3 Discussion

The algorithmic design of HCM favors simplicity as a proof of concept to demonstrate

the power of chunking. This simpli�cation comes with limitations. One is the

greediness in parsing; the model �nds the biggest chunk in the learned dictionary

in its volume to parse the sequence despite their low occurrence frequency as a

heuristic. This choice may hinder the model from discovering the most plausible

underlying chunks in the sequence, but rather in favor of expanding the inventory

of its dictionary. Depending on the application, the future may extend the parsing

process also to consider a model that infers the observation of chunk online [157],

thereby making the algorithm adhere to the updated probability of chunk parsing

probability.

Many pattern detection algorithms, including deep learning approaches, are not

robust to independent noise in data. This poses big application problems and

does not relate to the noisy biological substrate of the neural system, and hence

is also dif�cult to implement in hardware systems that are also prone to noise or

computation corruption [86, 120, 93].A feature of HCM is that chunk discovery is

little affected by independent noise in sequences or when the occurrence instance of

some underlying chunk is only partially observable by occasional signal corruption.

This is because independent noise does not affect the statistical correlation among
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consecutively parsed chunks and, hence, does not in�uence the process of chunk

proposal. What noise affects is the parsing process, i.e., smaller chunks consistent

with the noise-corrupted sequences will be chosen as candidates for sequence parsing.

As noise robustness is not the focus of this project, future work may exploit this

feature advantage of the algorithm by simply making the parsing process more noise

robust via introducing a similarity comparison mechanism matching the previously

learned chunks and the sequence observed or adapting to some probabilistic variant,

such as computing the chunk that leads to the maximal a posteri given a noisy

observation sequence.

Another limitation of this work is the computational ef�ciency in chunk searching.

During each parsing step, the number of search steps to identify the biggest chunk

that matches the sequence scales with the inventory size. Future work can improve

the ef�ciency of this parsing step by either organizing chunks in a pre�x tree-like

structure to shorten the search step to scale with the depth of the pre�x tree.

Alternatively, chunk parsing can be implemented in parallel computing systems that

contain independent components checking the consistency of individual chunks in

the inventory simultaneously, with the biggest chunk matching in size winning the

competition. Even better will be the combination of both types.

One innovation of this work is to relate chunking to compositionality in sequence

learning, suggesting that chunking can be a means to compose the more complex

from the simple in any problem domain that can be formulated as symbolic se-

quences. This formulation informs and differentiates from other approaches to

model compositionality.

The most prominent models that explain human compositional behavior are program

induction models. They have been mostly applied to behavior domains with partial

observability, such as explaining the composition of handwritten digits or coming up

with programming steps that generate the output of a transformation from one base

word form to its morphological variant [117, 62, 61].

Program induction models capture humans' capability to compose more complex

cognitive representations from simpler ones by formulating mental computation as a

combination of programs. Problem-solving involves searching for the combination of

programs with the highest probability of explaining the observed data and updating

its posterior distribution over the programs with more observation instances.

However, two problems hinder the program induction approach from being inte-

grated to explain more human behavior or data domains with higher dimensionality.

The �rst problem is that these models are domain-speci�c and assume knowing a

set of computational primitives. However, these mental primitives are not known in

28 Chapter 3 Chunking to compose � a source of in�nite combination using �nite means



most domains. Hence, such models have been limited to simple domains that are

feasible for experts to hypothesize computational primitives, including hand-digit

writing [117], geometric hand-drawing [62], or simple programming [179]. The

other problem is the vast program search space. Finding the right program combina-

tion that takes an input and produces an output is an exhaustive process and subject

to combinatorial explosion. Improvements to program induction methods include

using neural networks to guide the search process [62], but only partially alleviates

this issue.

By formulating learning in the sequential domain, our model of learning to compose

entities to parse sequences captures the essence of compositionality while resolving

both limitations of program induction approaches. Since the model starts learning

with an empty inventory, primitives can be learned without the necessity to impose

a library, and the model does not differentiate between the basic primitives or the

frequently used composite chunks. Studying chunking in sequence learning also

circumvents the huge computational complexity of �nding combinations of primitive

functions that explain an output observation, as combinations are acquired via

observing sequences.

While not every human behavioral aspect can be framed as inducing programs,

most human behavior can be described by sequences of action and perception.

Chunking, as a proposal for the emergence and reuse of subsequences as cognitive

units, offers an explanation for a part of behavior in all domains that contain a

sequential component. In future work, this approach can be integrated with the

program induction methods by applying chunk learning to the sequences of program

execution traces or other data domains where composing programs plays a role.

Future work may also relate this model with cognitive experiments to test the

implication of chunking during learning. If chunking as a tendency helps learning

and reuse to acquire complex structures, then the curriculum should affect the

learned representation critically. In particular, training needs to include enough

repetition sequences to allow suf�cient time for the learning agent to pick up

the invariant patterns and rules. Indeed, studies have suggested that training

regimes that �x invariant rules (blocked training) facilitate humans in learning

about the underlying rules compared to regimes where the rule keeps changing

(interleaved training) [69] - a feature that also distinguishes humans from arti�cial

neural networks. Future studies can investigate the contribution of chunking to the

curriculum effect observed in these experiments.

Apart from the curriculum effect, the correlation detection feature of HCM can be

applied to propose variables and generate hypothetical causal graphical models

from sequential observations, subject to further model selections or interventions.
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Furthermore, applying chunking principles in the visual domain could explain the

diverse Gestalt grouping laws. For instance, the tendency to group by similarity

or common fate may be due to the correlated occurrence of similar objects in the

visual �eld. Future studies may apply chunking principles to natural video data

to test the hypothesis that some gestalt rules re�ect the correlation of recurring

patterns in natural image sequences. This could lead to the understanding that

particular grouping principles result from an agent's identi�cation of familiar visual

relationships to reduce the perceptual complexity of observations, which is a rational

strategy to break complex perception into parts.

3.4 Article Status

“Learning Structure from the Ground up—Hierarchical Representation Learning by

Chunking” (Wu, Elteto, Dasgupta, & Schulz) [236] was published in Advances in

Neural Information Processing Systems35, 36706 - 36721 (2022).
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Part III

From concrete to
abstract





4Beyond concrete sequences —

Formulating and testing two types

of motif learning in sequence

learning and transfer

In the past chapters, we have investigated chunking experimentally and theoretically.

From sequence learning experiments, we observed that humans adapt their chunk

learning strategy to the underlying recurring chunks in sequences, suggesting that

a normative pattern discovery principle can explain the chunk learning process.

We delved into this question further in the second project, looking at sequences

that contain a nested hierarchical structure. We proposed a model that adheres to

the cognitive ability of humans to uncover chunks as entities of recurring patterns

from sequences with a nested hierarchical structure. The model learns interpretable

chunks that are also transferrable to novel sequences.

Chunking has limitations in capturing the structural learning abilities of humans. It

is a fascinating aspect of learning and cognition that we not only learn recurring

patterns in their concrete form, but we are equally good at dismissing irrelevant

details to learn abstract recurring patterns. Psychologists and neuroscientists related

abstracting sensory experiences into concepts as preconditions of forming episodic

memory during development. Concepts can be bound with context and chained into

a memory of episodes, facilitating a recollection of concept sequences surrounding

a personal event [78, 214]. Abstract concepts and categories become the seed of

the thinking process, not only helpful for our memory but also helpful with logical

induction and deductions of conclusions that lie outside of our personal experience

[8]. This chapter studies patterns in their abstract forms and their relation to transfer

and generalization.

Many daily examples suggest our instinctive attraction to motifs from sequences.

Music, for instance, contains abundant melodic motifs invariant amongst varying

note speci�cations. Beethoven's Fifth immediately comes to mind when the iconic

sequences of notes strike: GGGE, FFFD. Within the symphony, the note sequence

progresses to GGGB or GGGC, with variations in forms and voices, one at each

step. The two examples point to two abstract sequence motif types that people are
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sensitive to, as the literature suggests. The �rst type relates to the initial de�nition of

Gestalt (`form' in German) back in 1890: Von Ehrenfelds observed that a melody is

recognized when played with different keys [59]. Later, this form of motif sensitivity

was also suggested by the language learning literature. [132] exposed seven-month-

old infants to short sequences with simple grammar patterns such as ABA, QWQ,

and EFE. This exposure made the infants sensitive to non-explicit sequence patterns,

leading them to direct their gaze toward novel sequences sharing the same structure,

such as KTK, rather than different structures, such as DDF. However, studies on these

motifs usually look at the effect of motifs in very short sequences and do not describe

how the abstract motifs may build up from the learning process.

The second motif type, expecting that the progression of the music will vary on

a position following the iconic three strikes GGG, relates closely to the linguist's

hypothesis on the acquisition of language, speci�cally grammar structure acquisition

[23, 135]. This type of motif is speculative to exist as a precondition of grammar

structure acquisition. It also relates to Chomsky's hypothesis that statistical learning

between words cannot explain the in�nity of language utterances — a symbolic

acquisition of language structure is necessary for people to judge the grammaticality

of unseen sentences [36, 134, 241]. Learning abstract patterns at the symbolic level,

such as the category of a noun, allows learning the abstract pattern of grammar,

such as noun phrases typically consisting of a determiner followed by a noun. De-

velopmental linguists suggest that children, after exposure to their native language,

learn about the abstract category of nouns and verbs and are capable of applying

their knowledge about nouns to novel phrases that have been seen to belong to the

noun category. Sometimes, they overgeneralize the syntactical structure of nouns

that demand an exceptional case [135]. This capability also demands the acquisition

of language structure at the symbolic and abstract levels. However, such types of

learning abstract structures in sequences have not been examined in an experimental

setting.

In this work, we expand on the previous literature with new additions. As the �rst

kind of motif has only been tested in short sequences, we want to examine how

people learn about these motifs in long sequences that are cognitively challenging.

We look at the progress of how people acquire sequence motifs and how the two

types of motifs affect the learning and memorization of novel sequences outside of

participants' training experience.

To do that, we �rst de�ned the two types of motifs in a sequence learning setting,

especially the second type, as it has primarily been discussed in the language learning

setting. We then formalize these motifs in a sequence learning setting to help study

such motifs in a domain-general way. Following our de�nition, we conduct a

sequence memory and recall experiment to test the effect of motif learning and
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motif transfer when people have been exposed to the two motif types and their

ability to transfer to novel sequences that share the same motif type. The cognitively

demanding task of remembering long sequences necessitates gradually building

knowledge of the motif during the learning period.

Although literature have suggested that human cognitive capability is sensitive to

abstract motifs in sequences, there have been no explanations for an underlying

reason why people should learn motifs from sequences. Human motif learning

has been discussed on an observational level, lacking a normative account. The

modeling work we propose provides such a normative account: we suggest that

learning abstract motifs can be closely related to learning chunks, and the process

can be described by chunking on an abstract motif level. In this way, learning motifs

can be explained by participants �nding invariant structures in sequences for ef�cient

compression. We build a model that integrates abstraction learning and chunking

into the same program to discover sequence motifs manifested as abstract chunks in

sequences.

4.1 Toward a Taxonomy of Abstract Motifs

We de�ne two types of motifs: projectional motifs and variable motifs.

A projectional motif is a pattern in a projected space shared among distinct sequences.

A transformation function maps the super�cial content to this projected space. For

example, GGGE and FFFD's music phrases share the projectional motif XXXY.

A variable motif is a pattern with invariant and variant parts. In a sequence with

a variable motif, a variable symbol represents a quantity that can change. These

sequences share a structure with a varying entity at the “X” position and constant

entities elsewhere. For instance, the music phrases GGGEZ, GGGB, and GGGC share

a variable motif GGGX, with X taking the value of Z, or B, or C.

4.2 Summary of the article

This article explores how abstraction aids in memorizing sequences and transferring

abstract knowledge from one sequence to another in recall experiments.

We tested this hypothesis in two serial recall experiments: participants were in-

structed to memorize 12 consecutively displayed colors and then recall the sequence
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by pressing corresponding keys, with recall accuracy recorded as the primary mea-

sure for analysis.

Experiment 1 examined how projectional motifs aid memorization and transfer.

Sequences consisted of two variables, X and Y, each appearing 6 times per sequence

presentation. Participants were divided into two motif groups (Motif 1; Motif 2)

and a control group (Independent). A motif was consistent across training trials in

the motif groups, while in the Independent group, X and Y were permuted in each

trial. X and Y were mapped to distinct colors. Participants underwent 40 training

trials followed by three transfer blocks, each consisting of 8 trials, testing motifs of

each type. In the transfer blocks, sequence colors from training did not reappear.

Experiment 2 tested the learning and transfer of variable motifs. Participants were

divided into a variable motif group (motif) and a �xed group (control). The variable

motif group memorized sequences like B X D F, with X varying (A, C, E), while

the �xed group memorized sequences like B A D F, with no variation. Participants

underwent 40 training trials followed by 24 transfer trials. In the test block, both

groups memorized new sequences with variable X in the same positions as training

but with changed �xed parts. Analysis of the human recall accuracy data suggested

that participants effectively learned and transferred both motif types. Training with

variables and projectional motifs improved recall accuracy, especially on transfer

sequences.

We propose a model that differs one step from the hierarchical chunking model,

integrating learning transition statistics, learning chunks, and pattern discovery on a

motif level. To simulate sequence motif learning of the �rst type, we simulated the

model by learning chunks in the abstract projectional motif space. For the motif of

the second type, we integrated a component that proposes an abstract variable entity

based on preadjacency and postadjaency transition statistics between the parsed

chunks, thereby discovering recurring chunks in sequences that contain variables.

Together, such a model simulates a progressive build-up of sequence motifs via

discovering recurring patterns in the motif space and progressively concatenating

the previously learned abstract chunks into bigger chunks, reusing the knowledge of

sequence motifs to novel sequences. Simulation of the model in the two experiments

learning identical sequential instructions to the participants suggested that the motif

learning models progressively learn motif chunks, which help the model to transfer

and generalize. The model sequence generation accuracy correlates with participants'

sequence recall accuracy during the progression of the experiment. A detailed model

comparison separately, including each component that consists of the motif learning

model, suggested that motif learning and transfer cannot be explained by chunk

learning or associative learning alone. Expanding chunking from concrete sequences

to abstract representations was crucial for capturing the learning and transfer effects

in this set of experiments.
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Our �ndings suggest that human participants use both motifs to facilitate sequence

memorization and generalization to novel, unseen sequences. This learning and

transferring process in this experiment can be captured by chunk learning in the

two types of abstract motif space. Discovering recurring patterns in sequences helps

people memorize and transfer sequences with abstract motifs. Our work paves the

way for a better understanding of how abstract motifs emerge progressively from

sequences and their implications in generalization.

4.3 Discussion

It is a fascinating aspect of learning and cognition that we not only learn recurring

patterns in their concrete form, but we are equally good at dismissing irrelevant

details to learn abstract patterns. Our work hypothesized two sequence motif

types that humans could learn and generalize, tested these hypotheses in sequence

memorization and recall experiments, and proposed a model that progressively

builds up a complete sequence motif via chunking in abstract space. Our work

advances our understanding of how people construct abstract representations from

observational sequences for ef�cient compression and generalization.

This work paves the way for future work to expand into the characteristics of

learning abstractions in sequences. Our experiment tested abstract motif learning

in a restricted number of sequence types: projection motif that spans the entire

sequence and variable motifs that contain one variable at a speci�c ordinal position

of the sequence; future work may expand upon the variability of this experimental

paradigm and design experiments to study and test more �exible motif learning. For

example, one can have, in the experimental sequence, multiple variable entities, X

and Y, each having distinct entailment, located at different positions of the sequence,

and look at how the learning of a sequence that contains Xs and Ys, helps to transfer

to novel sequences, where the location of Xs and Ys may also swap.

Additionally, future work may test hierarchies that span multiple abstraction layers,

such as projectional motifs embedded in variable motifs, i.e., variables that represent

several possible projectional motifs or vice versa, and how learning adapts to various

motifs. Modeling-wise, this may correspond to the discovery of a abstract structure

that helps a learning agent compress sequences based on the previously learned

motifs. Future work can test the interaction between learning this motif structure

and participants' performance in transfer and the individual variabilities in their

sensitivities to either motif type in sequences.
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We studied motif learning in the sequence learning domain; future work may relate

this work further to the general domain of learning abstractions. Many of these

works on the role of abstraction and generalization formulate their problem in a

non-sequential domain. For example, previous work on abstraction has studied our

tendency to understand abstract concepts via metaphor, such as understanding the

concept of an 'argument' in terms of 'war' and thereby transferring the feature of

war to the concept of 'argument' [118]. Another example is in problem-solving,

where people tend to �nd a solution to a new problem based on their knowledge of a

familiar problem that resembles the new problem in abstract ways [55]. Additionally,

acquiring reasoning rules from experience has been proposed to build the foundation

for logical deduction and reasoning [34]. Many of these works argue that �nding

commonalities among conceptual space manifested as abstract rules is fundamental

to human intelligence. The property of abstraction has also helped to advance

multiple �elds. In math, abstraction empowers mapping deducted theorems from

one axiomatic system to another [146]. In computer science, abstracting computing

steps into functions and classes allows the reduction of the computational complexity

of programs [3].

Future work may connect the sequential aspect of this model with the progressive

acquisition of concept relational graphs or show how abstractions described by this

abstraction literature can arrive from perceiving data sequentially. In particular,

it can be interesting to adapt the model to describe a process of how abstraction

structure can be built up progressively from learning: for example, the model

can describe the process of realizing a solution to a simple problem via learning

sequences that underlie the program traces of the search steps. In the meantime,

arriving at sequences of simple abstract execution steps may help participants learn

to piece together knowledge in the abstract space to reach higher-order abstraction

manipulation. Models of such �avor can also be used to simulate and measure

the learning dif�culty of abstract problems, or the learning and developmental

stages necessary as a precondition to understanding abstract concepts or transferring

metaphorical understandings. Generally, the model may illuminate how simple

mechanisms of chunking in an abstract space may help cognition �nd a common

pattern beyond seemingly distinct observations and build up layers of cognitive

sophistication to construct and extrapolate concepts outside our �nite sequential

experience.
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4.4 Article Status

“Motif Learning Facilitates Sequence Memorization and Generalization” (Wu, Thal-

mann, & Schulz) has been submitted as a preprint onPsyArXiv[239] and has been

accepted inNature Communications Psychologydoi:10.31234/osf.io/2a49z.
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5The construction from the simply

abstract to the complexly abstract,

layer by layer

„ Within great truth lies great simplicity.

— Lao Tzsu

Tao Te Ching

In the sequence recall experiments, we veri�ed �rsthand that two types of motifs help

people memorize and transfer their knowledge to novel sequences. Our experiments

suggested that people learn patterns not only on the sequence surface level but also

on an abstract level. In the following work, I delve further into how chunking on an

abstract level may help uncover layers of abstraction in data and how the mechanism

of such a model relates to abstraction in general.

The ability to form task-speci�c abstract representations has been suggested to be

fundamental for our intelligence [112, 15, 165, 45]. People are equipped with the

ability to abstract. As we learn a new language, we also learn the salient patterns

underlying grammatical forms without explicitly being told about the rules. For

example, after learning German for a while, you will expect a verb at the end of a

subordinate clause. This verb can mean “kick”, “support,” “drink,”... etc. But you

develop a sensitivity to the functionality of the last word. Children acquire grammar

structure when learning a language; they learn the rules, such as determiners precede

nouns, and generalize the rules [46]. Infants as early as 23 months old can learn the

category of nouns [211, 19, 140], expect the syntactic category of the next word in

a sentence, and use their knowledge about nouns in argumentative roles that they

have not experienced in the past. Denoting unknown entities in symbolic abstract

form was fundamental to the development of mathematics. It is easier to arrive at a

solution of an algebraic equation such as “x + 5 = 10” by assuming `x' as a symbolic,

unknown entity to �nd out about “x = 5”. A proper abstract description may help

an agent discover the underlying relation that governs the otherwise highly complex

and variable observations. Consider Newton's law in physics or Maxwell's equation

describing electromagnetic waves: abstracting unknown entities in symbolic forms

has been civilization's workforce to discover the invariant laws in nature.
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5.1 Related work on modeling abstractions

Knowing the theoretical and pragmatic implications of studying abstraction, re-

searchers have attempted to model abstraction learning using different approaches.

One approach to model abstraction builds explicit discrete conceptual relational

systems manifested in graphical structures. This sort of model has been applied to

explain human behavior, including understanding abstract concepts via linguistic

metaphor [118]: such as grounding the concept of an `argument' in terms of the

de�nition of `war' and thereby transferring the characteristics of war to the under-

standing of `argument'. Models with this �avor have also been applied to explain

people's transfer behavior in problem-solving, how solving a new problem becomes

much easier when knowing the solution to a familiar problem that resembles the

new problem on an abstract level [55]. These models usually represent knowledge

or conceptual understanding in discrete forms, manifested in conceptual relational

networks in which nodes are ideas or concepts, and edges denote the relation be-

tween the ideas. Modern adaptations of such approaches include the Probabilistic

Analogical Mapping (PAM) model, which uses word embeddings created by neural

network systems like BART (which maps concepts to vector embedding) to construct

such a conceptual relational network [102]. The task of �nding abstraction amongst

the source and target analogical concepts or using the solution of a previous problem

to solve a new problem can be translated into �nding and applying graphical com-

monalities between the two discrete graphical structures [125, 182]. A limitation

of this approach is that these models assume a conceptual relational structure or

acquire them from connectionist systems and do not explain how learners build up

the discrete conceptual relational graph from experience. In a similar vein, Kemp

and Tenenbaum [203] use a Hierarchical Bayesian model de�ned over a set of graph

primitives and grammars to combine the primitive to illustrate how complex graphi-

cal structures can be acquired by combining simpler ones. However, the model relies

on assuming a library of primitive abstraction relations and does not explain how the

abstraction primitives may arise from data. Hence, these explicit discrete abstraction

models have been primarily applied to restricted problems or data domains.

Another approach to model abstraction circumvents the problem of �nding an

explicit representation via training connectionist neural networks through a variety

of datasets that demand abstraction learning and transfer. Such approaches include

meta-learning [66, 196, 90]: training a neural network on a distribution of tasks

that are in different domains but share some underlying properties [20, 99]. In these

cases, neural networks can do one-shot or few-shot learning in novel tasks that share

the underlying property with similar tasks in training data. These connectionist

models contain implicit abstract representations in the learned weights [221, 242],
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which are opaque to interpret what explicit rules or commonalities may have arisen

from learning. Hence, understanding and interpreting these models is an area under

active research [242, 53, 56, 52]. Without knowing the explicit abstractions acquired

by neural networks, it is even harder to compare with the type of abstraction and

transfer ability that humans are using. Therefore, datasets or tasks that demand

models to exert human-like abstractions and reasoning abilities are still challenging

for the best connectionist models today [35, 147, 133].

5.2 The open question

When studying the growth of abstraction from perceptual data in the cognitive

system, it is crucial to develop computational principles that yield interpretable

structured representations. These principles should be capable of learning structure

from experience while maintaining interpretability. To achieve this, we can draw

insights from the literature on developmental psychology.

5.3 How abstract concepts may grow inside the

mind

Literature suggests that abstract conceptual symbols originate in perceptual expe-

rience and arise from super�cial sensory experiences. Indeed, evidence suggests

a close relation between neural activities representing concepts and neural activ-

ities representing experiences. There are no speci�c neural substrates dedicated

only to representing abstract concepts. Instead, during sensory-motor perceptual

experiences, association areas in the brain capture bottom-up activation patterns

in sensory-motor regions. Later, perceptual symbols activate the association areas,

which in turn reactivate sensory-motor areas [15, 79, 43].

The developmental literature suggests several key features of abstraction. The �rst

feature abstraction is commonality . Classical conceptions suggest that abstraction

arises from generalizing common features of experience. For example, the abstract

concept of 'swans are white' arises after observing many instances of white swans

[244].

The second feature isdiscretization : a continuous information stream is divided

into concrete, recurring, and symbolic units. There is an end, a beginning, and a

range of values that an abstract concept assumes, such as the abstract concept of

a noun includes cat, dog, box, and other words that belong to the noun category
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[156]. The abstract categories that point to the words are articulated when parsing

a string, such asThe cat jumped out of the boxto check the grammatical validity.

The third feature of abstraction is information reduction , i.e., throwing away in-

formation. An abstract concept is less speci�c than the concrete concept that it

entails. The word cat is more speci�c than the category noun. Throwing away infor-

mation has been suggested to be critical for people to learn higher-order statistical

relationships that govern observation [128].

The fourth feature relates abstraction tightly to generalization and transfer . As in

perceptual systems, there will never be an exact reoccurrence of the same data point.

Abstracting from past experiences helps to develop concepts that can be reused to

facilitate performance on a never-encountered task.

Finally, abstract ideas can also be assembled. More complex abstract structures can

be constructed via operating on existing abstractions, also referred to as coordination

(of schemas) [156, 166].

While previous modeling work captures some of the abstraction features in develop-

mental psychology, no model that captures all of them exists. This raises the question

of what a minimal model can be that captures all of the abstraction features as de-

scribed by psychologists. And what basic computational principle allows a learning

agent to abstract while exhibiting the aforementioned features? Additionally, how

can more complex, abstract structures be constructed by combining components

from more super�cial abstract structures in a way that is consistent and similar to

the aforementioned developmental trajectories?

I explore this question by controlling the generative model of sequences that favor

abstraction and studying how the underlying structure can be uncovered by a

learning agent. I propose to combine chunking and abstraction learning, being

previously discussed in isolation, as the core mechanisms of this model. I argue that

chunking — in conjunction with learning abstractions — can give rise to the ability

to learn both concrete and abstract patterns while giving the power to assemble the

complex from simpler parts.

5.4 Summary of the Article
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5.4.1 Sequences with nested abstract hierarchical

structures

This project starts by studying one-dimensional discrete sequences as an extremely

simpli�ed version of perception. The perceptual sequence may re�ect the underlying

environment's inherent nested structures and regularities. To start with studying the

necessity of abstraction, we develop a generative model to produce sequences that

mimic the emergence of nested hierarchy in natural systems, taking references from

the properties of self-diversifying systems [100, 4].

Speci�cally, this theory hypothesized that a set of simple principles constitutes the

diverse observation in the natural world. Such systems `make in�nite use of �nite

media' whose `synthesis creates something not present in any of the associated

constituents'. Within a self-diversifying system, a set of existing stable objects

form stable combinations with one another to form more complex objects. This

automatically leads to a variation and oversupply of created objects while producing

stable combinations that share similar properties. Examples of such systems include

the diverse chemicals constituted by atomic units, the diverse organisms constituted

by a combination of genes, and the in�nite possibilities constituted by �nite means

present in the human language.

To capture this feature in the sequence subject to study, we simulated generative mod-

els that operate in one-dimensional sequences to simulate perceptual observations.

The key assumptions of this model are:

• All objects are made out of a �nite combination of atomic elements.

• The observation sequence is sampled from the created stable objects in the

existing inventory of the world, where each object in the inventory occurs with

a certain probability.

• Existing objects may concatenate and combine into composites, forming new

'things' with similar properties that interact analogously.

• Some created objects share similar properties and belong to one category.

This property will make them interact with other things in the world similarly,

producing composites that only differ among objects within the same category.

The generative model begins with an inventory of basic atomic units. This inventory

expands through the formation of novel stable combinations by concatenating

existing objects or categories. Initially, atomic elements randomly combine to
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form objects, thereby expanding the inventory. Some of these objects become new

categories, representing groups of objects that share similar interaction properties.

These categories then serve as additional components, combining with other objects

or categories to form new stable combinations to expand the inventory further. The

agent observes random samples of objects from the inventory within the arti�cial

world created by the generative model.

5.4.2 Two ingredients of abstraction

A learning agent perceives sequences that re�ect the underlying nested structure

created by the generative model and uses two types of abstraction, along with

learning chunks, to uncover what are the unvarying patterns that occur in its

perceptual stream.

We introduce two implementations of abstraction notions in HVM that make the

algorithm more effective while expanding its capability to uncover a hierarchy of

variables.

Abstraction as organizing chunks via common subparts The �rst type of ab-

straction is �nding common parts between the learned chunks. Upon parsing the

observational sequence, the model needs to search among its existing learned chunks

to retrieve one consistent with the sequence. The number of search steps to allocate

the biggest matching item in the parsing tree grows with the size of the dictionary.

Abstraction, as �nding common parts between learned chunks, helps the model

organize its memory more effectively for information retrieval. The memory of

the learned chunks is implemented in a Trie structure: each ancestor node is the

common pre�x of its children, connecting the longer chunks with the shorter and

more frequent chunks in a hierarchical memory recall graph. During parsing, the

search starts from the root of the parsing tree, following each leaf node consistent

with the sequence, and terminates at the deepest leaf node. Identifying the �nal

node consistent with the upcoming part of the sequence is guaranteed to be the

deepest chunk in the tree. Connecting chunks from their common pre�xes reduces

the search step to the depth of the tree.

Abstraction as inventing symbols that represent variables As perceptual se-

quences contain categories that similarly interact with other objects, uncovering

these abstract concepts as categories helps the learning agent acquire higher-order

patterns and relations that explain more observations.
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The second characteristic of abstraction is to replace the occurrence of distinct

chunks using a symbol. The symbol is meant to denote categories of chunks sharing

similar interaction properties. The symbol is identi�ed when any chunk that this

symbol represents is identi�ed, which helps the agent to identify an underlying

pattern in varying observations. This abstraction feature enables more abstract

concepts to emerge from concrete patterns in a graded fashion, layer by layer, and

the more abstract patterns detected based on the description of the previously

acquired symbolic observation description, analogous to human abstraction concept

formation during development.

We propose a hierarchical variable learning model (HVM) as an extension of the hier-

archical chunking model that combines chunking with the two types of abstractions

proposed above. HVM abstracts commonalities among its learned chunks to orga-

nize memory in a Trie structure to enhance retrieval ef�ciency. Furthermore, HVM

proposes symbols to represent abstract categories of chunks with similar interaction

properties. The model learns chunks on the description of previously learned sym-

bolic patterns. This dual approach discovers abstractions by proposing variables to

capture sequence variability and uses chunking operations on an expanding symbol

inventory, mirroring concept discovery during cognitive development.

We �rst show that abstraction via extracting commonalities among chunks reduces

parsing search steps. Additionally, proposing symbols to capture categories helps

the model learn unvarying patterns that explain a larger part of the sequence. The

models that exploit hierarchical structures compress the sequence more effectively

than traditional compression methods.

Next, we showed the relation between compression ef�ciency, abstraction, and

generalization. We showed that as the layer of abstraction increases, more abstract,

symbolic chunks are learned by the hierarchical variable model, which comes with

more distortion in pure symbolic representations and higher sequence parsing

likelihood in novel transfer sequences. A more symbolic description of patterns in

sequences helps the model to parse novel sequences with less surprise.

Relating the model to human sequence learning, we used the same sequence recall

experiment to instruct the model to remember sequences and compared the model's

negative log-likelihood to participant sequence recall times. We discovered that

the model's negative log likelihood correlates with human sequence recall more

strongly than alternative models that do not learn and transfer chunks or variables.

We further compared several large language models' (LLMs) negative log-likelihood

in the memory experiment. In comparison to the cognitive models, we found that

LLMs do not abstract.
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5.5 Discussion

In this work, we propose a model that learns chunks from the speci�c to the abstract

levels. Chunking endows the learning agent with the ability to generate structural

primitives as recurring patterns in sequences. Abstraction enables the agent to

symbolize and organize akin patterns into categories. The interplay of the two

forces enables learning unvarying patterns, from simple to complex, from concrete to

abstract, growing with practice. The compositional nature of sequences encourages

recursive reuse, building up the intricate wholes from intermediate parts.

Our work goes beyond previous work in two aspects: the �rst is that assumptions on

primitive abstraction functions are lifted and can be learned from data; the second

is that an explicit abstraction can be acquired instead of relying on connectionist

systems learning implicit abstractions. This work lays a foundation for a series

of further investigations to elucidate the emergence of abstract structures from

learning.

Future work can relate this model to more cognitive phenomena or dive into the

implementation level to understand the emergence of abstract structures in arti�-

cial/biological neural networks. One direction is to relate the parsing graph with

memory retrieval. Using commonalities shared among memory items to organize

memory implies that giving longer retrieval cues shall help allocate the retrieval and

identi�cation of a long memory faster and more accurately than shorter retrieval

cues. Other experiments may relate the model's parsing steps with behavioral recog-

nition time. A tree-structured parsing graph implies a logarithmic search time that

grows with the number of stored memory items. Future work may test whether

the memory retrieval time grows with the memory size or the logarithm of the

memory size. Another direction is to relate chunking in the abstract space with the

merge operation that allows a step-wise combination of corpus units to generate

grammatically intact utterances [168, 39, 37], due to their close resemblance. Addi-

tionally, the model predicts the existence of a particular type of memory error: items

that appear in similar variable categories are likely to be confused during recall

compared to memory items from different categories. Existing evidence suggests

this to be the case [31, 72]. Further application of the model may include the

explicit grounding of novel abstract concepts based on existing chunks to emulate

our cognitive tendency to conceptualize the nonphysical in terms of the physical or

the less clearly delineated in terms of the more clearly delineated.

Abstraction also necessarily happens in large AI models used these days. Throwing

away information and obtaining vital information is necessary to perform reasonably

in any classi�cation task and beyond. Previous work showed that the level of
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abstraction increases with the neural network's processing layer [113], and so

does the level of information comprehension. However, how abstraction arises and

its in�uence on transfer is still unknown, especially for modern AI systems. For

substantially abstract tasks such as arithmetic or algorithmic binary operations, it has

been observed that although some neural network models learn and predict very well

on the training set after training, good performance on the test set does not emerge

until training for an excessive amount [171, 145]. Similarly, intriguing phenomena

have been observed, such as a leap of reasoning ability emerging after excessive

data [225]. Other works on meta-learning suggested that training neural networks

to perform multiple tasks helps the network to transfer skills and solve problems in

novel situations. Our work demonstrates a tight relationship between abstraction

and transfer. Our result differentiating models that learn chunks and abstractions

on transfer sequences suggest that the acquisition of abstraction does not improve

performance on training sets that representations on a super�cial level can solve, but

only on tasks that demand the usage of suf�ciently abstract representation. LLMs'

inability to exploit variable structure from the training sequence to the transfer

sequences suggests the absence of a particular abstract representation that overlaps

both the training and the test set. It relates to this question of how such an abstract

structure may emerge at one point during the excessive training process. Our work

urges future studies to study the emergence of abstraction at different learning stages

by probing the model's behavior on tasks that demand different levels of abstraction

and inform hypotheses such as are the lower, speci�c levels of abstraction necessary

for the network to realize and come up with higher levels of abstraction in tolerance

with higher variability in data.

This algorithm can also be adapted for �exible applications. Future work can further

improve computational ef�ciency adapting to the application in need. For example,

one can implement a hash table on each branch of the chunk parsing graph to further

reduce the computational steps of chunk parsing. Alternatively, the stored memory

chunks can be organized via a semantic relational network or other structures to

group similar memory items closer to each other in retrieval or storage space. In

parallel computing systems, the time needed to retrieve and identify the correct

stored chunk for parsing can be further reduced by harnessing neurally plausible

such as a winner-take-all architecture to ef�ciently trigger the activation of neural

populations representing the storage of chunks.

Finally, the abstraction and chunking considered in the context of this work are in

the domain of perception. Future work may integrate this modeling framework with

action. Compositionality, transfer, and reuse models have also been proposed in

classical hierarchical reinforcement learning and resemble human behavior [240].

Abstraction in state space can alleviate the combinatorial explosion that plagues

planning: by transforming the state space of a ground Markov Decision Process
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to that of an abstract one, task complexity can be reduced, paying a small loss of

optimality. Approximate state abstraction condenses prohibitively large task repre-

sentations into essential information and allows solutions to be tractably computable

[2]. Future work could explore connections between this model and theories of

hierarchical processing that integrate action and perception [174, 104, 67]. For

instance, action could be incorporated as a mechanism to selectively focus on and

verify information, aligning it with perceptual expectations.

5.6 Article Status

“Building, Reusing, and Generalizing Abstract Representations from Concrete Se-

quences” (Wu, Thalmann, Dayan, Akata, & Schulz) is a submitted manuscript [238]

and, at the time of submission, is under review at International Conference on

Learning Representations, doi:10.48550/arXiv/2410.21332.
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Outlook





6
Discussion

In this thesis, we have proposed computational models that learn concrete and

abstract chunks from the ground up, uncovering and factorizing sequences with a

nested hierarchical structure. The work also included human behavioral experiments,

linking these computational models to human behavior. The models were applied

to learn both abstract and concrete patterns in the general domain of sequence

learning. Together, this thesis outlines a proposal for how structured representations

may emerge from data, inspired by the cognitive mechanism of chunking. It also

explored how previously learned chunks can facilitate the composition and reuse

of knowledge, enabling the learning of more complex chunks at both concrete and

abstract levels.

Like all research, the work presented in this thesis has limitations. One key limitation

of the proposed models is their reliance on a greedy parsing strategy. For simplicity,

the models always select the longest chunk from the learned dictionary that aligns

with the incoming sequence as the basis for parsing. While this heuristic encourages

the learning of more complex chunks, it can also lead to rigidity. In some cases,

selecting a longer chunk may not be the optimal choice if it has a lower likelihood of

occurrence. This approach risks introducing dogmatism, where previously learned

chunks overly in�uence how new chunks are discovered, limiting the model's �exi-

bility in learning alternative sequence fragments that could lead to a more diverse

set of chunk entities.

Future work could, therefore, enhance both the rationality and �exibility of the

parsing process. One potential improvement would be integrating sampling methods

into the parsing algorithm, which could introduce more variability and adaptability

in chunk discovery. Alternatively, the parsing strategy could be adapted to account

for partial observability in sequences where chunks might be incompletely visible.

This could be achieved by sampling the chunk that most closely aligns with the

observed sequence based on both prior knowledge and their occurrence likelihood.

Incorporating Bayesian inference into the parsing process would allow the model

to infer the most likely chunks given the sequences observed so far, improving the

model's capacity to learn more �exible and diverse dictionaries.
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Another limitation of this work lies in the potential mismatch between our generative

model and the perceptual reality we aim to describe. In this thesis, we related chunk

learning to a rational process of discovering underlying patterns in sequences, leading

us to propose a generative model that produces sequences with a nested hierarchical

structure. The chunk-learning models we developed served as recognition models

that approximate the inverse of this postulated generative process. However, the

assumption of a hierarchical structure may not hold in all domains of sequential data.

Some sequences might have an entirely different structure or lack any hierarchy,

such as patterns that do not exhibit spatial or temporal continuity.

In such cases, the chunk-learning models proposed here may generate an excessive

number of chunks, diverging from an optimally succinct representation of the

underlying sequence. For example, consider a sequence where each number is

always a multiple of the previous one — neither the HVM nor HCM models would

capture this particular rule. Thus, in domains where the underlying structure

deviates signi�cantly from the hierarchical assumption, the models may fail to learn

useful data representations. In this case, the data would need to be decomposed or

transformed into an alternative space that contains a recurring structure to enjoy

the advantage of this type of model. This potential deviation highlights the need

for future research to explore sequence structures and quantify such mismatches.

Since the true generative processes behind sensory data are unknown, studies should

aim to align generative models with the speci�c types of sequences being analyzed.

Different real-world sequences may have distinct structural properties. Future work

could bridge the gap between the generative model and actual sequence structures by

identifying statistical properties, such as power-law coef�cients [167, 65], or using

alternative measures of compositionality [149, 131] to characterize the deviation

between the generative model and the structure of data at hand. In sequences

generated by processes that do not guarantee spatial or temporal continuity, it

could be interesting to test if the tendency to chunk may mislead humans to learn

inef�cient or faulty patterns, a seemingly irrational behavior caused by a system

evolutionarily adapted to a particular data type.

Despite the limitations in some domains, this hierarchical assumption may underlie

many sequential data types, including language or visual-temporal sequences. Ap-

plying chunking models to such data can provide valuable insights for practitioners

looking to extract structured representations. One particularly exciting direction is

behavioral data. From nematodes to fruit �ies, from mice to humans, neural etholo-

gists have observed that animals exert complex behavioral repertoires by recursively

combining behavioral movement primitives, and has long been postulated that be-

havior is fundamentally organized by a hierarchical structure [13, 210, 18, 199, 232,

144]. However, this hypothesis has been dif�cult to test on movement recordings

due to a lack of methods to extract behavioral hierarchy in an unsupervised manner
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[18, 106, 44]. Future work could apply and extend the models proposed in this

thesis to automatically extract animals' “behavioral syllables,” allowing an automatic

decomposition of complex behavior into modularized hierarchical structures. De-

composing behavior into hierarchies will allow future scientists to study and test

hypotheses that have been primarily approached in a qualitative way, bringing an

understanding of movement organization into a quantitative domain. Example

questions include how behavioral dictionaries are constructed, the organization of

movement motifs, how animals chain these motifs to form complex sequences, and

how the psychological or energetic state in�uences the composition of movement

motifs. Relating the movement motifs to animal's neural activities may also provide

insights into the neural basis of sequence chunking.

Beyond the limitations of the greedy algorithm and assumptions about the generative

model, this thesis addresses chunk learning at the computational and algorithmic

levels of Marr's [137]. It explores chunking from a computational principle point

of view and proposes that the goal of chunking is to �nd what are the underlying

invariant entities in observational sequences. The thesis then proposes an algorithm

with minimal but cognitively plausible components to learn chunks. Future work

shall build on top of this framework and study chunking on Marr's implementation

level — how chunk learning can be implemented by a neural system within a

biological substrate. This could involve exploring the biological mechanisms that

give rise to sequence chunking and hierarchical compositionality in behavior, and

identifying neural interactions that might give rise to equivalent computation of

associative and chunk learning as included by the cognitive models in this thesis.

In the past, I have explored this implementation-level question by asking how chunk-

ing can be implemented in neuromorphic circuits. In mixed-signal neuromorphic

hardware that emulates the �ring activities of simple biological neural circuits, we

have demonstrated a group of spiking neurons with synaptic plasticity and home-

ostasis can ef�ciently parse chunks and learn nested patterns from sequences. This

work suggests that the parallel computation of the neural system is naturally ef�cient

for learning and retrieving a successive activation of neural sequences in a compu-

tationally ef�cient way [185]. Additionally, chunk learning can be an algorithm

that is especially ef�cient for a parallel computational system to learn structure via

interacting with the environment, a property that the brain exhibits.

Another way to investigate this implementation-level question is to study the neural

correlates of chunk learning directly. Literature suggests neural substrates of chunk

learning in the human brain, such as neural oscillation frequencies, re�ecting the

nested structure in linguistic sequences on an organization level of syllables, words,

and phrases [109]. These �ndings resonate with our discovery of rich nested

structures in fMRI data [236]. Future work may adapt this model to identify
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groups of coordinating functional brain regions or neural population activities while

participants are listening to or reading linguistic sequences and use this method to

look at how the neural circuits can be held accountable for the emergence of pattern

identi�cations across a variety of linguistic organizational levels.

Alternatively, future work may also explore the neural basis of recurring action

sequence patterns directly in biological neural activities. Previous research has

observed transient, sequential neural �ring activities across species and multiple

brain areas, which have been linked to cognitive processes including animal spatial

navigation [216], learning [70], sleep [121, 231], planning [49], and the encoding

and switching of abstract rules [220]. These �ring sequences often exhibit a hierar-

chical structure [27, 94, 126]. In humans, similar sequences of neural activity have

been implicated in cognitive operations like memory retrieval [216], consolidation

[76, 32, 60], planning [216], and creative thought [28, 107, 29].

The models presented in this thesis could be adapted to identify and separate recur-

ring patterns of transient neural �ring among neural population recordings. These

neural sequences could then be interpreted as entities that correspond to speci�c

behavioral patterns. Advancing in this direction could lead to a deeper understand-

ing of how biological neural systems learn, adapt to, and process recurring patterns

in sensory sequences. Additionally, hypotheses such as whether the hierarchical

organization of behavior is driven by a hierarchical organization of neural activi-

ties, which may originate from the structure of naturalistic data, could be tested.

This knowledge could, for example, inform the development of improved learning

curricula.

Finally, the algorithm proposed here operates primarily on one-dimensional discrete

sequences. HCM is extended to learn chunks in higher-dimensional data but limited

to 625 dimensions; future work can extend the algorithm further to learn structured

representations in higher-dimensional sequential data, such as visual-temporal,

proprioceptive, or frequency/sound domain.

Taking sequential data in the visual-temporal domain, for example, symbolic com-

puter vision models have seen the visual perception process as an inverse recognition

process to discover unvarying entities in the visual data. Exempli�ed by works by

Zhu et al., computer vision researchers have tried to come up with a set of image

primitives and image grammar in order to parse objects, scenes, and events as

entities that are interpretable and robust under occlusion and signal perturbation

[249, 248, 247].

Although limited in its scalability, this previous approach informs future work to

integrate chunk learning with connectionist systems to arrive at structured parsing
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of image/video data. Instead of learning directly from the full image space, which

usually contains high dimensionality and variability, future work can take the em-

bedding layer of pre-trained neural network models on vision data such as visual

transformers and their variants [224, 30, 123, 213, 51, 215], and directly look for re-

curring entities in the embedding layers, as training on a downstream task shall force

the connectionist system to learn compressed representations. Other dimensionality

reduction methods, such as vector quantized variational autoencoders, may also fa-

cilitate the reduction of embedding space to a manageable lower dimensional space.

Applying chunking models to a low-dimensional embedding space or subsequent pro-

cessing by some similarity-matching algorithms could extract interpretable symbolic

entities from implicit intermediate network layers and reveal recurring entities in

neural activity patterns, potentially corresponding to recurring entities in the input

data. These entities could be perturbed to in�uence the behavior of downstream

neural networks. Furthermore, manipulating this structured representation, such

as combining these chunks, may create an explicit compositional structure within

the embedding space, which could help to disentangle factors that independently

in�uence observation data, allowing the downstream decoder network to generate

data that adheres to the compositional structure. This approach might also offer

insights into the texture bias in computer vision models compared to the shape bias

in human vision, possibly due to the different chunk content learned by these two

systems [75].

More signi�cantly, applying variants of HCM and HVM to the embedding spaces

of connectionist models that process high-dimensional data could bridge the gap

between discrete entities identi�ed by perception and the high-dimensional contin-

uous representations typical of connectionist systems. This may enable models to

form object-based representations and learn relations de�ned at a symbolic level,

thereby improving the reliability of connectionist models while enabling the learning

and transfer of previously learned entities, potentially reconciling the gap between

symbolic and connectionist approaches to arti�cial intelligence and arriving at a

modern solution to an ancient problem.
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7Conclusion

Navigating a bustling city may seem effortless, but beneath this �uid interaction lies

a remarkable cognitive feat: the ability to continuously process a torrent of sensory

data, distinguishing relevant entities—such as traf�c signals, road conditions, and

food stands—from the chaotic stream of perception. This seamless parsing of the

world into discrete units is fundamental to human cognition, yet both connectionist

and symbolic AI models have struggled to explain how entities emerge from percep-

tion in such a natural, ef�cient manner. For centuries, philosophers, psychologists,

and cognitive scientists have debated this core process, and this thesis focuses on

chunking as a plausible cognitive mechanism that bridges this gap.

The thesis begins by experimentally probing human chunking behavior in a serial

reaction time task. The results of two experiments suggest that people adapt

their chunking strategies dynamically, attuned to both the statistical properties of

sequences and the demands of the task at hand. The observed behaviors align with

a rational model of chunk learning that strategically balances the trade-off between

speed and accuracy—a principled computational account of ef�cient segmentation

and organization.

Building on these insights, the second project explores chunking from a computa-

tional and normative standpoint. A generative model is proposed that unearths

hierarchical patterns within sequences, recursively uncovering nested structures

that serve as the fundamental building blocks of perception. These chunks become

entities, not merely for understanding one-dimensional sequences, but as reusable

and composable components in more complex, multidimensional environments. The

proposed model is extended to learn part-whole structures from visual-temporal data,

uncovering meaningful patterns in brain function and demonstrating the versatility

of chunking as a learning mechanism.

In the third project, chunking moves beyond concrete sequence elements to capture

more abstract motifs. Participants in two additional experiments progressively learn

and transfer these motifs across cognitively demanding serial recall tasks, suggesting

a deep, transferable chunking process. The corresponding model captures similar

transfer behaviors, distinguishing between super�cial chunk associations and deeper,

abstract motifs. This reveals chunking's potential as a mechanism for abstract pattern

59



recognition, with implications for how humans generalize from past experiences to

novel situations.

The �nal project pushes the boundaries of chunking further into the realm of

abstraction, proposing a hierarchical variable model (HVM) that layers abstraction

over concrete chunking. This model not only compresses and organizes information

through chunking but also generalizes these chunks into abstract variables, yielding

a structured, �exible memory organization. The model's striking alignment with

human behavior demonstrates its potential to outperform large language models

by learning contextually relevant, nested categories, emphasizing both memory

ef�ciency and generalization.

Altogether, this thesis argues that chunking—a simple computational mechanism for

associating nearby chunks in temporal and spatial proximity—serves as a fundamen-

tal process for singling out stable entities from the noisy perceptual stream. Through

computational modeling and empirical evidence, the thesis shows how chunking,

starting from scratch, can scaffold an agent's understanding of the world, forming

the basis for a structured world model learned through experience.

This work advances our understanding of chunking beyond traditional sequence

learning. It illuminates how chunking compresses and organizes perceptual data,

supports the learning of part-whole hierarchies, and facilitates compositionality and

transfer across abstract domains. The thesis underscores chunking's centrality in

human cognition, intersecting areas such as associative learning, Gestalt theory,

and grammar acquisition. It calls for future investigations into chunking's role as

a discovery mechanism across cognitive domains, inviting further exploration of

its neural basis, behavioral relevance, and potential as a method for uncovering

hierarchical regularities in complex data.
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